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Part V: Resolution of singularities



dsolution in Q

< dsolution in R and Q, for Vp

n = 3 IS the most essential case

k: field
X? -aY?—-bZ?=0 (a,bec k)

Jsolution in k < {a,b} =0 € H?(k,Z/27)

H*(k,7/27) Galois cohomology of k



Hasse principle < injectivity of

H?*(Q,Z/2Z) - @& H?*(Qp,Z/2Z) & H?*(R,Z/27)

p prime

Op : H*(Qp,7/27) ~ HY(Fp,7Z/27)

Hasse principle < injectivity of

H2(Q,2/22) 2% @ H\(Fp,Z/2Z) & H2(R,Z/2Z)

p prime



- Generalization
X = Spec(lk) (K : Q] < o0), or
X smooth proper curve/TF,, K = F,(X)

Assume ASpec(R) — X for simplicity

H2(K,7Z/nZ(1)) =% @ HY(x,7/nZ)
iBEX(O)

X (): set of the closed points of X

Z/nZ(1) = pp (if ch(K) fn)
BREMaKN H°(K,Z/nZ(1)) ~ Br(K)n]
- H.P. for Br(K) « @ injective



X of finite type over [, or Z

IREEGIEOMBIERN K Co (X, 7/nZ) —

o= P H Y (x,Z/nZ(a))
2€X(a)

- D H=,2z/nla—1)) -

inE*Xv(a,—l)

N @ H?(x,7/nZ(1))

CEEX(l)

— & HY(=,Z/nZ)

iBEX(O)

X(a) = {CB e X | dimm:a}

r € X (q) <trdegy (k(x)) = a, or
trdegg(k(z)) = a —1

Z/nZ(a) = p®% if ch(k(x)) fn



IKEECIGMOISEYA For « < .

KHo(X,7/nZ) = Ho(KCe(X,Z/nZ))

ICOMEEHREN (<to's H.P.)

X: smooth proper over [y,, or

X : regular proper flat over Z

Assume X (R) = @ for simplicity

= KH(X,Z/nZ) =0 for a # 0



- Known cases of Kato's H.P.

e dim(X) = 1: Classical

e dim(X) = 2: Kato (1986)

e KH,(X,Q/Z) =0for 0 <a<3
under some mild assumptions

K Ho(X,Q/Z) = lim K Ho(X,Z/n7)

n

Colliot-Thélene (1993), Suwa (1995)
Jannsen-S. (2003)



IITREGFEMMN (Jannsen-s. (2006))

X: smooth projective over [,
= KHyX,Z/nZ) =0 for a#0
if a <4, or

If admit resolution of singularities

IITRESFEMMN (Kerz-S. (2009))

X: smooth proper over [,
= KH(X,Z/nZ) =0 for a # 0

iIf n Is prime to p

e Weil conjecture (Deligne’s theorem)

e (Refined) alteration (de Jong, Gabber)



~ Class number formula
(K : Q] < o0
Ci(s): Dedekind zeta function of K

¢ (0)* := lim Cge(s) - sP0
s—0

po := ords—g Cx(s) = rank(ﬁ}é)

_JouK)|

|(ﬁ1>é)tors|

CK(0)* = Ry

Cl(K) :ideal class group of K

Ry : Dirichlet’s regulator



index (analytic invariant) | = | characteristic class

(e.g. Euler-Poincaré char.)

X: scheme ~ HY (X,Z(r)) (i,7 € Z>0)
For X = Spec(0xk) ([K : Q] < o),
Cl(K) = H3,;(X,Z(1))
Or = Hj (X, Z(1))

= CNF reads

_HY (X ZW)ors|
|H]1\/_r(Xa Z(1))tors|

Cr(0)" = K



k: field
DM (k): category of mixed motives/k

equipped with functor

M : Sm/k — DM(k); X — M(X)

Sm/k: category of smooth schemes/k

Voevodsky (Hanamura, Levine)

MIDETRIEIOAN X € Sm/k and i,7 € Z>g

H: (X,7(r)) = Homp pgx) (M(X), Z(r)[2])

HM(X,Z(r)) = Homppg () (Z(r)[i], M (X))



X finite type over field, Dedekind ring
CH"(X,q): Bloch’s higher Chow group

H?(X,Z): Suslin homology

defined as homology of

Algebraic analogue of singular complex

Use algebraic cycles on X x A®
A™ = Spec Z[tg,....tn]/ O g t; — 1)
ICOpaSoRIthEoremill (\/oevodsky)
X smooth over field

HiW(X, 7(0)) = Hf(Xa Z)

H: (X,Z(r)) = CH"(X, 2r — i)



_ X : regular of finite type

over Fy or Z, d = dim(X)

Jexact sequence:
KHyq_iy2(X,Z/nZ) —
H:,(X,Z/nZ(d)) — H% (X, Z/nZ(d))

— KHq ;11(X,Z/nZ)

H(X,7Z/nZ(d)) étale cohomology

WEEEEN |H. (X, Z/nZ(d))| < oo

Kato’s HP provide affirmative result on




X: regular of finite type over [, or Z

=  HY,(X,Z(r)) finitely generated

Generalization of finiteness result on
CU(K), O, A(K)

( [K:Q] < oo, A abelian variety )

(Minkowski, Dirichlet, Mordell-Weil)



X smooth projective over F; (g = p™)

oo —nS

C(Xy8) = exp (Y [X(Eqn)| =)

n=1

For r € 7,
C(X,7r)* = SlEff}« C(X,s)-(1 —q" 2P

pr := —ords—,C (X, s)

BFEaEtY (Grothendieck, Deligne, Milne)
e ((X,7)* €Q”
e ((X,r)* expressed by using

HL.(X,Z(r)) := lim HZ(X,Z/nZ(r))

n



IINREGrEMN (Kerz-s.)

X smooth projective over [y

d = dim(X)
= H}@(X, 7(d))tors finite (mod p-torsion)
2d

¢(%,0)* = T |[H3,(X, Z(d))tors
j=0

(—1)?

(up to a power of p)

d < 4 = True for the p-part

Compared with CNF for X = Spec(lk)

. ‘sz\/_[(Xa Z(1))tors‘ "R

¢(X,0)* = ‘H}\/I(X,Z(l))torS‘

K



X regular of finite type over [, or Z

7©¢?(X) abelian fundamental group of X

X () set of closed points of X

oz € w{°(X) Frobenius for z € X g

Determine all relations among o,

Zo(X)= €& Z (group of 0-cycles on X)
wEX(O)

px : Zo(X) = 7fP(X) 5 X mofz] = [ (02)"
T€X (0) T€X(0)

IPFGBIERMN Determine Ker(px)

First answer by Kato-Saito (1985)



IITHEGEMN (Bloch, Kato-S.)
X regular proper over [, or Z
= px : CHo(X) ~ 7n¢¥(X)

CHp(X) = Coker( & n(y)xi) D z)

yeX () z&€X (0)

X (1) set of curves on X

IThEorem (<erz-schmidt-Wiesend)

X regular of finite type over Z or [y

(n,ch(K)) =1 (K function field of X)

Coker( @ k(y)y —— @ Z/nZ) ~ 78 (X) /n

yEX (1) TE€X (0)

k(y)s C k(y)* ‘“congruence subgroup”
(X = “boundary” of X)



ITheoremY (Schmidt, Schmidt-Spiess)

Under tame condition,

Coker( @ k(¥)y - & Z/nZ) ~ H§(X,Z/nZ)

veEX) T€X (0)

= HS(X,Z/nZ) ~ 7¢°(X)/n

H?(X,Z/nZ) Suslin homology of X

Consequence of Kato’s H.P.

IINREGrEMM (Kkerz-s.)

X smooth over Fy, (n,p) =1

= H’(X,Z/nZ) ~ H5 (X, 2/nZ)V

WREHERE ., (X,7/n2)" ~ 9(X)/n

= Case 7 = 0 iIs previous theorem



- Application to singularities
- Quotient signgularities

G C SL,(C) finite group

G act on X = AR

w:Y — X/G: *“good” resolution s.t.
E =7"1((X/Q)sing),.q SNCD On'Y
I'j;  configulation complex of E

I'p = simplicial complex s.t.

{a-simplices} = mo(E(®)

E(a): H Eiom...mEia
1<19<11 < <1< N

Eq,...,EpNn irreducible components of E

mo(—) = set of connected components



Case n = 2 (Klein singularity)

0 € X/G isolated singularity

G classified
cyclic, binary dihedral, Platonic solid

IEXampIeN (binary dihedral)

G=<o,7|oc"=1, 7= -1, Tor = —0~1 >,

= A%/G ~ Spec Clzx, vy, z]/(z2 — yx? + 4y"+1)

A AL

/O
O O O O Q I

N

E




INOBSEVationN (Mckay)

I'r ~ Mckay graph (quiver) of G

determined by irreducible rep’n of G

Case n > 2 No general theory exists to

compute I'p (except toric case)

IGEESHGHN How about H,(T'p,7)?

H,(Tg,7Z) = homology of complex

N 7m0 (E@) ZWO(E(G 1))

_> ZWO (E(O))



IINREGrEMN (Kerz-s.)

k: field, p = exp. char. of k

X quasi-projective smooth over k

G finite group acting on X

Z = (X/G)sing Assume

(1) Z smooth proper/k (e.g. isolated)
(¢2¢2) dw : Y — X /G proper birational s.t.
e Y smooth over k,

o £E:=n"1Z),.qg SNCD Oon'Y

oY - EFE~X — 7

(i41) There exists X — X

G-equivariant smooth compactification

1
— Ho(T'g,Z[-]) = 0 for a # 0
p



k: field of p =ch(k) > 0

For simplicity, assume k perfect
S =klx1,...,xn] Dm = (x1,...,2n)
R = (Sm)hen

R = k{x1,...,xn} C k[[1,...,2n]]

For a € m?R and m € Z~0»
X = Spec R[y]/(y? — o) — Spec R

(finite radicial surjective morphism)

BB EfnitionNY radicial singularity of dim n
(X,0x) with 0x = (mR,y) € X

(most important sing. in positive char)



IINRECFEMN (Kerz-s.) Assume

(z7) Ox = (mR,y) € X isolated singularity

(22) dmr: X — X proper birational s.t.

NN NN

X regular, X — 7 1(0x) ~ X — {0x},
E:=7n"10x)req SNCD on X

(222) 3 cartesian diagram:

X s X 5 SpecR o m
4 U O e
V - V o U > 0y

U, V smooth projective over k,

V integral projective over k,

R ~ (ﬁU,OU)hen with 0y = ~v(m)

1
= H.(T'g,Z[—-]) =0 for a # 0
p



BREMarkl Under assumption (i) & (i),

(222) holds if one admits

(RS),,: VZ integral of dim< n over k,

dp : Z — Z proper birational s.t.

~

Z regular, p isomorphism over Z;qq

(Zyreg: regular locus of Z)

(X,0x) Medusa singularity of dim n if

() and (z2¢) hold, and
1

H,(T'g,Z[-]) # 0 for some a # 0
p

Medusa singularity of dim n exists

= (RS),, FALSE



(X,0) quasi Medusa singularity of dim n if
() and (22) hold, and

H,(Tg,7Z) # 0 for some a # 0

quasi Medusa singularity of dim n exists

= either (RS),, or (RS)¢™" FALSE

(RS)E™P:
VZ regular of dim< n over k,

VW ; Z proper closed subscheme,

I . Z — Z: proper birational s.t.

~ ~

Zvregular, Z —n (W)~ Z - W

T~

W=n"1W),.q C Z SNCD



C = {schemes of separated, f.t. over k}

(1) May assume k finitely generated

(2) Define Kato homology
KH.,(X,Z/nZ) for X € C

(extend Kato’s definition in case k = [y)

(3) Kato’'s HP for extended KH,

IENREGFEMN K H,(X,Z/nZ) = 0 (a # 0)

If X € C smooth proper and (n,p) =1

(Proof use Weil conjecture by (1))



(4) Descent property for K H,

For Xe¢ — X “hyperenvelope”
(Xe simplicial object in C)

El’b = KHy(Xq,Z/nZ) = KH, (X, Z/nZ)

a

(5) HP and Descent for KH, imply

KH,(E,Z/nZ) ~ He(Tg, Z/n7Z)

E SNCD on Y € C regular,

E proper over k and (n,p) =1

T heorem on radicial sing follow from

7w : X’ — X finite radicial surjective

= 7 Induces isomorphism

KH.(X',7/nZ) ~ KHy(X,Z/nZ)



