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Abstract

In this article we propose a definition of a procdh topos. We show that it encodes
procdh excision, has bounded homotopy dimension and therefore is hypercomplete and
admits a conservative family of fibre functors. We also describe the local rings.

As an application, we show that nonconnective K-theory is the procdh sheafification
of connective K-theory, and that the motivic cohomology recently proposed by Elmanto
and Morrow is the procdh sheafification of Voevodsky’s motivic cohomology.

1 Introduction

It has been known for many decades that blowups of smooth varieties in smooth centres give
rise to a long exact sequence in algebraic K-theory (SGAT71, Exp.VII), (TT90). As part of
his work on the Bloch-Kato conjecture, Voevodsky encoded such blowup exact sequences in
a Grothendieck topology—the cdh topology—giving access to the full arsenal of topos theory,
(SV00).

For varieties which are not necessarily smooth, the picture has not been so complete. Alge-
braic K-theory fails to associate long exact sequences to blowups in general, as easy examples
show. The failure is in some sense a “quasi-coherent” part of algebraic K-theory. Indeed,
quasi-coherent cohomology also fails to have long exact sequences for blowups. On the other
hand, if one remembers infinitesimal information around the centre, one does get long exact se-
quences for quasi-coherent cohomology. This is described in Grothendieck’s theorem on formal
functions, (Gro61, Thm.4.1.5).

The analogous formal blowup sequences for algebraic K-theory have been studied for some
20 years now, (Wei01, §3-4), (KS02), (GH06), (GH11), (Mor18), and feature in Kerz, Strunk,
Tamme’s celebrated proof of Weibel’s conjecture, (KST18a); see (Morl6a) for a historical
overview. However, the absence of an associated topology has meant that the topos theoretic
techniques so skillfully employed by Voevodsky et al. were not available.

In this article we propose the following definition for a procdh topos.

Definition 1.1 (Definition 2.1). Let S be a qcgs scheme. The procdh topology on the category
Schg of S-schemes of finite presentation is generated by the following coverings.
1. Distinguished Nisnevich coverings: families of the form

U5 X, V5 Xy

such that 7 is a quasi-compact open immersion, j is an étale morphism, and j is an
isomorphism over X \U equipped with any (equivalently all) closed subscheme structure(s)
of finite presentation.



2. Proabstract blowup squares: families of the form
{Zn — X}nGN L {Y — X}

where Y — X is a proper morphism of finite presentation which is an isomorphism outside
of a closed subscheme Zy C X of finite presentation, and Z,, = Spec Ox /Z% is the nth
infinitesimal thickening of Zj.

A sign that this is a “correct” topology is that it captures procdh excision: presheaves with
the long exact sequences mentioned above are precisely the procdh sheaves.

Theorem 1.2 (Theorem 6.1, Corollary 7.11). Let S be a scheme and consider the following
conditions on a presheaf of spaces F' € PSh(Schg,S). .
1. Excision. For every distighished Nisnevich square {U — X,V — X} and every proab-
stract blowup square {Z,, = X},en U{Y — X} in Schg, Def.2.1, we have

F(X) S F(U) xpwxxvy F(V), (1)
F(X) 5 F(Y) Xtim, F(Zyxxv) imp F(Zy,). (2)

2. Cech descent. For every procdh covering family {Y)y = X}rea we have
F(X) S limF(Y,) (3)
n
where we write F()),) for ]

(Lur09), F'is a procdh sheaf.
3. Hyperdescent. For every X € Schg and procdh hypercovering Y, — X we have

jern F(Yiy Xx --- Xx Fj ). That is, in the terminology of

F(X)> li7rln Map(Vp, F). (4)

In the terminology of (Lur09), F' is a hypercomplete procdh sheaf.
If S is qcgs then (Excision) < (Cech descent). If S is qcgs, has finite valuative dimension and
Noetherian topological space, then (Cech descent) < (Hyperdescent).

Our procdh oo-topoi have finite homotopy dimension, albeit not quite as optimal as one
could hope.

Theorem 1.3 (Theorem 7.9, Example 7.17). Let S be a gcgs scheme of finite valuative dimen-
sion d > 0 with Noetherian underlying topological space. Then Shvprocan(Schs,S) has homotopy
dimension < 2d.

There exists a Noetherian scheme of Krull dimension one with procdh homotopy dimension
two.

The appearance of 2d instead of d is essentially because the topos PSh(N, S) has homotopy
dimension one. So every time we perform a limy, for example in Eq.(2) above, we potentially
increase the homotopy dimension by one. In a future article we consider a way around this
using a site involving formal schemes.

Despite the unwanted factor of two, finite homotopy dimension is sufficient to imply that
the topos is hypercomplete.

1As usual, S := NKan is the quasicategory associated to the simplicial category of Kan complexes, and
PSh(Schg, S) is the quasicategory Fun(Sch(’,S). Before (Lur09), the category PSh(Schg,S) would have been
the category PSh(Schg, Seta) of presheaves of simplicial sets with any model structure for which weak equiva-
lences are objectwise weak equivalences. If one reads the statements using this latter interpretation, all limits
should be replaced with homotopy limits as described in (BK72) or (Hir03). Since homotopy limits calculate
quasicategorical limits, the difference between the two points of view is superficial.



Corollary 1.4 (Corollary 7.11). Let S be a qgcgs scheme of finite valuative dimension with
Noetherian underlying topological space. Then Shvprocan(Schs, S) is hypercomplete.

Closely related to hypercompleteness is existence of enough points. Recall that a topos,
resp. oo-topos T, is said to have enough points when the collection of all geometric morphisms
of topoi ¢* : T — Set, resp. oco-topoi ¢* : T'— S, detect isomorphisms, resp. equivalences.

Theorem 1.5 (Theorem 5.2, Corollary 7.15). Suppose S is a qcgs scheme with Noetherian
topological space of finite Krull dimension. Then both the classical topos Shvprocan(Schs), and
the co-topos Shvprocan (Schs, S) have enough points.

We prove the classical version of Theorem 1.5 first and then upgrade it to the oco-version.
Something worth noting is that since the generating covering families of the procdh topology are
not finite, the topos is not coherent, so we cannot simply apply Deligne’s completeness theorem.
We use the following proposition for the upgrade. For sites whose associated topos is coherent,
Deligne’s theorem combined with Prop.7.14 implies Lurie’s version, (Lurl8, Thm.A.4.0.5).

Proposition 1.6 (Proposition 7.14). Let (C,7) be a small site admitting finite limits such
that the topos Shv(C, Set) has enough points in the classical sense. Then the hypercompletion
Shv(C,8)" has enough points as an oco-topos.

After all this talk of procdh points, the reader is surely asking for a characterisation of the
local rings. Procdh local rings are essentially versions of cdh local rings—henselian valuation
rings—with some mild nilpotent thickening. Cf. (Kel24) for some philosophy motivating this.

Proposition 1.7 (Characterisation of procdh local rings). An affine S-scheme Spec(R) — S
is procdh local, Def.3.2, if and only if it is of the form

RgOXKA

with A a local ring of Krull dimension zero and O C K a henselian valuation ring of K=A/m4.
In other words, R C A is the set of elements whose residue mod ma lies in O C K = A/my.

We also discuss how a general procdh local ring can often be written as a filtered colimit of
smaller local rings, see Proposition 3.6 and Theorem 3.10.

In the latter sections, we apply the above theory to show the following topos-theoretic
interpretation of the Bass construction.

Theorem 1.8 (Theorem 8.1). For any Noetherian scheme X with dim(X) < oo, there exists

a natural equivalence
(aprocthZOK) (X) = K(X)

Here K(X) is the non-connective algebraic K-theory of X and t>0K(X) the connective K-
theory.

The above equivalence is an analogue of the equivalence?
(acanT>0)K(X) ~ KH(X) ()

with X still finite dimensional and Noetherian.

2 Admitting that K H satisfies cdh descent, (Hae04), (Cis13, Thm.3.9), a fast, clean, intuitive way to deduce
Eq.(5) is to prove that K>o(R) = K(R) = KH(R) for valuation rings, (KM21, Thm.1.3), cf.(KM21, Rem.3.4).
Equation (5) for finite dimensional Noetherian schemes is also proven in the landmark Kerz-Strunk-Tamme
paper (KST18a, Thm.6.3) using derived algebraic geometry.



Using Theorem 8.1 we propose the following construction of a non-A'-invariant motivic
cohomology. For X smooth over a field F, let Fil, ,K(X) denote the motivic filtration on K-

mot
theory whose associated spectral sequence is the Atiyah-Hirzebruch spectral sequence, (FS02),

(Lev08),
EY? = HY (X, Z(—q)) = K_p—¢(X).

Here HY(X,Z(n)) = R™T'zar(X,Z(n)*™) with Z(n)*™ € PSh(Smp, D(Z)) the graded pieces
of Fil? K on the category Smy of smooth F-schemes. Note that Z(n)*™ is identified with

mot
Voevodsky’s A'-invariant motivic complex and Bloch’s cycle complex.

Definition 1.9 (Definition 9.3). For integers n > 0, we define the procdh local motivic complex
Z(n)Procdh . — Aprocdh LM Z(n)™ € Shvprocan (Schp ™, D(Z))),

as the procdh sheafification of the left Kan extension L™ Z(n)*™ of Z(n)*™ along Smp — Schi“®®.
Here Schi®® is the category of qcgs F-schemes.

It follows essentially from the definition, together with a result of Bhatt-Lurie and the fact
that the procdh site of a Noetherian scheme has finite cohomological dimension that we get an
Atiyah-Hirzebruch spectral sequence.

Theorem 1.10 (Theorem 9.5). For any Noetherian F-scheme X with dim(X) < oo, there

exists a complete multiplicative decreasing N-indexed filtration {FilgrocdhK(X)} on K(X)
neN

and identifications
Bty oean K (X) = Z(n)P7M (X)[2n].

Recently, in (EM23) Elmanto-Morrow have also proposed a non-Al-invariant motivic co-
homology for qcqs F-schemes. We will write Z(n)®™ for these presheaves. They are con-
structed by modifying the cdh sheafification Z(n) of the left Kan extension of Z(n)*™ along
Smyp — Schy“® by using Hodge-completed derived de Rham complexes in case F = Q and syn-
tomic complexes in case F = F,,. The construction is motivated by trace methods in algebraic
K-theory using the cyclotomic trace map.

We conclude the article with the following comparison.

Corollary 1.11 (Corollary 9.9). Let F =F, or Q and take a Noetherian F-scheme X. Then
there are equivalences
Z(n)Pet(X) = Z(n) "M (X),

functorial in X.

1.1 Future work

As mentioned above, a version of the material in this article for formal schemes is in progress.
We also have a version for derived schemes.

1.2 Notation and conventions

Throughout we write Schg for the category of S-schemes of finite presentation over a scheme S.
We write X&°" for the set of generic points of a scheme X equipped with the topology induced
from the underlying topological space of X.

The first sections deal exclusively with presheaves of sets. When we pass to presheaves of
spaces we will write PSh(—, S), PSh(—, Spt), PSh(—, D(Z)), etc, and sometimes use PSh(—, Set)
if we want to emphasise that a presheaf takes values in discrete spaces.
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2 Definition of a procdh topology

In this section we define a procdh topology.

Definition 2.1. Let S be a scheme. The procdh topology on Schg is generated by the following
coverings.

0. Zariski coverings.

1. Distinguished Nisnevich coverings: families of the form

U5 X,V Xy

such that ¢ is a quasi-compact open immersion, j is an étale morphism, and j is an
isomorphism over X \U equipped with any (equivalently all) closed subscheme structure(s)
of finite presentation.

2. Proabstract blowup squares: families of the form

{Zn — X}neNl_l{Y %X}

where Y — X is a proper morphism (of finite presentation) which is an isomorphism
outside of a closed subscheme Z; C X of finite presentation, and Z, = Spec Ox/Z7 is
the nth infinitesimal thickening of Zj.

Remark 2.2. More precisely, a family Y = {Y; — X };c; in Schg is a procdh covering if there
exists a rooted tree T' of finite height and a functor 7" — Schg, such that the root is sent to X,
for each vertex v the family {W. — Wy }cecnita(v) is of one of the above forms, and for each
leaf [ there exists a factorisation W; — Y;, — X for some i; € I.

3 Local rings

In this section we characterise procdh local rings, Prop.3.3. We also discuss how a general
procdh local ring can often be written as a filtered colimit of smaller local rings, Prop.3.6,
Theo.3.10. The latter is used in the proof of the comparison theorem, Corollary 9.9.

Definition 3.1. Recall that a fibre functor of a topos Shv,(C) is a continuous morphism of
topoi ¢* : Shv,(C) & Set : ¢, or equivalently, a functor ¢* : Shv.(C) — Set which preserves
colimits and finite limits.



For topologies 7 on Schg for which every scheme is covered by affine ones (e.g., anything
finer than the Zariski topology), there is a bijection between fibre functors of Shv,(Schg) and
affine S-schemes Spec(R) — S which are 7-local in the following sense.

Definition 3.2 (cf.(SGAT2a, Thm.IT1.4.1), (SGAT2a, 1.8.10.14), (Gro66, Cor.8.13.2)). Let 7
be a topology on Schg such that every scheme is covered by affine ones. An affine S-scheme
Spec(R) — S is said to be 7-local if for every 7-covering {Y; — X };c; the morphism of sets

H hom(Spec(R),Y;) — hom(Spec(R), X) (6)
i€l

is surjective.

Proposition 3.3 (Characterisation of procdh local rings). An affine S-scheme Spec(R) — S
is procdh local, Def.3.2, if and only if it is of the form

R=0xkgA

with A a local ring of Krull dimension zero and O C K a henselian valuation ring of K=A/my.
In other words, R C A is the set of elements whose residue mod ma lies in O.

Proof of Proposition 3.3. (=) The following composition of a Zariski covering and the procdh
covering
Os|z, y]

{spec 2 L {specOslr, 2] Spec O[5, M

shows that procdh local rings satisfy:
(*) Va,b € R; we have alb or bla or a and b are both nilpotent.

It follows from this that R,eq is a valuation ring, and in particular, R has a unique minimal
prime ideal n, which equals the set of nilpotents. All zero divisors are nilpotent by virtue of

the procdh covering
OS[x,y]} { OS[xay]}
Spec ——= L ¢ Spec ——= 8
oo} {2 )
Os(z,y]

of Spec o) SO R — Ry, and therefore R — (R/n) Xj(y) Ry is injective. We claim that the
latter is also surjective. It follows from a diagram chase that n — nR, is surjective implies
R — (R/n) Xp(n) Ry is surjective.

0 n R R/n 0 9)
| | |
0 nR, R, R,/nR, ——0

So suppose we have a € n and s € R\ n. We claim there is b € n such that b/1 = a/s. Indeed,
this follows from a € n, s € R\ n, and ().

So we have shown R — (R/n) X ) Ry is both injective and surjective. The Krull dimension
of R, is zero because n is a minimal prime, and we have already observed that R/n = Rycq
is a valuation ring, so it suffices to show that R/n is henselian. But procdh local rings are
Nisnevich local rings, also known as henselian local rings, and quotients of henselian local rings
are henselian local rings.

(«). Suppose R = O x i A as in the statement. We want to show that (6) is an epimorphism
for all procdh coverings. Certainly it suffices to consider the generator coverings described in
the definition.



We immediately notice that R is henselian: O = R..q is henselian by assumption and
—®p (Rrea) induces an equivalence Etp — Etg,_, of categories of étale algebras, (Stal8, 039R).
So the desired lifting condition with respect to Nisnevich coverings is satisfied, cf.(Stal8, 04GG,
Ttem(7)).

Suppose we have a proabstract blowup square {Z,, = X },en U{Y — X} and a morphism
Spec(R) — X. If the generic point Spec(K) of Spec(R) doesn’t land in Z, then it lifts through
Y because Y — X is an isomorphism over X \ Z;. By the valuative criterion for properness,
this lifting extends to a lifting of Spec(©). Since A is local the morphism Spec(K) — Y also
extends to Spec(A) — Y. These three morphisms factor through some open affine of Y, so
they glue to give a lifting Spec(R) — Y — X since Spec(O x g A) = Spec(O) Ugpec(x) Spec(A4)
is the categorical pushout in the category of affine schemes.

On the other hand, if Spec(K) — X does factor through Zj, then Spec(O) — X also
factors through Zy. The morphism Spec(A4) — X doesn’t necessarily factor through Z; but the
(finitely many) generators of Tz, are sent inside my = Nilpotents(A) so Spec(A) — X factors
through some Z,,. Then we glue as in the previous case. O

General procdh local rings can be quite large, but they are often filtered colimits of smaller
local rings. The rest of this section is devoted to such reductions and some consequences, for
example Corollary 5.3. We will use the following non-Nisnevich version of procdh local rings.

Definition 3.4. A prorh local ring are rings of the form O x g A with A a local ring of dimension
zero, and O C K a (not necessarily henselian) valuation ring of K = A/m.

One way to construct procdh local rings is to first build a prorh local ring, and then take
the henselisation.

We write Q(R) for the ring of total fractions. That is, Q(R) = R[S™!] where S is the set of
nonzero divisors.

Proposition 3.5. Suppose that R is a prorh local ring. That is, R = O x g A with O a (not
necessarily henselian) valuation ring, A a dimension zero local ring, and K = Frac(O) = A/m.
Let R — S be an étale morphism towards a local ring S.

Then S is prorh local, and the henselisation R" is a procdh local ring. Moreover, in
this situation we have dim S < dim R, lengthQ(R) = lengthQ(S) and dim R" = dim R,
length Q(R) = length Q(R").

Proof. The canonical morphism S — (S ®r O) X(sg k) (S ®r A) is an isomorphism because
R — S is flat, (Fer03, Thm.2.2(iv)). Since S is local, S @ g O = S ®pr (Rred) is also local,
and therefore a valuation ring of Krull dimension < dim O, (Stal8, 0ASJ). It follows that the
étale K-algebra S ®p K is actually a finite separable extension of K, and since (S ®r A)rea =
(S ®Rr (Ared))red = (S ®g K)red, we find that S ®g A has exactly one prime ideal. Since
K — S®prK is a field extension and R — S is flat, for any composition series A D Ip D I; D ...,
the pullback S ®r A D S®r Iop D S ®r I; D ... is a composition series for S ®r A. So
length A = length S ®p A.

In the case that R — S is a local homomorphism, R,eq — Sreq is also local, so it induces a
bijection of value groups of these valuation rings, (Stal8, 0ASF), and therefore a bijection of
posets of prime ideals. Consequently, dim R = dim Ryeq = dim Syeq = dim S. Now the henseli-
sation R" is the colimit colim Sy over étale algebras R — Sy which are local homomorphisms of
local rings. We have just seen that all transition morphisms Sy — S, induce homeomorphisms
on Spec, so we deduce that the prime ideals of R" are in bijection with the prime ideals of R.
Therefore, dim R" = dim R. As above, since K — R" @y K is a field extension and R — R"
is flat, pullback preserves composition series so length A = length R" @ A.



It remains to show that R" is procdh local. We have (R");cq = (colim Sy )req = colim S Ared
is a filtered colimit of valuation rings and therefore a valuation ring. It follows that n” :=
Nil(R") is a unique minimal prime ideal of R", and also that R"/n" is a henselian valuation
ring, since quotients of henselian rings are henselian. To conclude it suffices to show that
R — (R"/u") X (uny (RI,) is an isomorphism. This follows the fact that filtered colimits
commute with fibre products. O

Proposition 3.6. If S is a Noetherian scheme (e.g., the spectrum of Z or a field) and
Spec(R) — S an affine S-scheme such that R is procdh local, then R is a filtered colimit
of procdh local Og-algebras such that each length Q(R)y) is finite. If S has finite valuative
dimension, Def.7.1, then we can also assume each Ry has finite Krull dimension.

Proof. We immediately observe that since R is local, we can assume S is affine, say S =
Spec(Bp). Then the idea is that for any factorisation By — B — R, we can convert B into
a procdh local ring in a way which is functorial in B. If we write R as a filtered colimit
R = colim By of By-algebras B, of finite presentation, we can use this fact to functorially
convert each B) into a procdh local ring R), giving the expression R = colim Ry. To conclude
we observe that the Ry have the properties described in the statement if By is Noetherian,
resp. of finite valuative dimension.

Now we carry out this plan. Let By — By — R be any factorisation, and consider the
preimage pn C By of the minimal prime n of R. The valuation ring R/n of R induces and
factors through a valuation ring Oy = k(px) N (R/n) of k(py), and the localisation R, of R
factors through the localisation (By),,. Form the epi-monic factorisation (By),, = A\ — Ry.
As nR, = Nil(R,), the preimage of this in Ay also consists entirely of nilpotents. Since this
ideal of nilpotents is the maximal ideal of Ay, it follows that Ay is a dimension zero local ring.
Glueing, we get a prorh local ring Py := Oy Xy (p,) Ax and a commutative diagram

B, < Ox Xntos) Ax R .
Bx/pa l \ Ox l R/n
(Bx)ps Ay R,
~ T~ W
k(px) k(px) k(n)

To conclude we take Ry = P;f to be the henselisation, which is a procdh local ring by Proposi-
tion 3.5.

One checks that the choice of p) =preimage(n) C B,, and the constructions of k(py),
Ox = k(px) N (R/n), (Bx)p,, Ax =image((B)p, — Ru), Px = Ox Xp(p,) Ax, and Ry = P} are
functorial in By. Consider the system of factorisations By — B) — R with By — B, of finite
presentation. Note, colim By = R. We get a factorisation

colim B) — colim Py, — colim Ry — R.

The composition is an isomorphism by construction. The maps Ay — R, and Oy, — R/n
are injective by construction, so each Py = Ox Xy Ax — R is injective, so colim P\ — R
is injective, and therefore also an isomorphism. Finally, henselisation commutes with filtered
colimits of local rings with local transition homomorphisms, (Stal8, 07RP). So colim Ry =
colim P/{L = (colim Py)" = R" = R.



If By is Noetherian, then each B) is also Noetherian, (B,),, is Noetherian, and the quo-
tient Ay = Q(P») is Noetherian, hence, of finite length. Included in Proposition 3.5 is that
length Q(Py) = length Q(R)).

If By has finite valuative dimension, then so does each By and B)/py so dim Oy = dim Py,
is finite. By Proposition 3.5 dim Py = dim R). O

Sometimes finite length Q(R) is not strong enough, and we would like Nil(R) to be finitely
generated. This is not achievable for general procdh local rings.

Example 3.7. Let R be a procdh local ring such that n = Nil(R) is finitely generated. Then
R = R,. That is, R is an local ring of Krull dimension zero.

As n is finitely generated, there is some n such that n"*! = 0 and n” # 0.3 Since R =
(R/n) Xpm) (Rn) is defined by a Milnor square, the map R — R, induces an identification of
non-unital rings n = nR,,, and consequently, an identification n™ = (nR,)". Since n"™! (and
therefore (nR,)"*!) is zero, n" (resp. (nR,)") is an R/n-module (resp. k(n)-vector space).
Moreover, since n is a finitely generated R-module, so is n™. Changing notation to O = R/n
and M = n" to make the consequences of this clearer, we have a finitely generated nonzero
module M over a valuation ring O such that M — M ®e Frac(O) is an isomorphism. This
is only possible if O = Frac(0).* Returning to the previous notation, we have shown that
R/n = k(n), and therefore R = (R/n) Xy (Ry) = Ra.

Now we start working towards Theorem 3.10 which says that we can get to finitely generated
nilradical if we relax the conditions on the nilpotents slighty. Theorem 3.10 is used in the proof
of the comparison theorem, Corollary 9.9.

Lemma 3.8. Suppose R is a procdh local ring containing a field F such that Q(R)yea/F is
separably generated. Then the canonical projection R — R,eq admits a section in the category
of F-algebras.

This essentially follows from Q(R)req/F being formally étale, and Q(R) — Q(R)req being a
nilpotent thickening, but we couldn’t find a reference with exactly the statement we wanted.

Proof. Since R = O xx A (with O = Ryeq, K = Q(R)red, A = Q(R)), to get a factorisation
O --» R — O of the identity (in the category of F-algebras), it is equivalent to find a fac-
torisation O --+ A — K of the canonical inclusion @ C K (in the category of F-algebras).
Furthermore, since K = O[(O\ {0})!] and an element of A is a unit if and only if its image in
K is nonzero, giving such a factorisation is equivalent to giving a factorisation K --+ A - K
of the identity (in the category of F-algebras). That is, it suffices to solve the lifting problem

K~<~—T
s
/
s/
¥
A<—T>F

with Fyp = F and F; = K. We have assumed K/F is separably generated, so by assumption
there are elements {x) € K} ca indexed by a well-ordered set A such that for every successor
A< A+ 1in A the element z4; is transcendental or finite separable over the subfield K (z,, :

3We allow n = 0, in which case n® = R.

4For valuation rings we have torsion free < flat, for integral domains we have finitely generated flat < finitely
generated projective, and for local rings we have projective < free, so the isomorphism in question is isomorphic
to the canonical inclusion O®" C Frac(O)®" for some r > 0.



1 < A). So by transfinite induction, we can assume that the field extension Fy /Fy is generated
by a single element = € F; which is transcendental or finite separable.

Suppose that F; = Fy(z) with = transcendental. Choosing any element of A in the preimage
of z, we get an induced factorisation Fo[z] --» A — K. Since all non-zero polynomials f(z) €
Fo[z] are non-zero in Fo(z) C K = A/m, they are sent to units in A, so we get a factorisation
Fo(z) --» A — K.

Now suppose  is finite separable with minimal polynomial f(X) € Fo[X], so F1 = Fo[X]/(f(X)).
Choose a lift a € A of x € F; C K and note that f(a) € m since f(z) = 0. Since m = Nil(A),
we have f(a)™ = 0 for some n, so we get an induced commutative diagram

K <——Fo[X]/(f(X)) =T,

T o
A/

A~ FolX]/{f(X)") < Fo

with unique diagonal since ¢ is étale, and ker(¢) is a nilpotent ideal, (Stal8, 02HM). O

Lemma 3.9. Suppose F is any ring and R is any F-algebra such that R — Ryeq admits a
section in the category of F-algebras. Then we can write R as a filtered colimit R = colim Ry
of sub-F-algebras Ry C R such that (R))red = Ryea but Nil(R)) is finitely generated for all \.

Proof. Given a set of elements S C Nil(R), write Rcq[S] C R for the sub-R,cg-module generated
by the monomials z"'z>* ... z;"" for x; € S. Since elements of Nil(R) are nilpotent, if S is
finite, Nil(Ryeq[S]) is a finite Ryeg-module. As Sy ranges over all finite subsets of Nil(R), we

obtain R = colim Ry with Ry = Ryeq[Sx] as desired. O

Theorem 3.10. Every procdh local ring over a perfect field F is a filtered colimit of F-algebras
Ry (not necessarily procdh local rings) such that Nil(Ry) is finitely generated and (R))red S
finite rank henselian valuation ring.

Proof. We can assume our initial ring R has finite Krull dimension by Prop.3.6. The map R —
Rcq admits a section (as F-algebras) by Lem.3.8, so then the result follows from Lem.3.9. O

4 Nisnevich-Riemann-Zariski spaces

In this section we consider a Nisnevich version RZ(Xyjs) of the Riemann-Zariski space associ-
ated to a scheme X. These can be considered as small sites, cf.(ILO14, Exposé II). The main
result of this section is Corollary 4.13 which says that for each X € Schg, the canonical com-
parison functor Shvpecan(Schg) — Shv(RZ(Xnis)) preserves colimits and finite limits, at least
if S is a qcgs scheme with Noetherian topological space. This result will be used in Section 5 to
show that the topoi have enough points, and in Section 7 to show that the homotopy dimension
is finite.

Definition 4.1. By modification we will mean a morphism of schemes ¥ — X which is
proper, of finite presentation, and an isomorphism over a dense qc open D C X. We write
Modyx C Schx for the full subcategory of modifications.

Remark 4.2. If X isqcgs and Y/ — Y, Y” — Y are morphisms in Modx then Y’ xy Y is
again in Modx. In particular, Mod x admits finite limits, calculated in Schx, and is therefore
is filtered.
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We do not ask modifications to be birational so that finite limits in Modx are more nicely
behaved. We can of course often refine any object in Modx by one which is birational to X,
Lem.4.14(1).

Definition 4.3. Let S be a qcgs scheme. For X € Schg we define

RZ(Xnie) = / Yae.
Y eMod x

Explicitly, RZ(Xnis) € Arr(Schy) is the category whose objects are morphisms U — Y such
that U € Ynis and Y € Modx, and morphisms are commutative squares

U ——=U

|

Y —=Y
We abbreviate U — Y to (U/Y).

Remark 4.4. As it is a category of arrows in a category admitting finite limits, Arr(Schy)
admits finite limits and they are calculated component wise: lim(A4;/B;) = (lim A;/lim B;). If
each (A;/B;) is in RZ(Xxis), then one checks that lim(4;/B;) is again in RZ(Xnis).” That is
RZ(Xnis) admits finite limits, and they are calculated termwise.

Definition 4.5. The category RZ(Xnis) is canonically equipped with the Grothendieck topol-
ogy generated by:
1. families of the form

{U:/Y) = (U/Y)}iex (Nis)

such that {U; — U} is a Nisnevich covering, and
2. families of the form
{(Y'xy U)Y") = (U/Y)} (Car)

for morphisms Y’ — Y in Modx.
We will write Shv(RZ(Xnis)) for the topos associated to the topology generated by coverings
of the form (Nis) and (Car).

Remark 4.6. Since the diagonal of a modification is again a modification, a presheaf (of sets)
satisfies descent for all families (Car) if and only if it sends each (Y’ xy U/Y’) — (U/Y) to an
isomorphism. Consequently,

Shvcar(RZ(XNis)) = Yell.{/lr{)ldx PSh(YNiS),

where the limit is along pushforwards f,. : PSh(YY;,) — PSh(Ynis) for morphisms f: Y’ — Y
in Modx. This implies

ShV(RZ(XNlS)) = Yelli\/lrgdx ShVNis(YNis)- (10)

5We observed lim B; is in Modx in Remark 4.2. The fastest way to check that lim A; — lim B; is étale, is
probably to observe that it is formally étale and of finite presentation, (Stal8, 02HG, 00UR).
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Remark 4.7. The same is true for presheaves of spaces (see Section 6 for conventions). Suppose
that F satisfies descent for families of the form (Car). If Y’ — Y in Modx is a closed immersion
then (Y')*¥™ =Y’ so for any (U/Y) in RZ(Xnis) we have

F(U/Y) =lm F((U'/Y") @) = im F(U'/Y") = F(U'/Y") (11)

where U’ =Y’ xy U. It follows that (11) also holds for a general Y’ — Y in Mody, since each
diagonal Y — (Y')*¥™ is a closed immersion in Modx. Conversely, if /" sends families of the
form (Car) to equivalences, then it clearly satisfies Cech descent for such families.

Proposition 4.8. Let X be a qcgs scheme and suppose F' € PSh(RZ(Xnis)) has descent for
the coverings (Nis). Then the sheafification oF € Shv(RZ(Xnis)) satisfies

aF(U/Y) = COlimyle(Modx) F(YI Xy U/YI) (12)

1A%
The same is true for presheaves of spaces.

Proof. First we show that the presheaf aF defined via Eq.(12) is a sheaf. By definition, a
presheaf on RZ(Xyjs) is a sheaf if and only if it has descent for coverings of the form (Nis)
and (Car) in Definition 4.5. The presheaf aF in the statement certainly sends modifications
to isomorphisms, resp. equivalences, so it has descent for coverings of the form (Car) by
Remark 4.6 and Remark 4.7.

For Nisnevich coverings, we notice that a presheaf F' has descent for coverings of the form
(Nis) if and only if the restriction to the small Nisnevich site Yyis for each Y € Modx has
Nisnevich descent if and only if it sends distinguished Nisnevich squares to cartesian squares.
If {Uy — U,U; — U} is a distinguished Nisnevich square, and (U/Y) € RZ(Xnis) then for any
Y’ =Y in Modx we have

F(YI Xy U/YI) = F(YI Xy UO/Y/) XF(Y/XyU()l/Y’) F(YI Xy Ul/yl)

where Uy = Uy Xy Uy by the assumption that F' has descent for (Nis). Taking the colimit over
Y’ and using the fact that filtered colimits commute with fibre products we find

CLF(U/Y) = CLF(U()/Y) XaF(Um/Y) aF(Ul/Y)

So aF is a sheaf. To conclude that a is the sheafification functor, it suffices to show that
if F'is already a sheaf, then F' — aF is an equivalence. But this is clear, since sheaves send
modifications to isomorphisms, Rem.4.6, resp. equivalences, Rem.4.7. O

Definition 4.9. Let S be a qcgs scheme. For X € Schg, we consider the canonical projection
functor
pPX RZ(XNiS) — SChs; (U/Y) — U

and the functor induced by composition
PSh(Schg) — PSh(RZ(Xnis)); F— Fopx.
By composing this with the sheafification functor PSh(RZ(Xnis)) — Shv(RZ(Xnis)), we get
Px : Shvprocdn(Schs) — Shv(RZ(Xnis)). (13)
Remark 4.10. Using Proposition 4.8 we have the following concrete description.

(p%xF)(U/JY) = colimyrepmody F(Y'xxU).
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Recall that a morphism of sites ¢ : (C,7) — (D,v) is cocontinuous if for every U € C
and covering family U = {U; — ¢U};cr there is a covering family {V; — U;} such that
{®Vi = @U }icy refines U, (SGAT2a, Def.I11.2.1), (Stal8, 00XJ).

Proposition 4.11. Let X be a qcqs scheme whose underlying topological space is Noetherian.
Then the morphism p is cocontinuous.

Proof. For (U/Y) € RZ(Xnis) and a procdh covering {V; — U};cr in Schg, we want to find
a covering {(U;/Y;) — (U/Y)}jes in RZ(Xnis), a function J — I; j — i;, and commutative
triangles

Uj - = > V;‘j

N

U.

Since procdh coverings are refined by finite length compositions of generator procdh cover-
ings, using induction on the height of the tree in Remark 2.2, it suffices to prove the claim for
distinguished Nisnevich coverings and proabstract blowup squares.

For Nisnevich coverings the statement is obvious since for any (U/Y) € RZ(Xnis), a Nis-
nevich covering {U; — U}ier of U gives rise to a Nisnevich covering {(U;/Y) — (U/Y)}ier of
(U/y).

Consider (U/Y) € RZ(Xnis) and a proabstract blowup square U = {Z,, = U}nen U{W —
U}. Our task is to find a morphism Y’ — Y in Modx and a Nisnevich covering {V; — U’ :=
Y’ xy U}jes such that for each j, we have a commutative diagram on the left for some n or
on the right.

V, > Z, VW (14)
! J J )
U——=U U——=U
| | | |
Y ——=Y Y ——=Y

Since U has finitely many generic points, by Lemma 4.17, we can assume that U is locally
irreducible. As such it suffices to treat the following two cases.

Case 1: Ug™ C Zj. In this case, (Zy)red = Ured- This means the (finitely many) generators
of Iz, are nilpotent, so Z, = U for some n. Hence, Y/ =Y and the trivial covering {U — U}
give a square on the left of (14).

Case 2: Ut N Z, = @. We will build a square as on the right of (14) with V; = U’. By
the assumption U™ N Zy = &, the morphism W — U is an isomorphism over the generic
points of U. These all lie over generic points of Y (because U — Y is étale) so W - U — Y
is generically flat. More precisely, letting T C Y be the closure of the image of Zjp in Y,
the morphism W — Y is flat over Y\T and T is nowhere dense in Y by the assumption
Us"NZy=o. Write T = 'm/\ T for a cofiltered system of closed immersions T\ — T of finite
presentation. Since Y8°" is finite by the assumption, there exists A such that T is nowhere
dense.

By Raynaud-Gruson (RG71, Th.5.2.2), (Stal8, 081R), there is a blowup Y’ — Y (projective,
but not necessarily of finite presentation) with a center contained in T such that the strict
transform W/ — Y’ of W — Y is flat. Since U’ := Y’ xy U — Y’ is étale, this implies that
W' — U’ is flat, Lemma 4.15. So now we have a flat proper morphism which is generically
an isomorphism. This implies it is globally an isomorphism, Lemma 4.16. So we obtain a
factorisation U/ = W' — W — U.

13



If Y/ — Y is not of finite presentation, then we can at least write it as a filtered limit
Y’ = limY] such that each Y{ — Y is in Mody and the transition morphisms are affine,
Lemma 4.14. Setting Uj =Y Xy U we also have U’ = lim Uy and we can descend U" — W to
some U}, (Gro66, Prop.8.13.1). Noting that Y, € Mody implies Y} € Modx, we have found a
square on the right of (14). O

Counterexample 4.12. Let k be a field, I a set, and k[z!] the polynomial ring in I-many
variables. Define R! := k[z!]/(z;z; : i # j) and X! = Spec RI. So X! is I-many copies of the
affine line joined at the origin and (X?)&®" is homeomorphic to I with the discrete topology.
Given a subset J C I there is an associated closed immersion X7 C X! defined by z; — 0 for
i ¢ J which is finite presentation if and only if I\ J is finite.

For any two cofinite J,.J’ C I with J U J’ = I, the set {X’ — X/, X/" — X} induces a
proabstract blowup square. This cannot be refined by a modification (of finite presentation),
so the functor RZ(XL;,) — Schy: is not cocontinuous.

Indeed, by Chevalley’s Theorem (Stal8, 054K), the image of any summand Y of a mod-
ification Y5 I1Y; — X! is a closed subscheme of finite presentation. Since modifications are
isomorphisms over a dense open, this implies that for any modification Y — X! the scheme Y
is connected. Since it is an isomorphism over the generic points of X, it cannot factor through
any X/ — X! unless J = I.

Corollary 4.13. Let S be a qcqs scheme whose underlying topological space is Noetherian and
X € Schg. The canonical functor p% from (13) preserves colimits and finite limits, (SGA72a,
I11.2.3), (Stal8, 00XL).

Here are some lemmas that were used above.

Lemma 4.14. Suppose X is a qcqs scheme.
1. If the underlying topological space of X is Noetherian, then for every Y € Modx there is
a closed immersion Y —'Y in Modx such that (Y')8" = X8,
2. If Y — X is a proper morphism, not necessarily of finite presentation, which is an
isomorphism over a dense qc open D C X, then Y can be written as a cofiltered limit
Y = limY), with Y\ € Modx and whose transition morphisms are closed immersions
Y\ — Y, which are isomorphisms over D.

Proof. 1. Let D C X be a dense qc open over which Y — X is an isomorphism. Let j : D —
Y be the induced open immersion. Write Z = ker(Oy — j.Op) as a filtered colimit Z =
colimZy of ideals Z of finite presentation, (DG71, Cor.6.9.15). Since Spec(Oy/Z) =Y
is an isomorphism over the open D C Y, there is some X for which Y := Spec(Oy /Z)) —
Y is an isomorphism over D C Y, (Gro66, Thm.8.10.5(i)). Since X has Noetherian
topological space, so does Y, Lem.4.18, so up to changing A, we can assume Yy N (Y& \
X&) =@, ie., (Y))s" = Xe&on,

2. We can write Y — X as Y = limY), with each Y, — X proper and of finite presentation
and all transition morphisms closed immersions by (Stal8, 09ZR, 09ZQ). The isomor-
phism D X x Y = D induces closed immersions D — D X x Y, which are of finite presen-
tation by (Stal8, 00F4(4)), and therefore defined by coherent sheaves of ideals, (Stal8,
01TV). Since the D x x Yy are all quasi-compact, there is a A for which D = D x x Y}, for
all p > .

O

Lemma 4.15. Suppose that W — U is any morphism of schemes, U — Y is étale and W —'Y
is flat. Then W — U is also flat.
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Proof. If U — Y is not already assumed to be separated, we can reduce to this case by replacing
U with an open affine covering. Then the diagonal § : U — U xy U is open (resp. closed)
because U — Y is unramified (resp. separated). Considering the cartesian squares

WL Uxy W w

A

U—>UxyU-—"">U
one sees that 0’ : W — U xy W is also both open and closed. So we have U xy W = ¢§'(W)UW’
for some W’. Since W — U factors as the composition W — ¢'(W)U W' =U xy W — U of
the inclusion of a summand, and the pullback U xy W — U of the flat morphism W — Y, it
is flat. O

Lemma 4.16. Suppose that f: W — U is a flat, proper morphism of schemes, and D C U is
a schematically dense open such that D xy W — D 1is an isomorphism. Then W — U is an
isomorphism.

Proof. First note that f is faithfully flat: Since it is proper, it is closed, so it suffices to show
all generic points 1 of U are in the image. The inclusion of the localisation U, — U is flat so
U, xy D — U, is schematically dense. But U,, has a single point, so U, Xy D is non-empty,
ie,ne D,sone f(W).

Since W — U is faithfully flat, to show it is an isomorphism it suffices to show that
pr1: W xyg W — W is an isomorphism, or equivalently, that the diagonal § : W — W xy W
is an isomorphism. The two morphisms W xy W "YW — U are flat, so D xg W — W and
D xyW xy W — W xy W are schematically dense. But W — U is an isomorphism over D

soDEDxyW=DxyW xyW. So we have a factorisation D Lw S w Xy W with both
j and d7 schematically dense. It follows that J is schematically dense. Since it is also a closed
immersion (f is proper, so separated) this implies § is an isomorphism. O

Lemma 4.17. Suppose Y is qcqs with Noetherian underlying space, let U — Y be an étale
morphism, and suppose U™ = ng LUy is a decomposition of the space of generic points of U
into clopens. Then there exists a cartesian square

U,uU, —=U

L

Y ——Y

such that
1. Y' =Y s a proper morphism of finite presentation which is an isomorphism over a dense
gc open of Y, and
2. there are identifications ng = (U})&™ and ny = (U7)&™.
IfY is Noetherian, then we can take Y' — 'Y to be a blowup in a centre which is nowhere dense
mnY.

Proof. Choose any closed subschemes Uy C U and U; C U of finite presentation whose generic
schemes are 79 and 7; respectively (here we are using that U2® is finite).® Since Uy LI Uy —

6For example, let 7z = ker(Oy — Opgen). Write Zz as a filtered union of ideals Z 5 of finite presentation.

Use the fact that U&®" is a disjoint union of finitely many local schemes of dimension zero to deduce that there
is some I with (Spec Oy /Zy) NUS" = @.
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U — Y is generically étale, there is some dense open D C Y over which it is étale, (Stal8,
07RP), and in particular, flat and of finite presentation. So we can apply Raynaud-Gruson
platification, (Stal8, 081R), to find a blowup Y’ — Y (not necessarily of finite presentation)
which is an isomorphism over D C Y, and for which the strict transform Uj U U{ — Y’ of
Uy UU; — Y is flat. By Lemma 4.15 this implies U U U; — Y’ xy U is also flat. It is
proper and an isomorphism over a dense open by construction, so it is in fact an isomorphism,
Lem.4.16. Now the second condition is satisfied, since Uj — U factors through Uj — Uy and
this latter is an isomorphism generically by construction.

The morphism Y’ — Y might not be of finite presentation, but it is a cofiltered limit of
some Y] — Y which are proper, of finite presentation, and isomorphisms over dense qc opens
Dy CY, Lem.4.14. There is some A for which we already have a decomposition Uy = U} (LU} ,
where of course we have set U{ = Yy xy U and U;\’i =Y, xy U;. Replacing Y’ with this Y},
both conditions are now satisfied. O

Lemma 4.18. Suppose that X is a scheme with Noetherian topological space of finite dimension
andY — X is a morphism of finite type. Then'Y also has Noetherian topological space of finite
dimension.

Proof. We want to show that every descending chain
202212 222

of closed subspaces of Y stabilises. Since X has Noetherian topological space, it admits a
finite open affine covering {Spec(A4;)}" ;. It suffices to show that our chain stabilises in each
Spec(4;) xx Y, that is, we can assume X is affine.

Similarly, by definition, since Y — X is finite type it is quasi-compact, so we can also
assume Y is affine, say Y = Spec(B). In particular, this means there is a closed immersion
Y — A% for some n. So we can assume that ¥ = A’,. By induction we can assume n = 1.

Since X has Noetherian topological space, it has finitely many irreducible components. So
we can assume that X is integral.

Now we use induction on the dimension of X. If X is dimension -1 it is empty, and we are
done (the dimension zero case is also easy).

In general, suppose that

AX 22022122, 2

is a decreasing chain of closed subschemes. I claim that it suffices to show that chains of finite
presentation closed subschemes stabilise. Indeed, if there exists a strictly decreasing chain of
closed subsets, then we can manufacture a strictly decreasing chain of closed subsets of finite
presentation: For each i choose a prime p; € Z; \ Z;11 and an element f; 11 € I;11 \ p; where
I; 11 is the ideal corresponding to Z;;;. Then setting W, to be the closed corresponding to
(f1,---, fi), the chain Wy O W7 D Wy D ... contains Zy 2 Z; 2 ... as a subchain and also
has p; € W; \ Wi41, so it is strictly decreasing.

So we can assume Z, = (f1,..., f,) for some f; € A[z] where A = T'(X,Ox). Letting K be
the quotient field of A, the ring K[z] is Noetherian, so the corresponding chain of ideals (not
just closed subsets) in K[z] stabilises. Moreover, Kz] is a principal ideal domain, so there is
some a € A\ {0} and g( ) € Alz] such that (1g) = (f1,..., fn) for all n>> 0. That is, we can
write each f; as f; = gb h; for some h; € Alz ] and b; € A\ {0}, and 1 =" ;- h; - k; for some
ki € Alx]and ¢; € A \ {0} (for simplicity, we choose kj=0c¢;=1for j > 0so ' that the k; and
¢; are independent of n). If the a,b;, ¢; are all 1, then (9) = (f1,---, fn) holds in A[z], not just
K|[z]. That is, our chain stabilises. Indeed, f; = gh; and g = g(3>_ hik;) = fiks
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We now show how to reduce to the case all a,b;,c; are 1. Set a; = a[][b;[[¢;- Since
Spec(A) has Noetherian topological space, the chain of opens Spec(A[i]) C Spec(A[aolal]) C
Spec(A[aoallaz]) C ... stabilises. That is, there is some d € A such that A[d~!] = A[m] for
all n > 0. Since d is nonzero and A is integral, Spec(A/(d)) has dimension strictly smaller than
Spec(A), so our chain of Z;’s restricted to Aépec(A/(d)) stabilises by the induction hypothesis,

and it suffices to show that it stabilises when restricted to Aépec( Ald-1])" By construction,

a,b;, c; are all invertible in A[d~!]. So replacing A with A[d~!], we can assume they are all 1
by replacing g, h;, k; with %g, b%-hi and cikl O

5 Conservativity of the fibre functors

Recall that a topos is said to have enough points when a morphism f is an isomorphism if and
only if ¢(f) is an isomorphism for all fibre functors ¢, Def.3.1, (SGAT72a, Exposé IV, Déf.6.4.1).
Equivalently, (SGAT72a, Exposé IV, Prop.6.5(a)), a topos of the form Shv.(C) has enough
points when a family {Y; — X}ier in C is a covering family if and only if U;cr0(Y;) — o(X)
is surjective for all fibre functors ¢.”

Deligne’s completeness theorem says that if C' is an essentially small category with fibre
products, and every 7-covering is refinable by a finite one, then Shv,(C) has enough points,
(SGAT2b, Prop.V1.9.0) or (Joh77, Thm.7.44, 7.17).

Example 5.1. If X is a qcgs scheme then Shv(RZ(Xxis)) has enough points.

Theorem 5.2. Suppose S is a qcqs scheme with Noetherian topological space of finite Krull
dimension. Then the topos Shvprocan(Schg) has enough points.

Proof. We want to show that if Y = {Y; — Y},cr is a family of morphisms in Schg such
that the morphism of sets U;¢(Y;) — ¢(Y) is surjective for every fibre functor ¢, then ) is
a procdh-covering. We work by induction on the Krull dimension of Y, the base case being
Y = @ with dimY = —1, where it is clearly true. The inductive hypothesis is:

(Hyp.) If dimX < dimY and U¢pX; — ¢X is surjective for every fibre
functor ¢, then {X; — X };cr is a proedh covering.

The functor p3 : Shvprocan(Schg) — Shv RZ(Ynis) from (13) preserves colimits and finite limits,
Corollary 4.13. So by composition, every fibre functor ¢ of Shv RZ(Ynis) induces a fibre functor

SIV procn (Schis) 5 RZ(Yais) % Set.

By assumption, our family ) is sent to a surjection of sets under each such fibre functor ¢ o pJ..
Since RZ(Yxnis) has enough points, Exam.5.1, it follows that p3, ) is a surjective family of sheaves
in Shv(RZ(Ynis)). This means that, locally, we can lift the section idy of (p3Y)((Y/Y)) =
homgens (P((Y/Y)),Y) = homgens (Y,Y). Explicitly, this means that there exists a covering
{(U;/Y") = (Y/Y)}jes such that the family {U; =Y’ — Y},c; refines Y. Since Y/ - Y is a
modification, there is a nowhere dense closed subscheme of finite presentation Zy — Y outside
of which Y’ — Y is an isomorphism. Since Y has finite Krull dimension and Zy — Y is nowhere
dense, dim Zy < dim Y. Since fibre functors commute with finite limits, for each fibre functor
¢, the morphism of sets Lip(Z,, xy Y;) = Up(Z,) X vy #(Yi) = ¢(Zy) is the pullback of the

"Here, we have used the same symbol for an object X of C and the sheafification of the presheaf hom(—, X)
it represents.
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surjective morphism of sets Up(Y;) — ¢(Y), and therefore is surjective. So by the induction
hypothesis, for n € N the families {Z,, Xy Y; = Z,, }ics are procdh coverings. Then the family

{Zn Xy Y; > Z, > Y}nEN,iEI L {Uj Y - Y}jEJ (15)

is the composition of the procdh covering {Z,, — Y },en U {Y’ — Y}, the Nisnevich covering
{U; = Y"} e and the procdh coverings {Z,, xy Y; — Z,};ey,, and each morphism in Eq.(15)
factors through some Y; — Y. O

Corollary 5.3. Suppose S is a Noetherian scheme of finite Krull dimension. Then procdh local
S-rings R with length Q(R) and dim R finite induce a conservative family of fibre functors of
Sthrocdh (SChS) .

Proof. Apply Proposition 3.6. O

6 Excision

In this section we discuss the equivalence of procdh excision and Cech descent.
Sheaves of spaces. Since gLur09), the default has become to define a sheaf of spaces as a
presheaf of spaces satisfying Cech descent.®

Theorem 6.1. Let S be a scheme and consider the following conditions on a presheaf of spaces
F € PSh(Schg, S).
1. Excision. For every distighished Nisnevich square {U — X,V — X} and every proab-
stract blowup square {Z,, = X }nen U{Y — X} in Schg, Def.2.1, we have

F(X) = F(U) xpwxxvy F(V), (16)
F(X) = F(Y) Xiim F(ZnxxY) lim F(Z,). (17)

2. Cech descent. For every procdh covering family {Yy — X }rea we have
F(X) S limF(Y,) (18)

where we write F(Y,) for ]
(Lur09), F' is a procdh sheaf.
If S is qcgs then (Excision) < (Cech descent).

Proof. The proofs from (AHW17, Thm.3.2.5) work verbatim. See (KS24, §6) for complete
proofs in our setting. O

serm F(Yi, Xx --- xx Fj,). That is, in the terminology of

7 Homotopy dimension

7.1 Valuative dimension

Definition 7.1. Recall that the valuative dimension of a scheme is the supremum of the ranks
of all valuation rings of residue fields of generic points of X centred on X.

gen. 1 ; Lo
dimy (X) = sup {dimR ' Jz € X" R is a valuation ring of k(x) }

3 Spec(R) — X compatible with R C k(x)

8 As opposed to the hyperdescent used in work of Artin, Brown, Deligne, Friedlander, Gersten, Jardine, Joyal,
Mazur, Morel, Thomason, Verdier, Voevodsky, and many others in work dating back at least to the 70’s.
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The valuative dimension is of interest to us because it controls the size of RZ(X). Indeed,
the R appearing in the definition of valuative dimension are precisely the reductions of the local
rings of the locally ringed topological space limy enmody Y-

The following basic properties of valuative dimension follow directly from well-known facts
about valuation rings.

Lemma 7.2. Let X be a scheme.
1. If Y C X is a nowhere dense subscheme and dim, (Y') is finite, then

dim, Y < dim, X.

2.If f :' Y — X is a proper morphism inducing a bijection of sets Y&" = X&" qand
isomorphisms of residue fields k(y) = k(f(y)) for all y € Y& then

dim, Y = dim, X.
3. If X has finite valuative dimension then so does every X -scheme of finite type.

Proof. The statements already appear in (EHIK21, Prop.2.3.2). For more reasonable proofs
see (KS24, Lem.7.2). O

7.2 Homotopy dimension

Recall that for n > —2 one says that a space K € S is n-truncated if Map(D"*2 K) &
Map(S™*t1, K), where D"*2 is the (n + 2)-disc, S"*! is its boundary, the (n + 1)-sphere, so
S = xUx and S71 := @, (Lur09, Lem.5.5.6.17). The notion of n-truncatedness is extended to a
general oo-category T', such as T = PSh(C, S), by declaring an object F' € T to be n-truncated
if the space Map(G, F) is n-truncated for all objects G of T. If T is presentable’ then the
inclusion T<,, C T of the full subcategory T<,, of n-truncated objects is w-accessible and the
inclusion admits a left adjoint, (Lur09, Prop.5.5.6.18),

(_)Sn T — Tgn.

Suppose T,T’ are oo-categories admitting finite limits and p : 7/ — T is a functor. If p
preserves finite limits, then it preserves n-truncated objects, cf.(Lur09, Prop.5.5.6.16), and we
obtain the commutative square on the right hand side of the following diagram.

A P

T ——-=1T T<—1T (19)
()<nl l()<n inc.T Tinc.
)\ n n
Ten -~ ='>TL, Tep<='-TL,

If p and the inclusions T<,, C T, TZ,, C T” all admit left adjoints A, (—)<n, (—)<n respectively,
then an adjunction argument shows that the functor A<, := (=)<, o A o inc. produces the
commutative square on the left hand side of Eq.(19) above. In fact, since the inc. are fully
faithful, A<, is a left adjoint to p<,. Note that inc. and (—)<, preserve final objects. So if
also preserves the final object, we have

A<n (%) = (—)<n 0 Ao ine.(x) = *.

Therefore, for F' € T we have F<,, = % implies A\(F)<,, = *.

9This means that T admits all small colimits and is of the form T = Ind(7T") for some small category T".
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Example 7.3.

1. If ® : Shv,(C,S) — S is any fibre functor'® and F € Shv,(C,S), we have F<,, & * =

2. If X € C is any object and F € Shv(C,S), we have F<,, = x = (F|x)<, = *, where
(—=)|x : Shv(C,S) — Shv(C)x,S) is the restriction functor with Cx equipped with the
induced topology: coverings in C x are precisely those families which are sent to coverings
in C; the projection C/x — C is a continuous and cocontinuous morphism of sites.

3. If X is a qcgs scheme with Noetherian topological space and F' € Shvprocdn(Schg) we
have F<,, & % = (p% F)<n = * in Shv(RZ(Xnis), S), cf. Corollary 4.13.

As a right adjoint, global sections Map(*, —) does not preserve connectivity in general.
Homotopy dimension describes how badly this fails.

Definition 7.4 ((Lur09, Prop.6.5.1.12, Def.7.2.1.1)). One says the oco-topos Shv,(C,S) has
homotopy dimension < d if for every sheaf F' € Shv,(C,S) we have

F<4_1 = * implies Map(*, F)<_1 & *.
Note that the latter condition is equivalent to Map(*, F))<_1 # .

Remark 7.5. More generally, if Shv..(C,S) has homotopy dimension < d then we have
Fegyn = * implies Map(x, F')<,, = %
for all n > —1, (Lur09, Def.7.2.1.6, Lem.7.2.1.7).

Remark 7.6. Even more generally, one says that Shv,(C,S) is locally of finite homotopy di-
mension if for every X € C there is some dx < oo such that F<q, 4n = * implies Map(X, F)<,, =
x for all n > —1.

By the canonical adjunction Shv.(C,S) = Shv.(C)x,S) (cf. Example 7.3(2)), this is
equivalent to asking that each Shv.(C),x,S) has finite homotopy dimension.

Example 7.7. Consider the category N = {0 - 1 — 2 — ...}. An object of PSh(N,S)
is a diagram --- — K(2) — K(1) — K(0) and the global sections functor is {K(n)},en —
lim,en K (n). If (K(n))<o = *, that is, moK (n) = * for all n, then it follows from the short
exact sequences of pointed sets, (BK72, §7.4),

. 1 . .

* — Tlllé% m K(n) = m rlfé% K(n) — ,111311\1 moK(n) — * (20)
that (lim K (n))<_1 = *. So the topos PSh(N,S) has homotopy dimension < 1. The sequence
of non-empty discrete spaces K(n) = N>, shows that the homotopy dimension is £ 0 since
K (n)<—1 = = for all n but hom(x, {K(n)}nen)<—1 = 2.

Example 7.8 ((CM21, Cor.3.11, Thm.3.18)). If C) is a filtered system of finitary!! excisive!2
sites with colimit C, then Clausen and Mathew show that Shv(C,S) has homotopy dimension
< difall Shv(Cy, S) do. Using this they show that for any qcgs algebraic space whose underlying
topological space has Krull dimension < d, the co-topos Shv(Xyjis, S) has homotopy dimension
<d.

It also follows from this that if X is a qcgs scheme of valuative dimension d then RZ(Xxjis)
has homotopy dimension < d.

10As in the case of sets, ® is a fibre functor if it preserves all colimits and finite limits, cf.(Lur09, Rem.6.3.1.2,
Cor.5.5.2.9, Thm.6.1.0.6).

1L A site is finitary if it has finite limits and every covering family is refineable by a finite one.

12 A site is excisive if for all U € C, the functor F +— Map(U, F) commutes with filtered colimits.
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Theorem 7.9. Let S be a qcqs scheme of finite valuative dimension d > 0 with Noetherian
underlying topological space. Then Shvprocan(Schs, S) has homotopy dimension < 2d.

Proof. The proof is by induction on the valuative dimension of S. Suppose F' € Shvyocan(Schg, S)
has F<gq—1 = *. We want to show that F(S)<_1 = *.
Since S has Noetherian topological space,

p* = p% : Shvprocan(Schs, S) = Shv(RZ(Snis), S)

is a left adjoint of a morphism of co-topoi, Cor.4.13, so (p*F)<2q—1 = *, Exam.7.3. Since the
homotopy dimension of Shv(RZ(Snis),S) is < d, Exam.7.8, we have (p*F')(S)<_1 = *, that is,
the space (p*F')(S) is non-empty. Concretely, one can calculate (p* F')(S) as colimy emods F(Y),
Remark 4.10, so we can find a modification Y — S such that F(Y) is non-empty.

If d =0, we have Y = S and we are done with this step.

If d > 0, up to refining Y we can assume that Y& = S8 Lem.4.14. In particular,
there exists a nowhere dense non-empty closed subscheme of finite presentation Zy; C S such
that Y — S is an isomorphism over S\Zy and Ey := Zy xg Y is also a nowhere dense closed
subscheme of finite presentation. Note we now have 0 < dim, Zy < d — 1 and similar for
Eo, Lem.7.2. We continue to have (F|sch,, )<2da—1 = * and (Flschp, )<2a—1 = *, Exam.7.3.
By the induction hypothesis Shvprocan(Schz,,S) and Shvprocan(Schg,,S) all have homotopy
dimension < 2d—2, so F(Z,)<1, F(En)<1 = * for all n, Rem.7.5. We have seen that PSh(N, S)
has homotopy dimension < 1, Exam.7.7 so (lim,en F(Z,))<o = * and (lim,en F'(Ey))<o = *.
Combining this with F/(Y)<_; = *, cartesianness of the square, Thm.6.1,

F(S) F(Y)

l |

limpen F(Zy) — limpen F(E,)

implies that F(S)<_—1 = *. Indeed, both lim,en F(Z,) and lim,ey F(E,) are non-empty
connected and F(Y) is non-empty, so the pullback is also non-empty. O

Corollary 7.10. Let S be a gcgs scheme of finite valuative dimension d > 0 with Noetherian
underlying topological space. For any sheaf of abelian groups F' € Shvpyocan(Schg, Ab) we have

ngocdh(57 F) = 0; n > 2d.

Proof. This is (Lur09, Cor.7.2.2.30). Cf. also (Lur09, Def.7.2.2.14, Rem.7.2.2.17). O

Corollary 7.11. Let S be a gcqs scheme of finite valuative dimension with Noetherian under-
lying topological space. Then Shvprocan(Schs, S) is Postnikov complete,'3 and hypercomplete.'*

Proof. Lemma 7.2(3) and Lemma 4.18 say that each X € Schg also have finite valuative dimen-

sion with Noetherian underlying topological space so by Theorem 7.9 the co-topos Shvprocdn (Schs)

is locally of finite homotopy dimension, hence, Postnikov comlete, (Lur09, Prop.7.2.1.10), and

hypercomplete, (Lur09, Cor.7.2.1.12). O
13Postnikov complete means that for every object F' we have F = lim,, 7<,, F.

M4Hypercomplete means that for every hypercovering U, — X and object F we have Map(X,F) =
lim,eca Map(Uy, F), (Lur09, pg.667).
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7.3 Points of co-topoi

As in the 1-topos case, one says that an co-topos Shv(C, S) has enough points when a morphism
f is an equivalence if and only ¢* f is an equivalence for every geometric morphism of co-topoi
¢* : Shv(C,S) 2 S : ¢s, (Lur09, Rem.6.5.4.7). Unlike the 1-topos case, in general, detecting
equivalences is not equivalent to detecting coverings unless Shv(C, S) is hypercomplete, (Lurl8,
Prop.A.4.2.1).1%

The purpose of this subsection is to prove Proposition 7.14 which says that if the 1-topos of
a site has enough points and the co-topos is hypercomplete, then the co-topos also has enough
points.

Remark 7.12. This should be compared to Lurie’s result (Lurl8, Thm.A.4.0.5), which says
that any oco-topos which is locally coherent and hypercomplete has enough points. We cannot
apply this to the procdh topos because it is not locally coherent.

Conversely, combining Deligne’s 1-categorical completeness theorem with our Proposition 7.14
recovers (Lurl8, Thm.A.4.0.5).

We apply Proposition 7.14 to the procdh topos in Corollary 7.15.

Lemma 7.13. Let (C, 1) be a site admitting finite limits. Every fibre functor ¢%., of the 1-topos
induces a fibre functor ¢% of the co-topos fitting into a commutative square Eq.(21). The same
is true with ¢§,, and ¢ reversed.

(—)<o

Shv(C,8) —=% Shv(C, Set) (21)
(z):;l ld)get
S D=0 | get

Proof. Since C' admits finite limits, in both the 1-category and oco-category setting there is a
canonical correspondence between fibre functors ¢ of PSh(C, 7) and pro-objects P of C, given
by (P: A = C) = (F — colimyep F(Py)) and ¢* — (P : [, F — C), (Lur09, Cor.5.3.5.4).
So, for ¢, : Shv(C,Set) — Set as in the lemma, we automatically get the extended diagram
on the left.

PSh(C, S) =L PSh(C, Set) PSh(C, S) =2 PSh(C, Set) (22)
¢ (=)<o ¢ \L (=)<o il
sien | Shv(C, S) 2L Shy(C, Set) Shv(C, 8) ~22 Shv(C, Set) ) dsen
) 65 sy
S % Set S % Set

Since Shv(C, S) is the topological localisation of PSh(C, S) generated by covering sieves, (Lur09,
Def.5.5.4.5, Def.6.2.1.4) and ¢}g;, preserves colimits, to show that ¢hg,;, factors through Shv(C,S),
it suffices to show it sends covering sieves to equivalences. Any sieve'® in PSh(C,S) is sent
by ¢pg, to an inclusion of connected components A — AU B in §. Such an inclusion is an
equivalence if and only if it induces an isomorphism on connected components, i.e., if it is an
isomorphism after 7<g. So the result follows from the fact that covering sieves are sent to
isomorphisms in Set by the outside square in Eq.(22).

15This is unsurprising as the definition of sieve in (Lur09) basically encodes the notion of Cech descent.
160r more generally, any monomorphism, i.e., any morphism F — G such that F — F x ¢ F is an equivalence.
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Conversely, by the same argument, any ¢ gives rise to a ¢pg, as in the diagram on the
right. Again, this factors through Shv(C, Set) if and only if it sends covering sieves to isomor-
phisms, but this is guaranteed by the fact that PSh(C,S) — Shv(C,S) sends covering sieves to
equivalences. O

Proposition 7.14. Let (C,7) be a small site admitting finite limits such that the I1-topos
Shv(C, Set) has enough points as a 1-topos. Then the hypercompletion Shv(C,S)" has enough
points as an oo-topos.

Proof. We have the following facts.

1. PSh(C,S)[S™] = (LsPSh(C,Seta))° for any set of morphisms S in PSh(C, Seta).
That is, the localisation (in the sense of (Lur09, Def.5.2.7.2)) of the co-category PSh(C, S)
at the image of S is the co-category associated to the Bousfield localisation of the simplicial
model category PSh(C, Seta) (with either the injective or projective model structures).

2. Shv(C,S) is the localisation of PSh(C,S) at the class of Cech hypercoverings.

3. Shv(C,8)" is the localisation of PSh(C,S) at the class HR of all hypercoverings, (Lur09,
Thm.6.5.3.12).

4. the weak equivalences in LyrPSh(C,Seta) are the morphisms such that each of the
induced maps

ol — moB
T (Elc,x,b) = mn(Blc,y,b), X e(C,be B(X)

are isomorphisms of sheaves, (Jar87, Prop.2.8), (DHI04).
Putting these facts together, the result holds almost by definition. O

Corollary 7.15. Let S be a qcqs scheme of finite valuative dimension d > 0 with Noetherian
underlying topological space. Then Shvprocdn(Schs, S) has enough points as an co-topos.

Proof. The 1-topos Shvprocdn (Schg, Set) has enough points, Thm.5.2, and the co-topos Shvprocdn (Schg, S)
is hypercomplete, Cor.7.11, so it has enough points by Proposition 7.14. O

7.4 Counterexample

We give an example that suggests the bound on the homotopy dimension in Theorem 7.9 is
strict.

Proposition 7.16. Let S be scheme with finitely many generic points and such that for all
s € S the henselisation Og’s is procdh local (e.g., a smooth curve over a field, or a procdh local
scheme). Suppose F € Shvyis(Schg, *) is a Nisnevich sheaf of sets / abelian groups / chain
complexes of abelian groups / spaces. Then F(S) = Fprocan(S).

Proof. Since F' and Fprocan are both Nisnevich sheaves, and the (small) Nisnevich co-topos is
hypercomplete, it suffices to show that for s € S we have ¢, F' = s Fprocan where oY (G
means colim;_,y—,5 G(V) and the colimit is over all factorisations with V' — S étale of finite
presentation. By assumption O% , is procdh local. Note that {s = V — S :V € Sy} is a

pro-object of Schg and Spec(O% ) = lim,_,v_,s V so the functor ¢%;, , is the fibre functor of
b VESNis ’

Shvprocdn (Schg) associated to the procdh local ring Og7s. Hence, ¢xs o F' = O s Fprocan. O
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Example 7.17. The idea is to find a scheme S of valuative dimension 1, a proabstract blowup
square
“colim” E,, — X (23)

I

“colim” Z, —— S
neN

and a sheaf of abelian groups F' such that

Hl:i)rocdh(X7 F)=0 for all ¢ (24)
H}irocdh(zm F) =0 for all 7 (25)
Hérocdh(EnvF) =0 >0. (26)

Then the corresponding long exact sequence is

0= Hlean(S, F) — R }Lié%F(En) —0—=....

So if we can also arrange that the lim),cy is non-zero, we have non-zero H? o ean (S, F) giving a
counterexample to the statement that Shvpyecan(Schg, S) has homotopy dimension < 1.
Our example is two affine lines joined at the origin, S = A! Ugoy A', with normalisation

X = A}c U A} and associated proabstract blowup square

“colim”E,, — X (27)

I

“colim” Z,, —— S
neN

where Z,, is the nth thickening of the origin and F,, = Z,, Xxg X. Note that F, decomposes
into two components corresponding to the components of X, namely, E, = Speck|z]/z™ U
Speck[y]/y" =: Ep o U Ey 4.

To a sequence of abelian groups ...As — A; — Ay we associated the presheaf of abelian
groups on Schg,
Ay, m=min{i |3T — E;, - S}
0, Vi, AT = E; , — S.
For 7 = Nis, procdh, let F; be the 7-sheafifiaction of F' considered as a presheaf of chain
complexes. So H(F.(S)) = HL(S,F), etc. The only V € Xyjs admitting an S-morphism
V — E, , is the empty scheme, so Fnis(X) = 0 and by Proposition 7.16 we have Fpyocan(X) =
Fxis(X), so (24) holds. We have (25) for the same reason. The condition (26) holds because
E,, is a disjoint union of procdh local schemes. More precisely we have

Fprocdh (En) = Fprocdh (En,z) X Fprocdh(En,y)
=F(E, ) X F(E,,) = A, x {0}
where the 0 is because there are no factorisations F, , — Ej;, for n > 1. So choosing any

sequence (A, )nen with lim} A, # 0 produces an F with H? oean (S, F) # 0.

F:T»—){

Remark 7.18. It seems possible to push the above technique further to at least show that
the cohomological dimension of certain surfaces is 4. For example, Gabber proposed trying the
surface S x S, where S is the scheme from Example 7.17.
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8 Application to K-theory

In this section, we work with the category Sch?°® of qcqs schemes and the full subcategory
Sch™® of noetherian schemes. For C = Spt, D(Z), D(Q), D(F,), we write PSh(Sch“®,C) for
the oo-category of presheaves on Sch?°?® with values in C and write Shvprocan(Schi®,C) for
the full subcategory of the procdh sheaves with the sheafification functor!'”

Qprocdh - PSh(SCthqS, C) — Sthrocdh(SCthqs,C).

8.1 Algebraic K-theory

By (KST18b), non-connective K-theory satisfies procdh excision for Noetherian schemes. Con-
sequently, by Theorem 6.1 it defines a sheaf K € Shvyocdn (Sch™®, Spt). We have the following
topos-theoretic interpretation of the Bass construction.

Theorem 8.1. For X € Sch™° with dim(X) < oo, there exists a natural equivalence
(a'procthZOK) (X) = K(X)
Proof. For X as above, we have the descent spectral sequences

EDT = H?

procdh

(X, K—q) = K_p—q(X),

P:q4 _ 7P
E Hprocdh

(X, 720K —g) = T pq(@procan>0 K (X)),

where K is the procdh sheafification of the presheaf K; = m; K of abelian groups on Schy,
and TZOK K; for i > 0 and T>0K = 0 for ¢ < 0. By Corollary 7.10, the spectral sequences
are bounded. So, it suffices to show that K; = 0 for i < 0. By Theorem 5.2 the procdh
1-topos has enough points, so it is enough to show that ¢*K; = 0 for all ¢ < 0 and fibre
functors ¢* : Shvprocan(Schx) — Set. Since K-theory commutes with filtered colimits of
rings, we have ¢*K; = K;(R) where R = colim Ry for (Spec(R)) — X)aca the proobject
corresponding to ¢*. Let 91 C R be the ideal of nilpotent elements. Then, for i < 0, we get
K;(R) = K;(R/M) = 0, where the first equality follow from the nil-invariance of the negative
K-theory and the last equality follows from (KM21, Th.1.3) since R/ is a valuation ring. This
completes the proof. O

Remark 8.2. The proof of Theorem 8.1 shows the following. Note that we use Corollary 5.3
to reduce to the smaller class of those procdh local rings R with length Q(R) and dim R finite.

Proposition 8.3. Take F =T, or Q, set C = Spt or D(Z), and let & € PSh(Schi*®,C) be a
presheaf. Consider the following conditions.
(Desc) For each Noetherian F-scheme X the restriction E|schy 1S a procdh sheaf.
(Fin) & is finitary, in the sense that it preserves filtered colimits of F-algebras.
(BB)>n For each procdh local ring R with length Q(R) and dim R finite, the procdh stalk E(R) is
homologically bounded below N. That is, m;E(R) =0 fori < N.
If € satisfies (Desc), (Fin), and (BB)n then for every Noetherian F-scheme X there is a natural
equivalence
aprocdn (F>n)(X) =~ F(X). (28)

We will produce a number of presheaves that satisfy the conditions of Proposition 8.3 using
the following definition.

ITFor existence of sheafification for certain large sites (including ours) see (BS13, Rem.4.1.2).
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Definition 8.4. Let F and C be as in Proposition 8.3. For & € PSh(Schi ®,C), define
Nil& = fib(€ — acan€) € PSh(Schi™®, (), (29)

where acan : PSh(Schi™, C) — Shveqn (Schp™, C) is the cdh sheafification functor.

8.2 Negative cyclic homology

Recall that for k — R a morphism of commutative rings, one defines HC™ (R/k) = HH(R/k)"S"
as the homotopy fixed points of the Hochsdhild homology and for qcgs k-schemes using Zariski
descent. In (Ant19, Thm.1.1), Antieau defines a functorial complete decreasing multiplicative
Z-indexed filtration,'®

{FilﬁKR HC_(X/k)} on HC™ (X/k) (30)
neZ
and natural equivalences
_ —~>n

Here, i9) x/@ is the Hodge-completed derived de Rham complex equipped with the Hodge
—~>n
filtration { L.}, -'* The graded pieces of this filtration are computed by

gr" LQx/p ~ A"Lx /i —n] (32)

where Lx /i, € PSh(Schi}*®, D(k))) is the cotangent complex, (Bhal2, Construction 4.1).

By (EM23, Lem.4.5), the cofibre cofib(Fil{jxr HC™ (—/Q) — HC™(—/Q)) is a cdh sheaf on
Schf®, so the canonical morphism Nil Filgg HC™(—=/Q) = NilHC™ (—/Q) is an equivalence
of presheaves. Therefore, applying Nil to (30) produces a complete and exhaustive N-indexed
filtration

{FilﬁKR NilHC_(—/Q)} on NilHC™ (—/Q) (33)
neN
with identifications

—~>n
& it NITHC™ (—/Q) = Nil L7 g [2n]. (34)
—~>n 3
I(Jggl)ma 8.5. The presheaves NilLQ_ o € PSh(Schy’®, D(Q)) satisfy (Desc), (Fin), and
>_n.

Proof.
(Desc) By (Morl6b, Thm.2.10), the A" L_ /g € PSh(Schg®, D(Q)) are procdh sheaves on Schg.

Hence, the LQf;L@, and their limit LO_ /o = lim, LQf?Q are also procdh sheaves. From
—> —
this we deduce that the fibres LQ:;LQ = fib(LQ_ g — LQf?Q) are procdh sheaves. Since

—~>n —~>n —~>n
all cdh sheaves are procdh sheaves, the fibres Nil L_ /Q = fib(LQZ /o~ Aean L /Q) are
procdh sheaves.

181t is not necessarily exhaustive in general, but is exhaustive if X/k is Lx /& has Tor-amplitude contained in
[0, 1].

9That is, LQx /= @n LQ;T/‘IC where for affines X, the complex LQ;% is the totalisation of the simplicial
chain complex [r] — o<"Q7, /A for P — B a polynomial A-algebra resolution of B and where o<" refers to

the stupid truncation in cohomological degrees < n.
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(Fin) Above we saw that E?Z_/Q is a procdh sheaf. In fact, it is a cdh sheaf, (EM23, Lem.4.5),
so Nil LQ_ /o = 0 leading to an equivalence

Nil L0 2 Nil L= [~1], (35)

So it suffices to show finitarity of Nil LQf’]Q. The presheaves A‘L_ g are finitary and
LQf’/‘Q admits a finite filtration whose graded quotients are shifts of A'L_ /@5 S0 it follows
that the LQf?Q are finitary. The cdh sheafification functor preserves finitary sheaves so

the acdhLQf’]Q, and therefore Nil LQf’;Q are finitary.

(BB)>_,, By Eq.(35) it suffices to show that LQE;‘Q is supported in cohomological degree < n — 1

for all R as in Proposition 8.3. We have

(acan L) (R) = (acanLQ=T0) (R/MN) = LT ) 10 (36)

where the first (resp. second) equality holds since any finitary cdh sheaf is nil-invariant
(resp. a valuation ring is a point of the cdh topos). Since LQf‘Z@ for a local Q-algebra A
is supported in degrees < n — 1, we are reduced to showing the surjectivity of the map

H" Y LQg,) = H' NI ) 0)-

This holds since the map is identified with Q’]Jé — Q?Ig /1m) /o
O

Proposition 8.6. Let X be a Noetherian Q-scheme of finite Krull dimension. Then NilHC™ (—/Q) €
PSh(Schx, D(Q)) satisfy (Desc), (Fin), and (BB)>q. Therefore

Aprocdh (NITHC™ (—/Q))>0(X) ~ NilHC™ (X/Q).
Proof. The property (Desc) follows from the corresponding property for the graded pieces

—~>n
Nil LQZ /g of the filtration (33). For (Fin) and (BB)>o consider the spectral sequence induced
by (33)

B = H™I(Nil [y ,9) = H™ NilHC™ (X/Q).
IfX e SCh?QCqs has finite valuative dimension d with Noetherian underlying topological spaces,
Corollary 7.10 and (BB)s; for Nil L g from Lemma 8.5 imply 57 = 0 for i — j > 2d — j,
which implies that the spectral sequence is bounded. Hence, (Fin) and (BB)>( for HC™ (—/Q)
follows from (Fin) and (BB)>; for Nill//ﬁ%/—é, Lemma 8.5. O

8.3 Integral topological cyclic homology

For X € Sch%iqs write TC(X) for the integral topological cyclic homology of X. By (BMS19),
for any qegs F-scheme X, there exists a functorial complete decreasing N-indexed filtration?"

{FilgMS TC(X)} _on TC(X) (37)
ne

with associated graded quotients
Eitps TC(X) = Z(n)™" (X)[2n]
for a natural object Z(n)*¥" € PSh(Schr,, D(Z,)) called the syntomic complex.

20(BMS19) treats quasi-syntomic rings and it is extended to all p-complete rings in (AMMNZ22).
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Lemma 8.7. The presheaf NilZ(n)*" € PSh(Schy"®, Spt) satisfies (Desc), (Fin) and (BB)> .

Proof.

(Desc)

(Fin)

Proposition 8.8. The presheaf Nil'TC € PSh(Schy’*, Spt) satisfies (Desc), (Fin), and (BB)>.

This property for NilZ(n)®™ follows from the fact that Z(n)®™ is a procdh sheaf on
Schy’® by (EM23, Th.8.6) and Theorem 6.1.

The argument is taken from the proof of (EM23, Th.4.24(4)). First, we claim Nil Z(n)sy“[z—l)]
0. Using the fact that Filgyq TC from (37) naturally splits after inverting p, the claim
is reduced to Nil TC[%] = 0. To prove this, we use the following pullback square in
PSh(Sch®# Spt)

K—" o TC

| e

KH " g4, TC

: (38)

where K H is the homotopy K-theory and tr is the cyclotomic trace ((BHM93), (DGM13)),
and tr°@" is induced by tr via the equivalence K H ~ acqn K, (KST18b, Th.6.3), (Cis13),
(KM21).

The pullback square follows from the latter equivalence and the fact that the fiber of tr is a
cdh sheaf by (LT19, Th. A.3). By (38), Nil TC[}] = 0 follows from fib(K — KH)[}] =0
by (TT90, Th. 9.6). Thus, it suffices to show that Z(n)*¥"(—)/p is finitary noting that the
cdh sheafification of a finitary presheaf is finitary. By (EM23, Lem.4.16), Z(n)*"(—)/p
admits a finite increasing filtration whose graded pieces are some shifts of A?L_ JF, With
i < n, so the desired assertion follows from the finitarity of A?LQ_ /Fp-

By the finitarity and Theorem 3.10, it suffices to show that NilZ(n)¥*(R) € D(Z,))<"
for any henselian local ring R such that the ideal 9t C R of nilpotent elements is finitely
generated and R/M is a valuation ring. Similarly to (36), we have

acdhZ(n)¥ " (R) = acanZ(n)*" (R/MN) = Z(n)>" (R/MN).

Note that Z(n)™™ and acqnZ(n)™™ are not finitary in general so the first equality requires
the assumption that 91 is finitely generated. Hence, (BB)>_,, follows from (AMMN22,
Th.5.2) noting (R,M) is a henselian pair. This completes the proof of the claim.

O

Consequently, for any Noetherian Fy-scheme X with dim(X) < oo we have

aprocdn (NIl TC) 50 (X) ~ Nil TC(X).

Proof. The desired properties follow from Lemma 8.7 by the same argument deducing Propo-
sition 8.6 from Lemma 8.5: The property (Desc) follows from (Desc) for NilZ(n)®™ by the
filtration (37). The properties (Fin) and (BB)>( for NilTC follow from (Fin) and (BB)>; for
NilZ,(—7)°Y™ by using the spectral sequence

By = I (NILZ,(~)""" (X)) = mi; NI TO(X),

arising from the filtration (37). Note that the spectral sequence is bounded since Corollary 7.10
and (BB)>; for NilZ,(—j)*¥" from Lemma 8.7 imply E5” =0 for i — j > 2d — j. O
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9 Procdh motivic complex

In this section, we address the following conjecture.

Conjecture 9.1 (Beilinson, (Bei87), cf. also (EM23, Introduction)). For any reasonable
scheme X, there is a natural spectral sequence:

By = Hij (X, Z(—q)) = K_p—q(X) (39)

where K, (X) is the non-connective algebraic K-theory of X, and H',(X,Z(n)) is the motivic
cohomology of X yet to be defined.

When X is smooth over a field k, an answer was given by the following theorem.

Theorem 9.2 ((FS02) and (Lev08)). Let Smy, denote the category of smooth schemes separated
of finite type over a field k. There exists a complete multiplicative decreasing N-indexed filtration

{Fil" K(X) on K(X) and identifications of spectra

mot
neN
B ity K (X) = Z(n) (X)[20] (40)
functorial in X € Smy.

Above, Z(n)*™(X)[2n] is a chain complex of abelian groups regarded as a spectrum via the
Eilenberg-Maclane functor D(Z) — Spt. As a complex of abelian groups, it can be defined as

Z(n)*™ (X) = C.(Zer (G1))(X)[-n] for X € Smy, (41)

where C, (Z-(G)9))[—q] is Voevodsky’s Al-invariant motivic complex defined in (SV00). This
is strictly functorial in Smy in the sense that it defines a functor between the 1-category Smy
and the 1-category of chain complexes of abelian groups. Scheme-wise this is shown to be quasi-
isomorphic to Bloch’s cycle complex, (Blo86), in (Voe02, Cor.2). Of course, another approach
is to just take Eq.(40) as the definition for Z(n)*™(X)[2n].

In what follows, we write F = Q or [, and continue to let Schi®® be the category of qcqs
schemes over F and Schp® be its full subcategory of noetherian schemes. Recently, Elmanto-
Morrow (EM23) extended Theorem 9.2 to all X € Schg“® by using instead of Z(n)*™ a new
motivic complex

Z(n)*M € PSh(Schi*®, D(Z))).

They construct Z(n)®M by modifying the cdh sheafification Z(n)°d" of the left Kan extension
of Z(n)™™ along Smr — Schi“® by using Hodge-completed derived de Rham complexes in case
F = Q and syntomic complexes in case F = [F,. The construction is motivated by trace methods
in algebraic K-theory using the cyclotomic trace map tr from (38). The purpose of this section
is to give a different approach to Conjecture 9.1 by using our procdh topology.

Definition 9.3. For integers n > 0, we define the procdh-local motivic complex
Z(n)procdh = a’prOthLst(n)Sm c SthrOth(SCh%cqs,DZ)),
as the procdh sheafification of the left Kan extension L™ Z(n)*™ of Z(n)*™ along Smp — Schi®®.

Remark 9.4. Note that there have been various constructions of motivic cohomology on
smooth schemes over Dedekind domains, (Gei04), (Lev0l), (Spil8), (CD19), etc., and one
could apply the same construction, i.e., procdh sheafification of left Kan extension, to any of
these.
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Theorem 9.5. For X € Schp®® with dim(X) < oo, there exists a complete multiplicative®*

decreasing N-indezxed filtration {FilgrocdhK(X)} on K(X) and identifications
neN

B ilyoean K (X) = Z(n)P7M (X)[2n].
Proof. By Bhatt-Lurie (see (EHK*20, Ex. A.0.6)), there is a natural equivalence
KZO = Lsm(K|Sm]F)>

where the right hand side is the left Kan extension of K\gy,, along Smg — Schi*®. Using
Theorem 8.1, we obtain a filtration on K by procdh sheafifying the left Kan extension along
Smp — Schy of Fil} . K|sm, from Theorem 9.2. The identification of the graded pieces is clear.

mot

Completeness follows from the boundedness described in Eq.(44) below. O

Remark 9.6. By definition, Eq.(41), we have H}, (Z(n)s™) = 0 for i > n, where H’,_ (Z(n)*™)
is the Zariski cohomology sheaf of Z(n)*™. It implies that for any local k-algebra A, we have

H' ((L*™Z(n)*™)(A)) =0 fori > n. (42)

Thus, Corollary 7.10 implies that for X € Schg“® of finite valuative dimension d with Noethe-
rian underlying topological space, we have

HY(Z(n)P (X)) =0 fori>2d+n. (43)
In particular, when X is noetherian, we have for each n € N
T i Fil 5 oean K (X) = 0; i>2d—n (44)
so the induced spectral sequence (39) with
Hjy(X,Z(n)) := H'(Z(n)P**" (X))
is bounded.

Now, it is a natural question if two constructions Z(n)*™ and Z(n)P™® coincide.

Theorem 9.7. Assume given Z(n) € PSh(Schg“®, D(Z))) and consider the following condi-
tions.
(a) There is a natural comparison map

Y Z(n)*™ = Z(n)|Sm;

in PSh(Smp, D(Z))), whose induced map ¢ : L Z(n)>™ — Z(n) has the properties that
¢(R) is an equivalence for all procdh local rings R with length Q(R) and dim R finite.
(b) Z(n) is finitary. That is,

Z(n) (liin Py) = cogimZ(n) (Py)

for any cofiltered system (Px)aea in Schi™® with affine transition morphisms.

21For compatibility of the monoidal structures with left Kan extension see (EM23, §2.3). Sheafification is also
compatible since it is defined using filtered colimits, see (Lur09, Prop.6.2.2.7) which works for a very general
class of coefficient categories.
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(c) Z(n) is a procdh sheaf on Noetherian schemes. That is,
Z(n) € Shvprocdn(Schg’®, D(Z))).

If (a), (b), and (c) are satisfied then, ¢ induces an equivalence Z(n)P*°P(X) ~ Z(n)(X) for
any X € Schp”®.

Proof. For procdh sheaves of chain complexes £ € Shvprocan(Schg®®, D(Z)), we have a descent
spectral sequence
(X, MY oean) = HPTIE(X),

P9 __ 14
E2 =H procdh

procdh
which converges by finiteness of cohomological dimension, Cor.7.10. Here H? .. € is the
procdh sheafification of the presheaf of abelian groups X — 7_,€(X). So since Z(n) and
Z(n)Procdh are procdh sheaves, Assumption (c), it suffices to show that the morphism

ngocdhz(n)prOth - ngocdhz(n)

of procdh cohomology sheaves of abelian groups is an isomorphism on Noetherian schemes.
Since the 1-topos Shvprocan(Schx) has enough points, Thm.5.2, and cohomology commutes
with filtered colimits, and both Z(n) and L¥™Z(n)*™ are finitary, Assumption (b), it suffices to
show that for all procdh local rings Spec(R) — X with R as in Assumption (a), the comparison

HIL™Z(n)*™(R) — H'Z(n)(R)
is an isomorphism for all ¢ € Z. This is precisely Assumption (a). O

Theorem 9.8 (Elmanto-Morrow). The presheaf Z(n)®M satisfies the conditions (a), (b), (c)
of Theorem 9.7.

Proof. Condition (b), i.e., finitary-ness, is (EM23, Th.4.10(5), Th.4.24(4)) and Condition (c),
i.e., procdh descent, is (EM23, Th.8.2).

We prove (a). Existence of the morphism Z(n)*™ — Z(n)sm, is contained in (EM23,
Th.1.1(9)), although we don’t need the full force of their theorem since we are only asking
for existence, not the stronger fact that the morphism is an equivalence. Now we want to
show that the induced map L¥™Z(n)*™ — Z(n) is an equivalence on procdh local rings R with
length Q(R) and dim R finite.

By (EM23, Th.7.7), it suffices to prove Z(n)*™(R) is supported in cohomological degrees
< n for any procdh local ring R. By (EM23, Th.4.10(2), Th.4.24.(2)), there are fiber sequences
(cf. Eq.(29))

Nil L0 — Z(n)™M(R) — Z(n)“™(R) if F = Q,
NilZ(n)¥(R) — Z(n)*™(R) — Z(n)*“™(R) if F =TF,,

—~>n
where Z(n)*™ = acan L™ Z(n)*™. Note that Nil LQp q and NilZ(n)*¥"(R) are supported in
degrees < n by Lemma 8.5 and Lemma 8.7. Noting that Z(n)*™ is finitary, the same argument
as Lemma 8.7 gives

Z(n)*"(R) = Z(n)*"™(R/M) = (L Z(n)™™)(R/N).
So, Z(n)*M(R) is supported in degrees < n by Eq.(42), which proves the desired assertion. []
Corollary 9.9. There is an equivalence Z(n )P ~ Z(n)EM in PSh(Schi*®, D(Z))).
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