DUALITY FOR RELATIVE LOGARITHMIC DE RHAM-WITT SHEAVES
AND WILDLY RAMIFIED CLASS FIELD THEORY OVER FINITE FIELDS

UWE JANNSEN, SHUJI SAITO, AND YIGENG ZHAO

ABSTRACT. In order to study p-adic étale cohomology of an open subvariety U of a smooth
proper variety X over a perfect field of characteristic p > 0, we introduce new p-primary
torsion sheaves. It is a modification of the logarithmic de Rham-Witt sheaves of X depending
on effective divisors D supported in X — U. Then we establish a perfect duality between
cohomology groups of the logarithmic de Rham-Witt cohomology of U and an inverse limit of
those of the mentioned modified sheaves. Over a finite field, the duality can be used to study
wild ramification class field theory for the open subvariety U.
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INTRODUCTION

Let k be a perfect field of characteristic p > 0 and let X be a smooth proper variety of
dimension d over k. The logarithmic de Rham-Witt sheaves WmQTX,log are defined as the
subsheaves of the de Rham-Witt sheaves W, ), which are étale locally generated by sec-
tions dlog[zi]m A ... A dlog[z,|m, with 2, € O% for all v ([IlI79]). By the Gersten resolution
([Ros96],[Ker10],[GS88]) and the Bloch-Gabber-Kato theorem ([BK86]), the dlog map induces
an isomorphism of étale sheaves

(1) dlog[—] : ICf,\’/‘[X/pm =N Win¥x 1og 5 {215+, 2} = dloglxi]m A - A dlog[zy]m,
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where IC%X is the sheaf of Milnor K-groups. It is conceived as a p-adic analogue of the f-adic
sheaf ,u%rf with ¢ # p. If k is a finite field, there is a non-degenerated pairing of finite groups

due to Milne ([Mil86]):
i —q — Tr
H' (X, Wi 10g) ¥ H' (X, Wi Q5T ) = HOH (X, Wi 160)) — 2/
It induces a natural isomorphism
Hd(X? WmQ%{,log) = Hl (Xa Z/me)\/ = ﬂ-%b(X)/pm

where AV is the Pontryagin dual of a discrete abelian group and 7¢*(X) is the maximal abelian
quotient of Grothendieck’s étale fundamental group of X. This gives a description of 7¢°(X)/p™
in terms of étale cohomology with p-adic coefficient. For /-adic étale cohomology, we also have a

non-degenerated pairing of finite groups for a smooth non-proper variety U of dimension d over
a finite field k& ([D777] and [Sai89])

H'(U,Z/0(j)) x HXTHU,Z/07(d — §)) — HZH U, Z/07(d)) = Z/0"Z,
which can be used to describe ¢ (U)/¢™ by (-adic étale cohomology:
H(U,z/0"(d)) = HY (U, Z/1™)" =z’ (U) /™.

In the p-adic setting there is no obvious analogue of étale cohomology with compact support for
logarithmic de Rham-Witt sheaves.

In this paper, we propose a new approach. Let X be a proper smooth variety over a per-
fect field k as before, and let j : U < X be the complement of an effective divisor D such
that Supp(D) has simple normal crossings. We introduce a new p-primary torsion sheaves
Wikl D 1og (see Definition 1.1.1), which we call relative logarithmic de Rham-Witt sheaves. It
is defined as the subsheaf of the de Rham-Witt sheaf W;,{)", which is étale locally generated by
sections dlog[z1]m A ... A dloglz,]m with 21 € Ker(O% — OJ), and z, € 5.0 for all v. As in
the classical situation, we have the following theorem:

Theorem 1 (see Theorem 1.1.5). The map dlog induces an isomorphism

(2) dlog[—]: ’Ci\,/lxm/(Pm’C%X N ’nym) = W% D jog 5
{z1,..., 2.} = dlog[z1]m A -+ A dlog[xy]m.

Here ICiV[X| p is the sheaf of relative Milnor K-groups which has been studied by one of the

authors (S. Saito) and K. Riilling in [RS16].
If Dy > D9, we have inclusions (see Proposition 1.1.4)

r r r
WmQX\Dl,log - I/VmQX|D2,log - WmQX,log?

r

X|D,log’ where D runs over the set

and thus obtain a pro-system of Z/p"Z-sheaves “1'&1” Win§2
D

of all effective divisors with Supp(D) C X — U.
In case m = 1 these sheaves are related to sheaves of differential forms by the exact sequence
(see Theorem 1.2.1):

1-c-! r—1

(3) 0= Q% prog = Uxp —— QS(|D/dQX|D — 0,

where 'y, , = (log D) ®p, Ox(—D) and C~! is the inverse Cartier morphism. In order to
extend the above exact sequence to the case m > 1, we need introduce the filtered relative de
Rham-Witt complex W Q% f, for which we have W1Q% ,, = Q% (see §2.3 and Theorem 2.3.1).
Its construction uses the de Rham-Witt complexes in log geometry [HK94|, which can be seen
as the higher analogue of Q% (log D).

Using the generalization of (3) to the case m > 1, we can define a pairing between Wmﬂ;],log

and the pro-system “@1” WmQ_‘;g log and obtain the following theorem:
D
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Theorem 2 (see Theorem 4.1.4). Let X, D and U be as above and assume that k is finite.
Then H’ (X, WmQTX|D,log) are finite and there are natural perfect pairings of topological abelian
groups

1 . —1 — Tr
H' (U, Wi Q1) % Uim HHX, W QG L ) — HYPHX Wi o) — Z/p™ 2,
D

where the first group is endowed with discrete topology, and the second is endowed with profinite
topology.

From the case i = 1 and r = 0 of the above theorem, we get a natural isomorphism

lim H(X, Wi Q% p1og) — H' (U, Z/p"2)" = m°(U) /p",
D

which gives rise a series of quotients 73P(X, D)/p™ of m3P(U)/p™ using the inverse limit. It is
thought of as classifying abelian étale covering of U whose degree divides p™ and ramification
is bounded by the divisor D.

One of the authors (Y. Zhao) [Zhal6] has proved a similar duality theorem for a projective
semi-stable scheme over an equi-characteristic discrete valuation ring k[[¢]] with % finite.

When the base field k is prefect but not necessarily finite, we follow the method of Milne
[Mil86] and work in the category . (p™) of Z/p™Z-sheaves on perfect étale site (Pf/k)s (see
§5.1). Let D°(.7(p™)) be the derived category of bounded complexes in .#(p™). We then get
from X, D objects of D*(.7(p™)):

R WG D1y and R RjWin Q) 10,
where 7 : X — S = Spec(k) is the structure morphism and j : U — X is the open immersion.
Then our duality theorem reads:

Theorem 3 (see Theorem 5.2.1). There are a natural isomorphism in D°(.%(p™)):

Rlim Rm, Wi Q% 10 = RHom pu () (R R W20 L/ ) | ],
D

where R@ denotes the homotopy limit over effective Cartier divisors supported on X — U.
D

The paper is organized as follows.
In §1, we study the two important results on the relative logarithmic de Rham-Witt sheaves:

the first one is a computation of the kernel of the restriction map R™! : VVmQ’;(| Dlog
Wiy b 1ogi the second is the exact sequence (3).

In order to define the desired pairing, we introduce the filtered de Rham-Witt complexes in
82, and study the behavior of Frobenius and Verschiebung on these complexes.

Using two-term complexes, we define the pairing in §3 and prove its perfectness when the
base field k is finite in §4. The last section §5 is on the duality over a general perfect field.

Acknowledgments The authors thank Moritz Kerz for his advice, especially on the construc-
tion of a pairing. The authors would like to thank the anonymous referee for his/her numerous
valuable comments and suggestions to improve the quality of this paper. In particular, his/her
suggestion on a simplification of the construction of the filtered de Rham-Witt complexes in §2
is invaluable.

1. RELATIVE LOGARITHMIC DE RHAM-WITT SHEAVES

Let X be a smooth proper variety of dimension d over a perfect field k of characteristic p > 0,
let D be an effective divisor such that Supp(D) is a simple normal crossing divisor on X, and
let j:U :=X — D — X be the complement of D.
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1.1. Basic properties.
Definition 1.1.1. Forr € N et
Wil p 1og © I+ WS 10g
be the subsheaf generated étale locally by sections
dlog[zi]m A ... Adloglz,]y, with z1 € Ker(O% — OF), z, € 5.0 for all v.
For r € N let IC 'y be the r-th Milnor K-sheaf on Xg; given by

Vb—)Ker(KM @ KM, (k(x))) for an étale V — X,
eV (1)

where 7 is the generic point and V1) is the set of points of codimension one in V and 8,
KM(k(n)) — KM(k(x)) is the tame symbol from [BT73, §4]. By [Ker10, Prop.10 (8) and

Thm.13], IC%X is étale locally generated by symbols {z1,---,2,} with z; € O% . We have a
natural isomorphism of étale sheaves
(1.1.1) dlog[—] : KM /p™ = WinQ% 1og

{z1,..., 2} = dlog[z1]m A - - - A dlog[xr]m

This follows from the Gersten resolutions of e*IC%X and €Wy, Q' 1, from [Ros96] and [GS88]
together with the Bloch-Gabber-Kato theorem[BK86], where € : Xg — Xz, is the map of sites.

Definition 1.1.2. (/RS16, Def. 2.4]) For r € N, we define the relative Milnor K -sheaf ICi"/IXw
to be image of the map

Ker(O;z - OB) ®z j*lcrj‘\/il,U - j*lci\,/[U; T {xh T ,-Tr—l} = {.%', L1y - 71'7’}'
Using some symbol calculations, we get the following proposition:

Proposition 1.1.3. ([RS16, Cor. 2.9]) Let D1, D2 be two effective divisors on X whose supports
are simple normal crossing divisors. Assume D1 < Dy. Then we have the inclusions of sheaves

KM b, € KMy ip, € KM
Corollary 1.1.4. Under the assumption of Proposition 1.1.3, we have inclusions
W QX\DQ log © WngﬂDl,log C Wiy 1og-

Proof. This follows from the fact that the sheaf W, Q% X|Dlog is the image of IC%X| p under the
map dlog[—]. O

The isomorphism (1.1.1) also has the following relative version.
Theorem 1.1.5. The dlog map induces an isomorphism of étale sheaves
(1.1.2) dlog[~] : K p/ (0" Kk VK p) = WiV D 1og

{xl, oo xp b e dloglz]m A - A dloglzy]m,

Proof. The assertion follows directly by the following commutative diagram

rX\D/( m’CM ﬂ’CyX\D) H’CM x/P"

dlogi dloglu

w, QX|Dlog W, Qerog

O

In the rest of this section, we will prove two fundamental results for the relative logarithmic
de Rham-Witt sheaves.
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Theorem 1.1.6. Write D =), na\Dx, where Dy (X € A) are irreducible components of D.
Then we have an exact sequence

T P r r

;log
where [D/p] = > \calna/plDy with [n/p] = min{n’ € Z| pn’ > n}.
Proof. The claim follows from Theorem 1.1.7 below by the isomorphism (1.1.2). |

Let R be the henselization of a local ring of a smooth scheme over a field k of characteristic
p > 0. Let (T1,...,T4) C R be a part of a system of regular parameters and put 7' =Ty - - - Ty.
We endow N? with a semi-order by

(n1,...,nq) < (n},...,ny) ifn; <n} for Vi
and put
1=(1,...,1).
Following [BK86, §4], we define UK (R) ¢ KM(R) for n = (n1,...,nq) € N? as the subgroup
generated by symbols
{1,y withay € T+ T - TR, x; € R[1/T* (2 <14 <d).

(Here having the injectivity of KM(R) — KM (K) with the quotient field K of R, the above
symbols are considered in KM (K).) For an integer m > 0, put

UZkM(R),, = Tmage(U2KM (R) — KM(R)/p™).
Theorem 1.1.7. We have the following exact sequence:
0 — URPIEM(R),, 1 & UM (R),, — UM (R); — 0,
where [n/p] = min{r € N pv > n} € N¢.
For the proof we compute
gr® kM (R),, = UM (R),, /U KM (R),, with 6; = (0, ..., i ...,0).
We need some preliminaries. For n € N% and 1 <i < d and an integer ¢ > 1 put
wy ;s = I"Qp(log T) @p R; with R; = R/(T;),

where 1% = (T ---T;%) C R and Q% (logT) is the sheaf of (absolute) differential g-forms of R
with logarithmic poles along 7' = 0. It is easy to check the exterior derivative induces

q . ,.q q+1
d? . Wi = Wpy -

Put
a _ q d% g+l a _ -1 d7 g
Z, i =Ker(w, ;, — wyy), By, =Image(w, ;" — wy, ;).

n,t n,t

We can easily check the following.

Lemma 1.1.8. ([RS16, Thm. 2.16]) Let the notation be as above. Then the inverse Cartier
morphism
-1, -1
C— 0% — Q%/d0%,
induces an isomorphism

-1., 49 = o9 q
ni Y/l ZW-/BM.

We define subgroups
Bz , = B!

1|n,i

cz?

‘Q,Z 1|ﬂ7i

q q — 74 q
C By, € C 24 =2,; Cw

n,t’

by the inductive formula

q = q q q = q q
Bawmi o Bestini/ Puir - Zinsmls 75 Zostinil Bui
n,: i

n,t
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Proposition 1.1.9. Fizn = (ny,...,ng) € N? and 1 <i < d.
(1) There is a natural map

P Wt = gr EM(R),,
such that for a € R, ba,...,bg € R[l/T] ,
db db,
pui(a(T - T =2 b, 2 A b—) {14aT™ - TM by, ..., b} € UKM(R).
(2) Write n; = p® - n' with p /fn . If m > s, pp; induces an isomorphism
/Bs|n i i grn ZkM(R)’m

If m <'s, pp,i induces an zsomorph@sm

i 1 i = 97 (R)m

mln,i

Proof. The existence of p,; together with the fact that it induces the surjective maps as in (2)
is shown by the same argument as [BK86, (4.5) and (4.6)]. Noting that by twisting Frobenius,
/ Bs‘n ; and wy /ZT ! ; are free Ri-modules. By localization, the injectivity of the maps is

reduced to the case R is a dlscrete valuation ring, which has been treated in [BK86, (4.8)]. O

Now we prove Theorem 1.1.7. It is easy to see that we have a complex as in the theorem.
Its exactness on the left follows from the fact that KM (R) is p-torsion free. It remains to show
the exactness in the middle. For this it suffices to show the injectivity of the map induced by
multiplication by p:

KM (R) JUBPEH (R) + p" UM (R) 5 KM (R) JURKH (R) + p™ KM (R).

This follows from the following claims.

Claim 1.1.10. The multiplication by p induces an injective map:
KM (R)JURK (R) + ™ K (R) — KX (R)/ULK (R) + p™ K (R).
Proof. This follows from the injectivity of the natural map
M(R)JUMKM(R) » @ KM (Ri)
1<i<d

together with the fact that the right hand side is p-torsion free. O
Claim 1.1.11. Forn and i as in Proposition 1.1.9, the multiplication by p induces an injective
map: ‘

gr[ﬂ/p}”k:iw(R)m 1 = gr®EM(R),,.

Proof. 1t is easy to check that the multiplication by p induces such a map. Its injectivity follows
from the commutative diagram

[n/p] / s— 1 [n/pli Wi sn,t

lz lz if m> s,
gr[ﬂ/p]vikjy(R)mfl E— gTﬂ,lk’f’M(R)m

and the commutative diagram

—1
rf r—1 r— 1 r—1
Wafptil Zmlwsoli " Y i

l: l: if m<s,
gr[ﬂ/p]riky(R)m_l _ grﬂ’zki\/l(R>m

where the vertical isomorphisms are from Proposition 1.1.9. (Il
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1.2. Relation with differential forms. The sheaf QX| D.log relates to coherent sheaves as
follows.

Theorem 1.2.1. We have an ezxact sequence

c-

0—>QX|D1og—>QX\D—>QX|D/dQ — 0,

X|D

where Yy, = Q&/k(log D) ®o, Ox(—D).

Proof. For the exactness on the right, it suffices to show the surjectivity of 1 — C~! on sections
over the strict henselization of a local ring of X, which can be checked explicitly on generators.
The argument is the same as in the classical case where D = () and we omit details (cf. [I1179,
0.2.2.9]). It remains to show the exactness in the middle, i.e., to show that ngD N ng,log =

ng D.log" This is a étale local question, which is a consequence of Proposition 1.2.2 below, which
is a refinement of [Kat82, Prop.1]. O
Let R be the henselization of a local ring of X and choose a system T7i,...,Ty of regular

parameters of R such that Supp(D) = Spec(R/(T} ---T¢.)) C Spec(R) for some e < d = dim(R).
Let Q}%(log D) denotes the module of differentials with logarithmic poles along D and put

0% (log D) = A Q% (log D). For a tuple of integers n = (n,...,n.) with n; > 1, put
G™Q% = (T - T7<) - Q% (log D) C QF,

g 1-C71

G"vp(q) = Ker(G2Q% ——— Q% (log D)/dQ% " (log D)).

Proposition 1.2.2. G™vgr(q) is generated by elements of the form

d dx 1
e /\—wzthx1€1+(T"1- -Tr), z; € R|

e 2<1<q).
- 5 ) e<i<g

Proof. The following argument is a variant of Part (B) of the proof of [Kat82, Prop.1] (see
page 224). By [Art69], we may replace R by R = k[[T1,...,Ty4]]. Indeed, to use Artin ap-
proximation we have to equip any R-algebra with the log structure coming via pullback from
the canonical one on (R,D). Put A = k[[T1,...,T4—1]] and T = T4 so that R = A[[T]].
Let Q7 (log E) be the module of differential g-forms on Spec(A4) with logarithmic poles along
E = Spec(A/(T1---T4q-1)) C SpecA. By loc. cit., we have an isomorphism

_ ar
(1.2.1) (RoAQ%(logE)) @ (RoAQY ' (log E)) ~ Q%(log D) ; (a@w,b®v) — aw—l—bv/\?.
For each n > 1, let V,, C Q% (log D) be the image of
(T A[[T]) © 4 (log E)) @ (T"A[T]] @4 Q4 (log E)).
We easily check the following.

Claim 1.2.3. For a tuple of integers n = (ni,...,nq_1,n) with n,n; > 1, we have G20, C V;,
and it coincides with the image of

(T"A[[T]) @a (T7" - Ty) - QY (log ) @ (TA[T) @a (T1" - Ty ) - QF (log ).
The map (1.2.1) restricted on V,, induces an isomorphism

(T - T - Q4 (log B) & (T7 - Ty - QY Llog E) = GEQ%/Gﬂ/Qq

dr
(w,v) — T w+vA ?)

where n' = (n1,...,ng_1,n+1).
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Let I, be the set of strictly increasing functions {1,...,¢} = {1,...,d —1}. For s € I, write
Ty T
Ty Tsq)
Then w; (s € I,) form a basis of Q% (log E) over A. Put

€ Q% (log E).

Ws =

U, = Vyy N Ker(2%(log D) —<— 1= e 9 (log D) /dQ% " (log D)).

We have the following description of U, /U,+1 (see Part (B) of the proof of [Kat82, Prop.1]).
If (p,n) = 1, we have an isomorphism

n: Q4 (log B) = Uy /Uns,

(1.2.2) Y asws Z A+ 0T o (as € A).

asT")
Selq 1 SGI +

If p|n, we have an isomorphism

Q4 (log E)/Q%  (log E)a—o @ Qi‘_g(log E)/Q%52 (108 E) 4o — Un/Unit1,

d(1 + a T" d(1+bT™) dT
(123) ( Z AsWg, Z btWt) — Z W s+ Z 1—}—[);’}% /\?/\Wt,

SEIq,1 tG]q,Q SG]q,1
where ag, by € A.

Claim 1.2.4. Fiz a tuple of integers n = (ni,...,ng—1,n) with n; > 1.
(1) Assume (p,n) =1 and pp(w) € G2Q%, mod Upq1 for
w= Z asws € Q4 (log E).
s€ly 1
Then we have as € (T{" -+ Ty ") for all s € I_4.
(2) Assume pln and p,(w) € G”Qq mod U4 for
w=(w,w2) € Q4 (log E)/Q% (log E)g—o @ Q% *(log E)/Q%*(log E)a—o
Then one can write
Z asws mod Qg_l(log E)g—o,

SEIq_l

Wy = Z btwt mod Q%_z(log E)d:(),

tely_2
with as, by € (T - Tnd 1) forallse I,y andt € Iy_.

Proof. Assume (p,n) = 1. From (1.2.2) we get
dT
pn Z asws) =T Z das Nwgs £ nT" Z asws/\7 mod Up41.
s€ly_1 s€ly_1 s€ly_1

Hence (1) follows from Claim 1.2.3 noting das Aw, € Q% (log E). Next assume p|n. From (1.2.3)

we get
pn(( Z AsWs, Z biwy)) = T" Z das Nws £ T Z dbt/\wt/\d?T.

s€lq_1 tely_2 s€lq_1 tely_2
By Claim 1.2.3, if the left hand side lies in G2Q% mod U,41, we get
das Aws € (T - T34 - Q4 (log E),  dby Awy € (TP -~ Ty - Q%4 (log E).

Thus the desired assertion follows from the following.
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Claim 1.2.5. Assume dn € (T{" ---T)") - Q% (log E) forn =Y. asws € Q4 ' (log E). Then

s€lg_1
there exist as € A for s € I,_1 such that as — as € (T - nd 1Y) for all s and that d§ =0 for
5 = Z QsWs.
SEIq,1

Indeed write a; = o, + a}, where a, € (T{"" -+ T,*T") and «, are expanded as

i1 td—1
E , as,ilymiquI "'Tdfl (asﬂ'lw--,idq Gk‘),

U15eeid—1

where i1, ...,74_1 range over non-negative integers such that there exists 1 < v < d — 1 with
i, < ny,. Then one easily check that «y satisfy the desired condition. O

Now we can finish the proof of Proposition 1.2.2. In the following we fix a tuple of integers
n = (ni,...,ng—1,nq) with n; > 1 and take w € G2QY,. By Claim 1.2.4 there exist a series of
elements
sy € (T7 -+ Ty7Y) (s € Ipm1, n > ny),

bpm € (T7 -+ Ty 1Y) (t € Iy—a, m > ng/p),

such that
1+ as,T d(1+ by TP™) dT
= /\ —_— A — A
W= Z Z 1—|—anT” Ws + Z Z 1+bt mIP™) T MWt
n>ng s€lq— pm>ng t€lg_o
d(1 4 as,T™) d(1+ by TP™)\  dT
— A 7o ) N A
Z (Z (1 + as, T'n. ) ws + Z ( Z 1+ bt Tpm) ) T Wt

s€lg—1 n>ng tely—o pm>ng

The products

r=]] Q+asnT), y= J[ @+bemT™)

n>ng pm>ng
converge in 1+ (77" ---T74) C R* and we get
dx dy dT
w= > — Aw, + > A Awr
Sequl te]q72
This completes the proof of Proposition 1.2.2. O

Remark 1.2.6. In fact, the above proof shows that the exactness in the middle of the complex
in Theorem 1.2.1 already holds in the Nisnevich topology.

2. FILTERED DE RHAM-WITT COMPLEXES

Let X,D,j: : U < X be as before. Let {Dy}ea be the (smooth) irreducible components of
D. We endow Z» with a semi-order by

(2.0.1) n:= (ny)aea =1 = (n))aea if ny > n) for all A € A.

For n = (ny)xen € ZA let
D, = Zn,\DA
AEA

be the associated divisor.
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2.1. Definition and basic properties. Let E be a Cartier divisor on X. It is given by {V;, fi},
where {V;}; is an open cover of X and f; € I'(V;, M) is a section of the sheaf of total fractional
ring.
Definition 2.1.1. We define an invertible W,,,Ox -module W,,,Ox (E) associated to E as:
1
WmOX(E)\Vi = WmOVi . [T]m C WmM%;
where [-]m: O — W, O the Teichmiiller lifting.
This definition gives us an invertible sheaf W,,,Ox(D,,) for any D,, as above.

Lemma 2.1.2. We have
(1) F(Wint10x(Dpn)) C WinOx (Dpy);
(ii) V(WmOx(Dpp)) C Win10x(Dy);
(iii) R(Wm+10x(Dy)) C Wi, Ox (Dy,).

Proof. The claim (i) and (iii) are clear by the definition. For (ii), it follows from the equalities
V(z- Fy)=V(z) yand Flylmi1 = [y¥]m. O
Let Wi,S% (log D) be the de Rham-Witt complex with respect to the canonical log structure
(X, 700 N Ox) defined in [HK94, §4].
Definition 2.1.3. Forn = (ny)xea € Z%, we define the filtered de Rham-Witt complex as
WmQ}\Dn = WnOx(—Dy) - Wi Q% (log D) C ju Wi Q.
where Wi, Q% (log D) is canonically viewed as a subsheaf of j. W, (cf. [HK94, (4.20)]).

Note that
Wiy p, = Wik (log D) @w,,0x WinOx(—Dh).

In particular, W70 = 0% (log D) ® Ox(—D,) = Qf cf. notation in Theorem 1.2.1).
X|Dy, X n X|Dn

Lemma 2.1.4. We have the following inclusions
(i) F(WerlQ}‘Dﬂ) C WmQ}\Dm;
(ii) V(ng}\Dm) C WmHQ}\Dﬂ;
(iii) R(Wm+1Q§(|Dﬂ) C WmQ}IDﬂ‘
Proof. This follows from Lemma 2.1.2 and the basic properties of de Rham-Witt complex [HK94,
§4.1] [Lor02, Prop. 1.5]. O

2.2. Canonical filtration. On W,,,Q% (log D), we can define the canonical filtration as in [I1179,
I(3.1.1)):

W, Q% (log D), ifs<O0orr <0,
Fil*Wpn,, Q% (log D) := { Ker(R™* : W, (log D) — W, Q% (log D)), if 1 <s <m,
0, if s > m.

For 1 < s < m, we have [Lor02, Prop. 1.16]:
Fil*W,,,Q% (log D) = V*W,,_ Q% (log D) + dV*W,,_sQ% ' (log D).
Definition 2.2.1. For 1 < s <m, we define

WmQ}"('Dn, if s<0orr <0,
FilSWmermﬁ = ¢ Ker(R™™*: WmQTX|Dﬂ — WSQTX‘DQ), if1<s<m,
0, if s > m.

Theorem 2.2.2. We have
Fil* Wy p, =V Wi sy p . + dvswm,sg’;'gpsﬂ.
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Proof. We only need to show the inclusion ” C ”. By the definition of the canonical filtration
and the fact that W,,,Ox(—D,,) is an invertible sheaf, we have
FilSWmQSQDn = WnOx(—=D,) - Fil*'W,,,Q% (log D),
and it suffices to show that the group on the right hand side is contained in
r —1
VSWm,SQX‘DpSH + dVSWm,SQ%DpSﬂ.

Using the formula z - Vy = V(F(x) - y) repeatedly, we see that for any w € Wy,_ Q' (log D),
W' € Wy sQ H(log D) and = € W,,Ox (—Dy),

(2.2.1) - (V(w)+dV* (W) = V¥(F*(z) - w) + dV*(F*(z) - ') £ dx - V().
By our definition, we have F*(z) -w € Wp,_sQ and F*(x)-w' € Wy, L . Tt suffices

73(|Dpsﬂ X|Dpsy
to prove that dz - V3 (w') € VEW,,_sQ . Since the problem is local on X, it is enough to
show the following claim:

Claim 2.2.3. For any t € Ox, and 2’ € Wy, Q% (log D),
AtV (') = VA (U ).
Indeed, we know (cf.[I1179, I,Prop. 1.5.2]),
d[t];mV (2) = V({12 d[tlm—12) for any t € Ox, and z € Wy,_1 % (log D).

m—1

T
X|Dpspn

Using this formula and z - Vy = V(F(z) - y) repeatedly, we get the claim.

O
Corollary 2.2.4. There are the following inclusions
(i) FFI'WnQy p ) C FIlT Wy 1 Qg
(it) V(FIWnS p, ) C P W1 O
(iii) R(FilSWmQ’”Xwﬂ) C Filsz,lﬁ’"X‘Dﬂ.
Proof. This follows from Lemma 2.1.4, F'V =p=VF and FdV =d. U

For n > 1,i.e. n € N}, we have
Winllx p, © Wiy
Indeed, for m = 1 this follows from the fact W1, = V' (log D)(—Dy) C . Then the
claim follows by induction on m using Theorem 2.2.2.
Lemma 2.2.5. Forn € N}, we have
Fil*W,,,Q% N WngﬂDﬁ = FilSWmQTX‘Dﬂ,

and
Ker(p® : WngqDﬂ — WmQTX‘Dﬂ) = Film_SWmermﬂ.
In particular the multiplication by p° induces an injective homomorphism

Proof. The first equality follows from the commutative diagram

0 ——Fil*W,, Q% , —— W%, 2 waor,  — 0

X|Dyn X|Dpn X|Dyn
0 —— Fil*W,, Q% WS — s W% 0.

The second equality follows from the first and the fact (cf. [I1179, Prop. 3.4])
Ker(p® : Wp, Q' — W, Q%) = Fil"°*W,,,Q%.
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Recall (cf. the proof of [IlI79, Prop. 3.13, Page 575])
(2.2.3) Ker(F™ 1 W,,Q% — Q%) = VIV,,,_1Q%,
(2.2.4) Ker(F™ 'd: W, Q% — Q1) = FW,,110%.
We have the following analogues for the filtered de Rham-Witt sheaves.

Proposition 2.2.6. For n € N, we have
(i) Ker(Fm1: W% p, = QSqumA ) = VWi p e,

pn

VWi Q N Wi Qe p = VWi Q% p, 5
(it) Ker(F™'d: W Q% p, - —>Q§(+|}3 ) FWmHQX'D e,

Proof. This is proved by the same argument as the proof of [TII79, I, Prop. 3.11], which recall
below.
(i) For m =1 it is trivial. For m > 1 we have

KerF™ ™1 C Kerp™ ™! = Fil'Wu Q% p, = VWio1Qxp, +dV Wi 1 Q%

by Theorem 2.2.2 and Lemma 2.2.5. It suffices to show that, for 1 < s < m,
(2.2.5) (KerF™ ') N (VW1 Q. + FilP Wy 5 ) C VW1 QO+ FilH W, Q%

Let z = Vx+dV?%y with x € W, 1QX‘D , Y € Wi SQX‘D be such that F™~'z = 0. Noting
Fm=lyg = pFm— 2x = 0and F1dVe = F=1=5q it follows that Fm=1=5dy = 0. Let 7 be the
image of y in Q' X D under the restriction map R™ 175, Then, by [I1179, I, Prop. 3.3], we get

C—(m=1=s)qy — and dy =0 in QX‘D . By Lemma 1.1.8 there exists (locally) 3’ € QX|D o,

such that 7 = C~1(y'). We can then take a lift gof v/ in Wyi1_ SQS(UI) . Indeed, writing

Y = Y, GaWa With ay € Ox(=Dps-1,,) and wy € Q' *(log D), we take § : Y altalmri—s@a,
where @, € Wm+1_SQ§(_1(log D) is a lift of w,. By the construction we have

y = Fj mod Fil'W,,_ SQTX&) o

By taking V* on both sides, we get

Vey = V*Fj mod Fil* MW, Q' 1,

Hence
dVey = dV3Fj = pdV* 1§ = VdV*~2§ mod Fil*T'W, QX‘D
That is
Hence z = Va +dV?3y € VWm—lng‘Dm + FilSHWmQ”X‘Dﬂ, Wthh proves (2.2.5).
(ii) It suffices to prove that, for 1 < s <m,

(2.2.6) Ker(F™1d) NFilP Wy Q% p  C FW1Qp, + FilF Wy, Q%

Let z = V%x 4+ dV°y with x € Wj,_ SQX|D iy Yy € Wi SQTX‘}) be such that F™ 1dz = 0.
Noting F™~1dVs = Fm=1=3d, it follows that Fm=1=sdy = 0. Let T be the image of z in

Q}"{‘D o, . As in (i), there exist & € W,,_ SHQX\D , such that

x = F% mod Fil! Wm—sQSQD

p5tin
By taking V¢ on both sides, we obtain
Véz = FV*% mod Fil**'W, QX|Dpn
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Noting that dV sy = FdVstly ¢ FWmHQ’”XlDE, we obtain the inclusion (2.2.6). O
Corollary 2.2.7. Forn € N* and x € W,,_1Q%, p -z € WinS¥% b, (cf. (2.2.2)) implies
Proof. Recall we have the following diagram [I1179, Prop. 3.4]:

Wiy —— W%

p
”m—lQrX'

Hence there exists 2 € W, such that pr = p-x and Rt = z. By the assumption, we
have VFI = p& = p-x € Winfly p . Thanks to Corollary 2.2.6(i), it follows that there exists

y € Wm—lQSQDm such that
VFi=Vy'.
Recall the identity in [I1179, 1. 3.21.1.4]:
Ker(V : Wy, 1Q% — W, Q%) = FaV™ Q1
Therefore there exists 2/ € Q% ! such that FZ —y' = FdV™ !z, That is
F(Z—dv™ ') =y € Wy aQp -
Corollary 2.2.6(ii) implies that there exists y” € WinS¥y p, such that
F(z—adv™ 1) = By
Thanks to the identity [I1179, I. 3.21.1.2]:
Ker(F : Wy, Q% — W1 Q%) = V1%

we find 2" € Q% such that

-y =avmly 4yl
Noting that Ker(R : W, Q% — Wp,_1Q%) = V105 + deAQE(_l, we get

r=Ri=Ry' ¢ Wm_lﬁTX‘Dﬂ.

|

2.3. Logarithmic part of filtered de Rham-Witt complexes. The relation between the
filtered de Rham-Witt sheaves and the relative logarithmic de Rham-Witt sheaves is given by
the following theorem, which is a generalization of Theorem 1.2.1.

We first introduce some notations. Let

S :={Dy | n = (na)rer € N*}

be the set of effective divisors with supports in X — U, whose irreducible components are same
as D’s. The semi-order on Z* defined in (2.0.1) induces a semi-order on :

D, > D, ifn>n'.

For Dy, Dy € 3 with Dy > Do, we have a natural injective map WmQTX‘Dthg — WmQTX‘D%lOg

(see Corollary 1.1.4), which gives a pro-system of sheaves
¢ @1 7 WngﬂD,log'
DeXx

In order to simplify the notation, we simply write it as yLn” WmQTX‘ D.log"
D
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Theorem 2.3.1. We have the following exact sequence of pro-sheaves

0 — “Lmn” Win | 1og — hm”W Qi p “L”W Ol p/dV I 0,
D

X\ m—1p
where D runs over the set X.

We need the following lemma, which follows from easy calculations with Witt vectors.

Lemma 2.3.2. ([GH06, Lem. 1.2.3]) Let R be any ring, and t € R, then [1 + tlm [1]
(Y0, -+, Ym—1) with y; =t mod t*R for 0 < i < m — 1. Here[]m—(aj() ,0) € Wi(R )
the Teichmiiller representative of x € R.

Proof of Theorem 2.3.1. First we show that Wmﬂg(lem_anog C j*WmQ}}’log (cf. Definition
1.1.1) lies in W, m{% p, - This is a local question so that we may assume that X = Spec(A) and
D = (t) for some t € A. By Lemma 2.3.2 we can write

(m—1) (m—1) (m—1)
[]— + tp ' na]m - [Hm = (tp ' ny07 e atp ' n?/m—l)

with y; € A for 0 <i < m — 1. Noting dx = 0 for z € W,,,(F,), we get
AL+l = Ay, Ty ) = d(H] - (o, emer))
with ¢; € A for 0 < ¢ < m — 1, where the second equality follows from the formula
(7, (cor - Em1) = (o, 7P, o 77" e ).
Hence we get

(2.3.1) dlog[l + t*" "], = ([1 4 7

mfl
i) ([t (o5 s em—1)) € Wi,
noting [1 4 t*" '], is a unit of W,,Ox.

The surjectivity of 1 — F' as pro-systems follows by the same argument of the proof of [I1179,
Prop. 3.26]. Indeed, as in loc. cit., the formula dz = (1 — F)(dVx + dV3x + --- + dV™ lz)
implies that

aw, QX‘D C(1—=F)(Wy, QXID[n/pm])

Therefore it is enough to show that

is surjective.

Theorem 2.2.2 implies that W, (" X|Dn JdW, QU5 7, is generated by sections

|D
Vi) m_idloglyi]m - - - dlog[y,]m with 0 <i <m —1,
where z € OX(—DpiE/) for some n' < n and y; € (’))X( for 1 < j < r such that
dloglyi]m - - dlog[y;Jm € Wi p .

n—mn

(Note that in view of (2.3.1), dlog|yi|,» may also contribute to the multiplicity.) We may then
choose (étale locally) y € Ox(—D,i,) such that y? —y = x. Then we have

(1= F) (V' [Ylm—idloglyi]m - - - d1og[ys]m) = V'[x]m—id1og[y1]m - - - d1og[y,]m

which implies the desired surjectivity.
Finally we show the exactness in the middle. It suffices to show the following equality in
WiV

We prove this by induction on m. For m = 1, this is Theorem 1.2.1.
Let x € W, QX‘D N WmQTXJOg, then we have

Rx=Fz e Wm_lﬁqupﬂ N Wm—lQrX,log'

pm— 1pn lOg'
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By induction hypothesis, we have
Rr=Fzre Wm_lﬁqupm_lylog.

On the other hand, there is a commutative diagram

, R

WmQX\me_lﬂ,log m—1 QaTXIme_wlog 0
pm71 f R f
0— QTX,log ~ WmQTX,log Wm—lgg(,log —0
the lower sequence is exact by [CTSS83, Lem. 3]. Hence there exist y € Wmﬂgq D1, log and

m—1 |

z € Q”X’log, such that x —y =p zZ.
Since Bm_l cz=x—y € W0, Corollary 2.2.7 implies z € QTX|D£. By Theorem 1.2.1,

X[Dn?
this implies z € QTX|Dﬂ7log and hence p™~! .z € WmQ&‘me cf. Theorem 1.1.6). This

,12,10g (

— m—1 | r :
proves T =y +p z € WmQX|me_1Mlog as desired.

O

3. THE PAIRING ON THE RELATIVE LOGARITHMIC DE RHAM-WITT SHEAVES

Let X,D,j: U — X be as in §2. In the following we want to define a pairing between

cohomology group of WmQ’(}JOg and cohomology group of “@” WmQ%B,log. In order to define
D

a pairing on the sheaves level, we have to write WHQ’[}JOg as ind-system of sheaves on X.

3.1. The pairing. To define our desired pairing, we will use the notation of two-term complexes.
Let’s briefly recall the definition. In [Mil86], Milne defined a pairing of two-term complexes as
follows:

Let

7= (75 g, 9 =@ g
and
= (A 2
be two-term complexes. A pairing of two-term complexes
F* XG> H°
is a system of pairings
00: F' x40 — 2"
(Vo1 TP x gt — ot
1o F x40 — A,
such that
(3.1.1) dr ({2, 9)80) = (@, dg(y))o1 + (dz(2),¥)1 0
for all z € Z9, y € ¥°. Such a pairing is the same as a mapping
F*RY* — H°.

In our situation, for any tuple of integers n > 1 we set

(312) mef; = [ZleQrgﬂDfﬂ _I:_C_) WmQrgﬂDfﬂ]’
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where Z1WmQTX|D_n = 3« Z1 WLl N WmQS(|D_n with j : U — X the canonical map and

2\ Wiy = Tmage(F : Wia1 Q0 — Win@y) C2Y

and C' is the higher Cartier map [Kat85, §4]:
C: Zy W /dV ™10 5 W00

Ker(F™'d : W, Qp — Q;),

We also set

d—re d—r 1-F d—r m—1nd—r—1
(3.1.3) W1 o= W5, > W, (VOG5 )
(3.1.4) Wi 0 = W% =% W, Q4.
By [Mil86, Lem. 1.1] we have a canonical isomorphism
(3.1.5) Win Q% 10g (0] =~ Wi °.

Lemma 3.1.1. For any tuple of integers n > 1 we have a natural pairing of two-term complezes

(3.1.6) Wi T ln X Wi GE 1 — Wi H°.

Proof. By the definition of filtered de Rham-Witt complexes, the cup product induces pairings
W% p_, X Wngl;'gm — WmQ_%qDl C W%

and

Zi Wl ip_, X WD = Wl p, © W2

By composing with the higher Cartier operators, we have the following pairing

d— —1nd—r—1 d

Wiy p_, % WmQX“gﬂﬂ/de Qlegpmflﬂ = WnQ% ; (a,B) —» —C(a A B).

It is easy to see those pairings are compatible. O
Now let n runs over N*, we get a pairing between an ind-object and a pro-object

(3.1.7) “lig” Wmﬂf’; X “@” ngﬂd;f' — Win°.
n n
or equivalently, a morphism in the category of pro-objects of complexes of abelian sheaves
“Um " Wi, G 1 = “Hm " Hom(Wn Fn, Wi ),
n n

where W,,, 7€ is viewed as a constant pro-object.

Remark 3.1.2. To construct the pairing (3.1.7) in a more natural way, we can use a full
subcategory of the ind-category of pro-objects of coherent complexes(cf. [Kat00, §2.1]).

4. DUALITY OVER FINITE FIELDS

In this section we assume that the base field k is finite. By taking hypercohomology groups
of the pairing (3.1.7) using (3.1.5) , we get a pairing

@Hi(x, W F0) % @Hd+1—i(x, Wm%ﬁd;f') — HHX, Win Q% 1og)-
n n

Note that there is an isomorphism in the bounded derived category D®(X,Z/p™Z) of étale
Z/p"™Z-modules:

-n

ling Wi Z7n = (e 21 Won 2y = 5 Won 5] = Rja Wm0
n
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where the second isomorphism comes from the fact that j is affine. Hence we get

limg H (X, Wi, 773) 22 H' (U, Win Qo) for any i € Z.
n

Theorem 2.3.1 implies that

. —i d—r,8\ ~ 1: —1 i
(4.1.1) @HdJrl (X7ngﬂ+l ):@HCPA (XﬂngiﬂD,log)'

D
Combining these facts, we obtain the following corollary.

Corollary 4.1.1. We have a natural pairing of abelian groups

i . —3 — Tr
(4.1.2)  H'(U, WinQ105) X I HH (X, W Q5 L ) = HETHX, Wi 1) — Z/0™Z,
D

where the trace map is the canonical trace map of logarithmic de Rham-Witt sheaves (cf.[Mil86,

Cor. 1.12)).

Noting that H4t17(X, WmQ?{Tg,log) are finite, we can endow l'%lHdH_i(X, Wngl(Tg,log)

with the inverse limit topology, i.e, the profinite topology.

Proposition 4.1.2. The pairing is continuous if we endow H'(U, WmQ’[}JOg) with the discrete

topology and T&anH*i(X, Wi Q4" ) with the profinite topology.
D

X|D,log

Proof. Tt suffices to show that the annihilator of each o € H*(U, WS 10g) is open in the

projective limit Jim H d+l=i( x| WmQ%g log). This follows directly from the lemma below. [
D

Lemma 4.1.3. For any o € H(U, Wi 10g)s the morphism induced by (4.1.2)

(@, ) m HP (X WL QG 7 ) — HEPHX W% 1o;)
D

factors through H' (X, Wngl;'gJOg) for some D € X..
Proof. This follows directly by the construction of the pairing. O
Our main result in this section is the following duality theorem.

Theorem 4.1.4. The pairing (4.1.2) is a perfect pairing of topological Z/p™Z-modules, i.e, it
mnduces an isomorphism of profinite groups

fim OO Won 5 o) = HY (U WonS20)
D

where AV is the Pontryagin dual of a discrete group A.

The proof is divided into two steps, the first step is to reduce the theorem to the case where
m = 1; then we prove this special case in the second step.

Proof. Step 1: We have the following commutative diagram with exact rows

X|D,log X|D,log X|D,log

i i i

B Hi(U’Wmflﬂfﬁlog)v Hi(U7WmQ£7,IOg)V - I{Z‘(U’sz’log)v -

s —> l.ngdJrl_i(X,W,n,]_Qd_T ) s @Hd+1_i(X,Wde_r ) N l-&an-&-l—i(X’Qd—r ) N
D D D

)

where the first row is induced by Theorem 1.1.6, and it is exact since the inverse limit is exact
for projective system of finite groups. The exactness of the second row is clear. Using this
commutative diagram and induction on m, we reduce our question to the case m = 1.
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Step 2:
For m =1 the pairing (3.1.6) is identified with
1-c d— F-1_ yd— d—r—1 d 1-C ~d
[ZQTX|D7Q QTX|D*E] X [QX‘BQ-FL QX|£@+l/dQX|Eﬂ+l] - [QX QXL

where for any n = (n))aea € N* (cf. the notation in (3.1.2)),
Vxp, = Lx(log D) @ Ox(=Du),

20 p_, = Ker(d: Qxp, = 5.%), nglaB;l = Image(d : Q?{IB; — b,

The perfectness of the pairings

(4.1.3) 0% (log D) ® Q% "(log D)(—D) — Q% (log D)(—D) = Q%.
implies that the following pairings

(4.1.4) Dyip_, © G5, = Dxpp, = W, (Em) = EAm;

(4.1.5) 2% p_, @ Wip. JAU = Qp, = %, (6m) = —CEAn);

are perfect. In fact the perfectness of the pairing (4.1.5) follows from [Mil76, Lem. 1.7].
By Grothendieck-Serre duality, we obtain the following isomorphisms as k-vector spaces,

) ~ prd—i d— *
HZ(X797;(|D,E):H Z(Xaﬂx|gﬂ+l) ’

and
H'(X, 2@ p ) = H (X, Qp, | 4% p,,,,)"
Note that, for any two k-vector spaces V and W, an isomorphism of k-vector spaces
W = Homy (V. k) =: V*
uniquely corresponds to an isomorphism of [Fj-vector spaces
W = Homp, (V,F,) = V.

The above two isomorphisms give the isomorphism (1) in the following commutative diagram:

. i d—r,e = . i T,0
]%an-H (X, ngﬂ+l ) 0 (h%H (X, ng_ﬂ))\/
EJ«(Q) ®3)
. —i —r i . r 1-C . ~r
1£1Hd+1 (X, Q?{\Dﬂﬂ,log) (H"(X, [j. 297, — 1.Q7])Y

1R

] (4)

HY (U, ¥105) "

: d+1—i d—
lim B (X, 047 )
D

where the isomorphism (2) is induced by Theorem 1.2.1, (3) follows from the observation that
7 = hﬂn QTX|D—n’ and the isomorphism (4) is due to the fact that Rj Q) 10g = (7 Z Y 1=,

YRYSIE Therefore the last horizontal map is an isomorphism.

O
In particular, for ¢ = 1 and r = 0 we get isomorphisms

lim H (X, WinQ% 1) — H' (U, Z/p"2)Y = x(U) /™,
D

and
H'\(U,Z/p"Z) = lim H(X, Wi Q% p 1og)”
D
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These isomorphisms can be used to define a measure of ramification for étale abelian covers
of U whose degree divides p™.

Definition 4.1.5. For any D € X, we define
FilpHY (U, Z/p™Z) = HY(X, Wnglq Dlog) >

Filp H'(U,Q/Z) := H'(U,Q/Z){v'} P | FilpH (U, Z/p"1Z),

m>1

where HY(U,Q/Z){p'} is the prime-to-p part of H'(U,Q/Z). Dually we define
(X, D)/p™ := Hom(Filp H (U, Z/p"Z), Z./p™Z),
7 (X, D) := Hom(Filp H (U, Q/Z),Q/Z).

The group m4P(X, D)/p™ is a quotient of 73" (U)/p™, which can be thought of as classifying
abelian étale coverings of U whose degree divides p™ with ramification bounded by D. These
groups are important objects in higher-dimensional class field theory.

5. DUALITY OVER PERFECT FIELDS

When the base field k is finite, our duality theory is formulated by endowing the cohomology
groups with the structure of topological groups. When the base field k is not finite, it is
necessary to endow the cohomology groups with stronger structures, namely the structures
of pro-algebraic and ind-algebraic groups, and use Breen-Serre duality instead of Pontryagin
duality. In this section, k denotes a perfect field of characteristic p > 0, not necessarily finite,
and we put S = Spec(k).

5.1. The relative perfect étale site. Recall a scheme T is said to be perfect if the absolute
Frobenius F : T — T is an isomorphism. For any S-scheme X, the perfection XPf of X is the
projective limit of the system

F o) F F o) F
Kred = Xpoq i Xogg 01,

where Xr(f ") is the scheme Xeq with the structure map F"onm : X — S. It is a perfect scheme,

and has the universal property that
Homg(X,Y) = Homg(XP, Y)

for any perfect S-scheme Y. A perfect S-scheme X is said to be algebraic if it is the perfection
of a scheme of finite type over S. One sees easily that the perfect algebraic group schemes over
S form an abelian category. Let (Pf/S)¢ be the perfect étale site over S, i.e., the category of
perfect schemes over S with étale topology.

In what follows we fix a smooth proper morphism 7 : X — S and an effective divisor D such
that Supp(D) is a simple normal crossing divisor on X. Let j : U := X — D < X be the
complement of D. Let (PfX/S)e be the relative perfect étale site over X/S, i.e., the category
of pairs (7,Y), where T is a perfect scheme over S and Y is étale over X x g T equipped with
étale topology. We define 2™ and .¥ to be the category of abelian sheaves on (PfX/S)¢ and
on (Pf/S)e, respectively. For any integer m > 1, we denote 2 (p™) (resp. . (p")) to be the
category of sheaves of Z/p"Z-modules on (PfX/S)¢ (resp. (Pf/S)¢t). The structure morphism
7 : X — S induces a morphism of sites

(s (PfX/S)et - (Pf/S)ét7 (T,Y) = Ta
which gives rise to adjoint functors

Mo : X == :7* and e s X (p7) =—= L (p™) : 7.
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Definition 1.1.1 gives an object Wi {¥y p ,, of Z (p™) such that Riﬂ-*WmQerD,]og is the sheaf
on (Pf/S)e associated to the presheaf

T HY(Xp, W% ppaog) (L € OB((PF/S)e).
5.2. Duality theorem. By (3.1.2) we have an isomorphism

@Wmfi’; = 1 Z1Wn Q0 LA 3 Wiy = Rj Wi Q1065

where the second isomorphism follows from the fact that j is affine. Therefore

(5.2.1) ling R, Wi Fp = R Rjs Wi Q105 € DU( (0™)),

since lim is exact on < (p™) and it commutes with Rm,. By (3.1.6) and (3.1.5), we have a map

R WinGa v* — RHom o (R Wi Flon R Wi Q% 1og)-

—n>

By taking the homotopy limit Rl‘&nn on both sides, we obtain a map

Rlim R, W% 1* = R1im RHom o (Rm W, Zn, R Wi 1og)

—n

~ RHomy(hﬂ R Wy Flr, R, Wngl(,log)

~ RHom.y (R Rju Wi Q100> RTWin Q% 1)
— RHom.g (R Rjsx Wi 10g, Z/p" Z)[—d]

where the second isomorphism follows from (5.2.1) and the last map is induced by the trace
map Tr : Rm W, Q% log — Z/p™Z[—d]. Thus Theorem 2.3.1 gives rise to a map

(5.2.2) Rr&anWngﬁgmg — RHom g () (R Rju Win Q10> Z/ P Z) [ ).
D

Theorem 5.2.1. The map (5.2.2) is an isomorphism in D°(.7(p™)).

Proof. By the same method as in the proof of Theorem 4.1.4, we reduce the claim to the case
m = 1. We then use the following result from [Mil76, Prop. 2.1], [Ber81, Lem. 3.6].

Proposition 5.2.2. Let £ be a locally free Ox -module of finite rank and put £V = Home, (£, Ox).
Then the natural pairing

1-C N
2L x (LY 9 0%) = 0% — Q%[ = 0% 1, [1]
and the trace map RmQ%log — Z/pZ[—d] induces an isomorphism

Rl = RHom ) (R (LY @ O%), Z/pZ)|—d + 1).
Corollary 5.2.3. The perfect pairings (4.1.4) and (4.1.5) induces isomorphisms

Rmﬂigugm = RHom () (Rm% p_, Z/pZ)[~d + 1];

RW*Q%M /dngigug; — RHom () (Rm. 2%, Z/pL)[—d +1].

Therefore, we have an isomorphism

R Wi%2,, = RHom y ) (Rm.W\.Z*,, 7,/pZ)[~d),

—n>

where W .Z"?

n

and ngg;l“ were defined in (3.1.2) and (3.1.3).
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Proof of Theorem 5.2.1(continued). By taking the limit, we obtain
RYm Rr.055 o = RYm RIS g = Rlim Re Wi 1"
D n n

L

Rlim RHom () (Rm WAFD L/ pZ)[—d]

L

RHOmy(p) (R hﬂ Rﬂ'*Wlﬁf;, Z/pZ) [—d]

= RHomy(p)(Rw*Rj*Q}},log, Z/pZ)[—d|
This is our theorem in the case that m = 1. |

d—r

X|Dlog with a structure of a complex of

Remark 5.2.4. In fact we can endow R@RW*WmQ
D

proalgebraic groups, i.e., as an object in the bounded derived category of quasi-unipotent proalge-
braic groups, and similarly view R, Rj, WS, log @S a7 object in the bounded derived category of

quasi-unipotent indalgebraic groups. Then Theorem 5.2.2 identifies R@RW*WmQ;l{IB log with
D

the Breen-Serre dual of R Rjs WS, (cf. [Pép14, §2.5]).
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