A CONSTRUCTION OF TAME SHEAVES AND TAME DE
RHAM-WITT COHOMOLOGY

ALBERTO MERICI, KAY RULLING AND SHUJI SAITO

ABSTRACT. In this article, we consider an algebraic version of the tame site of a pair
(X, X) With this definition, we provide a general machinery to construct a tame sheaf
from the data of an étale sheaf on X and a family of local tame sections. We apply
this construction to the big de Rham-Witt sheaves with tame sections defined by log
poles and, over a field, to reciprocity sheaves, and deduce some consequences. As an
application, we compare tame syntomic cohomology with the Nygaard filtration on the
tame de Rham-Witt complex.
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INTRODUCTION

Let k£ be a field and Smy be the category of smooth schemes separated and of finite
type over k. If ch(k) = 0, a well behaved cohomology theory on Smy, is given by:

(0.0.1) X = RT(X, 0% (log(X — X)),

where X is a smooth 1 compactification of X with X — X a divisor with simple normal
crossing and Q% (log(X — X))) is the associated log de Rham complex. It is known that

this is independent of the choice of X (see e.g. [Del71] and [Del74]). An important feature
of (0.0.1) is that it satisfies étale descent: For example, this follows from the comparison
with singular cohomology assuming k& = C by the Lefschetz principle.

One would be tempted to construct an integral p-adic cohomology theory on Smy when
ch(k) = p > 0 following the above construction and using the de Rham-Witt complex
instead of the de Rham complex (see e.g. [ESS21]) and to ask if it satisfies the étale
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descent. But the answert turns out to be No: Even assuming the existence of good
compactifications, the cohomology theory

(0.0.2) X = Rlim RT(X, Wy, Q% (log(X — X))

compares with rigid cohomology while the cohomology groups are finitely generated W (k)-
modules. Therefore, by [AC21] it cannot have étale descent. A counterexample is given
by an Artin—Schreier covering so this discrepancy is due to wild ramification. On the
other hand, in [Mer25], it has been shown that (under the assumption of resolutions of
singularities) the cohomology theory (0.0.2) satisfies the tame descent in the sense of
[HS20], using tools from motivic homotopy theory of logarithmic schemes. This suggests
that in order to construct integral models of p-adic cohomologies of (not necessarily proper)
schemes, one needs to take into account this weaker descent instead of étale descent.

The main goal of this paper is to introduce a variant of the tame topology of [HS20]
and establish its foundational results, which enable us to construct various cohomology
theories which satisfy the tame descent: For a quasi-compact open immersion S < S, we
consider a tame site Sch( $.9).1 whose underlying category is a category of quasi-compact

open immersions X < X over § < S with X of finite type over S and X — S satisfying a
certain finiteness condition. For (X, X) € Sch( 8.8),0 we also consider the tame site (X, X);

over the category of the objects (U, U) over (X, X) with U — X étale endowed with the
induced topology of Sch( S8 A useful property of tame cohomology is the independence

of compactifications: For two objects (X, X), (X,X’) of Sch(S 8t such that X, X’ are

both Nagata compactifications of X over S , there is a natural equivalence
RT((X,X):, F) ~ RU((X, X');, F)
for any sheaf F' on Sch(&g)ﬂf (see Lemma 2.7) so that the formation X — RI'((X, X)¢, F)

with a choice of a compactification X gives a well-defined cohomology theory on the
category of schemes of finite type over S. Another useful fact is that we can provide a
general machinery to construct sheaves on (X X )+ providing several examples of tame
sheaves and cohomology theories satisfying the tame descent. The construction which we
call the f-construction, takes as an input an étale sheaf F' on X equipped with a local
datum [ of “tame sections” on every valuation ring of a residue field of X centered on
X, and then gives as an output a tame sheaf Fs on (X, X); (see Proposition 8.2). In the
circumstances where resolution of singularities holds, it turns out that the cohomology
theories (0.0.1) and (0.0.2) are obtained as special instances of the S-construction, giving
another proof that these cohomology theories satisfy tame descent (see Theorem 10.3 and
11.3).

The construction of the tame site (X, X); is similar in spirit to that of the site of [Hiiba]
constructed on the adic space Spa(X X ). A difference here is that since the objects of
our site are schemes (rather than adic spaces), it is much easier to construct sheaves on
(X7 X)t

Now we state the main result on a computation of tame cohomology on (X, X);.

Theorem 1. (see Theorem 7.2): Let F' be a tame sheaf of abelian groups on (X, X); such
that the following condition is satisfied:
(p) for every (U, U)~—> (X,:)N() in (X, X)y, the stalk of the Zariski sheaf on U given by
W cCcUw FWNUW) at any point x € U is a Z,,)-module, where p, is the
exponential characteristic of k(x).

IFor example, S = S = Spec(k) or (S, 5) = (Spec(Frac(R)), Spec(R)) for a discrete valuation ring R.
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Then, we have a natural equivalence

RU((X,X)i, F)~  lim  RE(We, 2V F),
W—(X,X)

where the colimit runs along all admissible blow-ups W = (W, W) — (X, X) and j)VF is
the étale sheaf on Wy, gwen by VW — F(V < W, V).

An analogous result for torsion sheaves on adic spaces is obtained by combining [Hiiba,
Proposition 8.5] and [Hiibb, Corollary 5.7] by a different method. The above theorem plays
a fundamental role in [?] where we construct a functorial integral structure on cohomology
of the structure sheaf over a non archimedian field.

As an application, over a perfect field k of positive characteristics p, we define the
tame de Rham—Witt complex W.Q*%, a complex of tame sheaves obtained from the de
Rham-Witt complex using the S-construction mentioned above, and get the complexes

Z/p'(r)t = Cone(F, — 1, : N"W.Q% — W.Q%)[~1],
where N"W.Q*%! is a Nygaard filtration on W.Q*! defined following [L.Z04] (see Definition
10.6). Then, the rth tame syntomic complez is defined as
Z,(r) = RimZ/p(r)".
We then show that the tame syntomic complex recovers the tame motivic cohomology

considered in [Liid24] and [Mer25]:

Theorem 2 (Theorem 10.8). Assume X is separated and of finite type over k and X C X
is a smooth open subscheme. We have an isomorphism of pro-complezes (X, X);

Z[p(r)' = W [=r].

where W, ng is the sheaf on (X, X); whose section over an object (V,V) of (X, X); is
given by
W, Qfofg(v V) - F(‘/v WTLQS(,Iog)'

Using the above result we obtain a cycle map to tame de Rham-Witt cohomology.

Theorem 3 (Theorem 10.3 and Corollary 10.9). Assume X is smooth and proper over k
and X C X is a dense open subscheme. There is a functorial cycle map cyct to tame de
Rham-Witt cohomology which factors via tame syntomic cohomology and is compatible with
the usual crystalline cycle map cyc®Y® in the sense that the following diagram commutes

Cyccrys

CH"(X)

X/W(k))

cyct

CH"(X) -2 H7((X, X)), WQ*H).

crys (

Moreover, if resolution of singularities in a strong sense hold in dimension d = dim X
(this is the case for d <2), and if D = X \ X is a divisor with simple normal crossings,
then there is a canonical equivalence

RU((X, X)e, WQ*') = RT\og—crys((X, D)/ W (k)),
where the right hand side denotes log-crystalline cohomology.
In fact using the [-construction and [Hesl5] we define the tame big de Rham-Witt
complex WrQ*! on (X, X);, where X — X is any quasi-compact open immersion between

qcgs schemes and 7' is any truncation set. One of the main structure results is Proposition
9.12 which together with Theorem 1 yields the proof of the second part of Theorem 3. We
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remark that with the same arguments and [Del71] one deduces in case X is smooth and
separated over C with some compactification X the equivalence

RT((X,X), Q%) ~ RT'peyi(X(C), C).

The following is an algebraic version of the comparison of the tame cohomology with
tame adic cohomology, in [HS20, 14.8] (there for Fp-schemes).

Theorem 4 (Proposition 12.2 and Theorem 12.5). Let S be an affine scheme and X an
S-scheme with a quasi-compact open immersion X — X into a proper S-scheme X. Then
there are adjoint functors

Shv((X, X),) &= Shv((X/S),),
with u* exact, and for all G € Shv((X/S):) we have an equivalence
RT((X/S):,G) ~ RT((X, X);, u* Q).

As we can easily construct sheaves on (X, X )¢ one might wonder how the cohomology
of a sheaf F on (X, X); compares to the cohomology of u,F on (X/S);. These do not
coincide in general and in fact can be rather different. For example, if S = k is an
algebraically closed field of positive characteristic p, X is a smooth separated k-scheme
of dimension d < 3, X < X is a smooth compactification, and O! is the tame structure
sheaf on (X, X);, then

HY((X,X);,0") = H(X,0%) and H'((X/k)i,u.0") = H (X, Z/p) @, k.

These two cohomology groups only coincide if the Frobenius acts bijectively on the co-
homology of the structure sheaf. If X is a supersingular elliptic curve and X is any
non-empty open, then the left hand side is a one dimensional k-vector space whereas the
right hand side vanishes, see Remark 12.6.

In fact a similar phenomena also appears in characteristic zero. Assume ch(k) = 0, X
is smooth and proper over k, and X \ X has simple normal crossings. Then we have by
Theorem 3 and Lemma 12.7

HI (X, X),, 20) = HY(X, Q% (log X \ X))

whereas
HI((X/ k), un20) = HI (X, B (7)),

where h{,(Q7) is the maximal A'-invariant subsheaf of Q7. Here we use that h9,(Q9) is
in fact an étale sheaf on X, by [Voe00, Proposition 5.24]. Note however that in positive
characteristic it is not an étale sheaf, see Remark 12.8 for details.

Here is an outline of the paper:

(1) In Section 1, we give some preliminary results on not necessarily Noetherian com-
pactifications that will be used later. This uses the notion of ift morphisms due
to Temkin (see [Tem13]).

(2) Sections 2-7 are devoted to the definition and properties of the tame and vét site.
These definitions and computations are very much inspired by the definition of
the étale and tame site of a Huber pair (see [Hiiba] and [Hiib21]), but with some
technical difficulties in the proofs to be addressed, therefore everything needed to
be rewritten:

(a) In Section 2 and 3, we define the tame and vét topos and prove some imme-
diate results.

(b) In Section 4 and 5 we show the existence of acyclic schemes and compute the
local schemes for the tame and vét topology. The proof of Proposition 5.2 is
very technical and requires many inputs to deal with extensions of valuations
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(c) In Section 6, we use the existence of such acyclic objects to show that Cech
cohomology agrees with sheaf cohomology: this is very close to [HS20, Theo-
rem 11.1 and Corollary 11.7], with again some technicalities that need to be
address.

(d) Section 7 is then devoted to a comparison between tame and vét cohomology
in the case of p-adic coefficients, which is important for computations.

(3) In Sections 8-11, we give the construction of tame sheaves and provide examples:

(a) In Section 8 we construct the general machinery

(b) In Section 9 we prove the most general results on the big de Rham-Witt
complex

(¢) In Section 10, we restrict to the case of positive characteristic and compute
the cohomology of the tame p-typical de Rham—Witt sheaves, and we deduce
some results on tame syntomic cohomology.

(d) In Section 11, we consider the case of reciprocity sheaves over a perfect field
k.

(4) Finally, in Section 12 we write a comparison with the tame site of [HS20], and
we remark that the cohomology theories constructed in the previous sections have
tame descent (even though they do not come from cohomologies of sheaves over the
site (X/S);). This implies that passing from the site (X, X); to the site (X/.S);,
a lot of information is lost (which is precisely the local information that the site

(X/S): lacks).

Future work. In subsequent papers, we hope to use the construction and properties
of tame sheaves developed here to construct integral models of cohomology theories in
positive and mixed characteristics. In particular, for X smooth over a non-archimedean
field K, the constructions above give Og-models of coherent and de Rham cohomology.
According to the various result on failure of existence of integral structures on crystalline
cohomology (see e.g. [AC21]), the tame descent is remarkable, as étale descent indeed
cannot be fulfilled.

Acknowledgments. We thank Katharina Hiibner for useful discussions and Hugo Zock
for pointing out a mistake in an earlier version.

1. IFT MORPHISMS
We recall a notion inspired by [Hub96|, and hinted in [Tem13, Remark 2.2.4 (iii)].

Definition 1.1. (1) Let R be a ring. A map R — A is ift (integral over finite type)
if there exists a factorization R —+ A’ — A with R — A’ of finite type and A" — A
integral.

(2) A morphism f: X — Sis ift at © € X if there exists an affine open neighborhood
Spec(A) = U C X of z and an affine open Spec(R) =V C S with V' C f(U) such
that the induced map R — A is ift.

(3) A morphism f: X — S is locally ift if it is ift at all z € X and it is ift if it is
locally ift and quasi-compact.

Remark 1.2. As remarked in the proof of [Tem13, Proposition 2.2.5], for R — R’ integral
and R' — A of finite type, the composition R — A is ift. Hence, being (locally) ift is
stable under compositions and if X — Y is a morphism of quasi-compact quasi-separated
schemes over a base S with X locally ift over S, then X — Y is locally ift. Moreover, it is
clear that the property is stable under base change and, as observed in [Tem13, Remark
2.2.4], it is a local property on the source,

In our context, we will consider ift morphisms that are of finite presentation on a fixed
open. These morphisms will then be nft in the sense of [Tem13, Definition 2.2.2 and
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Lemma 2.2.7], but as we will need to keep track of the fixed open, we will not use this
notion. We prove the following lemma, which generalizes [Tem13, Proposition 2.3.8]:

Lemma 1.3. Let o : R — R and ¥ : A — A be maps of rings and (f, f) : (R, R) — (A, A)
be a pair of maps of rings compatible with ¢ and v such that f is of finite presentation
and f is ift. Let {(B;, Bi)Yier be a filtered system of pairs of rings such that B; C B; are

integrally closed and (gz,gz)zel (R, R) — {(Bi, By }ic1 be a system _of pairs of maps of
Tings. LetNB = ligB and B = lgBi and (g,9) = lg(gz,gz) . (R,R) — (B, B). Thfn
for all (h,h): (A, A) — (B, B) compatible with (f, f) and (g,§), there isi € I and (h;, h;)
fitting into the following commutative squares of pairs of rings:

(R, By D, (ff) (4, A)
(gz,gz)l V lhh
(BZ,B) (B B)

If g; are ift, then so is h;.

Proof. As f: R — A is of finite presentation, h: A — B factors through h;: A — B;
for some i by [Stal6, Tag 00QO]. We need to show that the composition A oAl B;
factors via B; — B; for 1 large enough.By definition, f R — A factors as a composition
R— Rt ...ty » E % A with ¢ integral. As R — R[ty, ..., t,] is of finite presentation,
for i large enough there is a map v: R[tl, ...1n] = B fitting in the following commutative
diagram

Rlt1,...,ty)) —=A——> A

\ ihi
v
B; —= B;

Since the composite Rl[t1, ..., t,] — A factors through E, the kernel of fi[ml, co.xy) > E
maps to zero in B; via this composition. Since B; — B; is injective, v 1nduces a map
FE — B;. As A is integral over E, the image of A in B; is integral over B;. Since B; is
integrally closed in B;, we conclude that the map (h; )l i A — B, factors via hj: A — B,.
If §; is ift, so is h; by [Tem13, Proposition 2.2.5] O

Remark 1.4. In the situation of Lemma 1.3, if g; is of finite presentation, so is h; by [Stal6,
Tag 00F4]. If both f and g; are étale, then h; is étale by [Stal6, Tag 02GW].

Lemma 1.5. Let f: X — S be a morphism of schemes. Assume that

(1) fis ift

(2) X is qeqs

(3) S is quasi-separated
Then there exists f': X' — S of finite presentation and X — X' integral that factor f. If
X — S is separated, then X' — S is separated.

Proof. This is a version of [Stal6, Tag 01ZG] and we follow its proof. By [Stal6, Tag
01ZA] we can write X = l'lrni6 s X; with I a directed set, X; of finite presentation over
Spec(Z), and with affine transition maps Xy — X;. Then, take an affine open covering
X =V1U...UV, such that each V; maps to an affine open U; C S and the corresponding
map of rings is ift, i.e. it factors as O(U;) - R — O(V;) with O(U;) — R of finite type
and R — O(Vj) integral. By [Stal6, Tag 01Z4], and [Stal6, Tag 01Z6], we can write
V; = Liiniel Vij for 1 < j < n, such that Vj; are of finite presentation over Spec(Z), we
have V; = Vi; xx, X, and X; = V;; U--- UV, is an affine open covering for each i € I.


https://stacks.math.columbia.edu/tag/00QO
https://stacks.math.columbia.edu/tag/00F4
https://stacks.math.columbia.edu/tag/02GW
https://stacks.math.columbia.edu/tag/01ZG
https://stacks.math.columbia.edu/tag/01ZA
https://stacks.math.columbia.edu/tag/01ZA
https://stacks.math.columbia.edu/tag/01Z4
https://stacks.math.columbia.edu/tag/01Z6
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For each j, choose finitely many hj, € R that generate R as a O(U;)-algebra and consider
their image kjq in O(V}). Choose ig such that the kj, come from O(Vj;), for all j and a.
In particular, this implies that the map Vj — Viy; Xgpec(z) Uj =: Wj is integral. Moreover,
X' = U?lej is an open subscheme of X;, ¢ = Xj, Xgpecz S, which contains the image
of X — X, 5. Thus f factors as X — X’ — S with X — X’ integral. As X;, and S are
quasi-separated 2 so is Xiy,s- Recall that if T' is quasi-separated and 7" C T is an affine
open, then the open immersion 77 — T is quasicompact by [Stal6, Tag 01K4 and Tag
01KO]. Thus W; — Xj, 5 is a quasi-compact open immersion and hence so is X’ — X, g.
It follows that X’ — X, g is of finite presentation, and therefore also X’ — S.

O

Lemma 1.6. Let f: X — Y be an integral morphism and j:Y — Y a quasi-compact
open immersion. Then there exists a cartesian diagram with g an integral morphism

X—>X
Jo

|

Yy —Y.

Proof. We may take X to be the integral closure of Y in X. More precisely, by assumption
the composition jo f is quasi-compact and quasi separated and hence (j 0, f)«Ox is a quasi-
coherent Oy~module. Let A be the subsheaf which over an open V' C Y is given by

A(V)={s € Ox((jo f)~'V) | s is integral over Os(V)}.

Then A is a quasi-coherent Os-algebra and j o f factors as X 2 X :=Spec A Y with
g integral. As f is integral we have ¢g~'(Y) = X by construction. U

The following result will be used in Section 3. An analogous result for proper morphisms
instead of ift morphisms is [KS24, Lemma 4.14.(2)]

Theorem 1.7. Let f : X — Y be a morphism between quasi-compact quasi-separated
schemes, which is ift, separated, and universally closed, and let U C Y be a quasi-compact
open such that the base change Xy = X xy U — U s an isomorphism. Then X = @Z X;
is a directed limit with finite Y -morphisms T : X; — X; (j > i) as transition maps inducing
injections 7 : Ox,; — 7.0x;, such that each X; =Y is proper and an isomorphism over

U.

Proof. By Lemma 1.5 we can factor f as X I X' % Y with h integral and g separated
and of finite type. Let Z C X’ denote the scheme-theoretic image of h. As f is universally
closed [Stal6, Tag 0AHG] yields that f factors as X My 7 9% v with g1 proper and
hy integral and surjective. Now consider A = h1,Ox. It is an integral quasi-coherent
Oz-algebra and can hence be written as a directed colimit A = lim A; of its finite quasi-
coherent Oz-subalgebras. Thus X = @Xi is a directed limit with X; = Spec A; finite
over Z and hence also finite transition maps 7 : X; — X; which by construction are
induced by the inclusions Oy, — 7.Ox; inside A. Clearly, the composition X; — Z =Y
is proper. It remains to show that the projection (X;)y — U is an isomorphism, for all i.

The question is local on U and we can therefore assume U = Spec R is affine. Hence
Xy is affine as well and the projection induces an isomorphism

R = A= 0Ox(Xy).

By [Stal6, Tag 0176], the scheme (X;)y is affine for i big enough, so by [Con07, Corollary
A2], (X;)v is affine for all i, therefore the map Xy — (X;)y is induced by an integral

ring extension A; < A. Moreover, the section o; : U = Xy — (X;)u of the projection

2Note that morphisms of finite presentation are quasi-separated by definition.


https://stacks.math.columbia.edu/tag/01K4
https://stacks.math.columbia.edu/tag/01KO
https://stacks.math.columbia.edu/tag/01KO
https://stacks.math.columbia.edu/tag/0AH6
https://stacks.math.columbia.edu/tag/01Z6
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corresponds to a surjection of rings A; —» R which factors via the isomorphism A =R
and is therefore injective as well. This shows that o; is an isomorphism inverse to the
projection. ]

2. TAME TOPOS OF PAIRS
We fix some notations and recall definitions from, e.g., [GR03, 6.2], [HS20, 2].

Let (K,v) be a valuation field with valuation ring O, and maximal ideal m,. Fix an
embedding into (K,v), where K is a separable closure of K and ¥ is an extension of v
to K. We denote by (K:" v*") the strict henselization of (K,v) (inside (K,v)). A finite
separable extension (L,w)/(K,v) of valuation fields is called unramified (resp. tame), if
K3h = L3" (vesp. ([L:M : K", p) = 1, where p is the exponential characteristic of the
residue field of K). The tame closure (K' v') of (K,v) is the union of all finite tame
Galois extensions of (K*" v*"). The field K' is also the fixed field of K under the tame
ramification group

Ry i=A{0 € Gal(K/K) | 0(Oz) C Oy and o(z)/x — 1 € my for all z € K*}.
We record the following well-known lemma for later reference.

Lemma 2.1. (1) Let (L,w)/(K,v) be a finite separable extension of valuation fields.
Let N/K be a Galois hull of L/K and let w be an extension of w to N. Then
(L,w)/(K,v) is tame if and only if (N,w)/(K,v) is tame.

In particular (L,w)/(K,v) is tame if and only if (L,w) is a subextension of
(K, 00)/ (K, 0).
(2) Let (L,w)/(K,v) be a tame extension and let (K',v")/(K,v) be any algebraic ex-
tension of valuation fields. Let L-K' be the composition field in an algebraic closure
of K and let w' be a valuation extending v'. Then (L - K',w")/(K',v") is tame.

Proof. (1). Note that N2" is a Galois hull of Ls"/K3". Therefore we may assume K, L, N
are strictly henselian valuation fields of characteristic p > 0. Thus if (N, w)/(K,v) is tame
then [N : K] =[N : L]-[L : K] is prime to p and hence (L, w)/(K,v) is tame as well. Now
assume (L, w)/(K,v) is tame. Denote by Gx O G, D G the absolute Galois groups with
respect to a fixed separable closure K of K, and by P the pro-p-Sylow subgroup of Gy,
which is a normal subgroup. The indices satisfy the following equality (of supernatural
numbers)
[GKZGL]-[GLtpﬂGL] = [GKP][PPQGL]

As P is a normal subgroup of G, the intersection P N G, is a normal subgroup of Gy,
and we have an inclusion of profinite groups G /G N P — Gk /P. Hence [Gk : P] and
[Gr : PN G| are prime to p. By assumption [Gg : Gr] = [L : K] is prime to p as well.
Thus [P: PNGL) =1, ie., P=PNGL. The Galois hull of L/K is the composition field
(inside K) of all the o(L), where o runs through all the embeddings L < K. Extending
these 0’s to K-automorphisms of K, we find Ga(L) = o0Gro~!. Hence Gy = N,oGro 1.
As P is a normal subgroup of G it follows that P is contained in G as well. Thus
[Gk : P] =[Gk : GN] - [Gn : P] is prime to p and hence so is [V : K| = [Gk : GN].

(2) follows from (1) and the fact that K"* = K’ - K*, see [GRO03, 6.2.18)]. O

Recall that for any morphism of schemes X — X, Spa(X, X ) is the topological space
whose underlying set is the set of triples (z, v, ) such that € X is a point, v is a valuation
on k(z) and £: Spec(O,) — X is a map compatible with Spec(k(x)) — X.
Definition 2.2. Let S — S be a morphism of schemes.

(1) Let Sch(&g) be the category of pairs (X, X), where X — X is a map of qcgs

S-schemes such that X — S factors through S. Morphisms (X , X) = (Y,Y) are
pairs of morphisms f: X — Y and f : X — Y satisfying the obvious compatibility.
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(2) A morphism (f, f) : (X,X) — (¥,Y) in Sch(Sg) is a modification if f is an
isomorphism and f is proper, and integral birational if f is an isomorphism and f
is integral. We say that (f, f) is a quasi-modification if f is an isomorphism and
[ is ift, separated and universally closed. B

(3) é morphism (f, f)~: (V,V) — (U,U) in Sch g g is strict étale if f is étale, V' =
VXUUandf:fXUId.

(4) A morphism (f, f) : (V,V) — (U,U) in Sch(s’g) is tame over (x,v,&,) ~€ Spa(U, U)
if f is étale over a neighborhood of x and there is (y, w,e,) € Spa(V, V') such that

fly) = =, wE) = v, and w/v is tamely ramified and the following diagram
commutes:

Spec(Oy) SN, V4

i(f)\y,wZO lfl

Spec(0,) —*— U.

A morphism (f.f): (V,V) = (U,U) is a tame covering if it is tame over all points
of Spa(U,U).

Remark 2.3. (1) By Raynaud-Gruson [Stal6, Tag 081T], every modification (f, f) :

(V,V) — (U,U) is dominated by an admissible blow-up, i.e. a blow-up 74 :
Bl (U) — U in a quasi-coherent ideal A C O of finite type such that the
support of O¢ /A is contained in U \U.

(2) Note that by the valuative criterion, if f: U — U is separated and universally
closed and U — U’ is any map, we have a bijection Spa(U, U) = Spa(U, U").

(3) By Theorem 1.7, every quasi-modification (f, f): (X, X) — (Y,Y) is a cofiltered
limit of modifications (f;, fi): (X;, X;) — (Y,Y) such that for every i the maps
(X, X) — (X;, X;) are integral birational.

The two sites below are very much inspired by the definition of the étale and tame site
of a Huber pair (see [Hiib21] and [HS20]).

Definition 2.4. Let X — X be a quasi-compact open immersion of qegs schemes. Let
(X, X); be the full subcategory of Schy ¢ consisting of objects (f,f): (U, U) = (X,X)
with f étale and f ift, and U < U a quasi-compact open immersion. This category has
fiber products given by

Vi, V1) X (0.0 (Va, Vo) = (Vi xp Va, Vi x5 Va),

and terminal object (X, X), so for I an indexing diagram and {(Us;, U;)}ier € (X, X)-,
the limit (if it exists) is computed as (@z Us, lim U;). On this category, we will consider
the following three topologies:
(1) The strict étale topology which is generated by strict étale coverings
(2) The v-étale topology which is generated by strict étale coverings and quasi-modi-
fications.
(3) The tame topology which is generated by tame coverings, where a family {(f;, ﬁ) :
(Vi, Vi) — (U,U)}; of maps in (X, X), is a tame covering if for every (z,v,&,) €
Spa(U, U), there is i € I such that (V;, Vi) — (U, U) is tame over (z,v,&,).
We let (X,X)Sét, (X, X)Vét and (X,X)t denote the strict étale, the v-étale and the tame
site on (X, X )+, respectively. We have morphisms of sites:

(2.4.1) (X, X); = (X, X)var — (X, X)sat

corresponding to the inclusion functors.
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Remark 2.5. (1) The tame topology is ﬁnitNary, i.e., any covering can be refined by a
covering of the form g : (V,V) — (U,U) for (V,V) and (U,U) in (X, X);. This

follows from the fact that Spa(X, X) is a quasi-compact topological space by [HS20,
Lemma 4.3] with the topology defined there.

(2) Let (U,U) € (X, X); and let U be the closure of U in U. Then (U,U) — (U, U) is
a quasi-modification, hence it is a v-étale covering and a tame covering.

(3) Note that for any (U,U) € (X, X);, there exists a quasi-coherent ideal sheaf 7 C
O of inm'te type such that the support of Op/Z is equal:co U \ U. This uses that
U — U is a quasi-compact open immersion and that U is qcgs. In particular,
blowing up U in such an ideal we obtain a modification (U, U') — (U, U) such that
the complement U \ U is the support of an effective Cartier divisor.

Ezample 2.6. Consider the presheaf O' on Sch(S’g) given by OHU,U) = O(U™) for

(U, ﬁ) € Sch(S 3 where U™ denotes the integral closure of U in U. We will see in
Lemma 8.5 that this defines a tame sheaf.

Lemma 2.7. Let (X, Xi) — (X,:f() be a quasi-modification. Then, for any sheaf F €
Shv((X, X)) and (U,U) € (X, X),, we have an isomorphism
F(U,U) =2 FU,U x 3 X").
In particular, the restriction functors along the inclusion (X, X'), — (X, X),
Shv((X, X)ver) = Shv((X, ¥')yer) and Shv((X, X)) = Shv((X, X'),)
are equivalences of topoi so that for a presheaf F' of abelian groups, we have equivalences
RT((X, X)vérs aveeF') = RU((X, X )vet, averF)
and ) )
RF((X, X)t, atF) = RF((X, X/)t, atF),
where a; and ave denote the respective sheafification functor.
Proof. We prove it for vét. The proof for ¢ is the same. Let F' be a sheaf of sets on
(X, X)vet. For (U,U) € (X,X); and U = U x4 X', the map induced by projection
(U,U") — (U,U) and the map induced by the diagonal § : (U,U’") — (U,U’ x5 U’) are
modifications and thus are coverings in (X, X )vet- Hence,
5 F(U,U x5 U') — F(U,U")
is injective and we find
- . P - -
F(U,U) ~eq (F(U, 0') = F(U,U" g U’))
pr3
. id N .
eq (F(U, U= F(U, U’)) = F(U,U").
id
Hence, the functor
Shv((X, X")yer) = Shv((X, X)ver), G ((U, U) = G(U,U x4 X’))
gives a quasi-inverse of the restiction functor Shv((X, X)) — Shv((X, X )yet). O

Definition 2.8. Let (X,X)afﬁneﬂ- be the subcategory of (X,X')T whose objects are pairs
(U,U), Wit}{ U and U affine, equipped with the vé~t and tame topologies by restriction.
Let (X, X)int,» be the full subcategory of (X, X)afine» whose objects are pairs (U,U)

with O(U) — O(U) injective and integrally closed, equipped with v-étale and tame topolo-
gies by restriction.
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Lemma 2.9. The inclusion functors (X7X)aﬁ-‘lne’vét — (X,X)Vét and (X, X)afﬁne,t —
(X, X); induce equivalences on the associated topoi.

Proof. 1t is straightforward to check the properties (1)-(5) of [Stal6, Tag 03A0]. O

3. COMPUTATION OF THE V-ETALE TOPOLOGY

In this section we study some properties of the v-étale topology.

Lemma 3.1. For every composition V LU Yin Sch(S 3) with s strict étale and @1
a quasi-modification, there is a quasi-modification T — Y such that U xy T — Y factors
through a quasi-modification U xy T — V.

Proof. First, we show that the result holds for ¢; a modification. This is classical (see
[MVWO06, Proposition 12.27)): let U = (U,U), V = \Z V), and Y = (Y,Y). As observed
in Remark 2.5(2), we can assume that Y dense in Y. By Raynaud- Gruson [Stal6, Tag
081R] there exists a Y-admissible blow-up T — Y such that the strict transform V' of
V over T is ﬂat of finite presentation over 7. Note that the map V/ — T factors as

V'S U Xy T5 T, where ( is étale and « is proper inducing an isomorphism over the

dense open U U X T Xy Y. Moreover, « is flat by [KS24, Lemma 4. 15] and thus an
isomorphism by [K824 Lemma 4.16]. Hence, we get a morphism U X T — V, which is
proper and an isomorphism over U.

Let now ¢; be a quasi-modification. By Remark 2.3 (3), there exists Vo = (U, V)
such that ¢ factors as a composition of an integral birational morphism V — Vy and
a modification Vy — U. By the previous paragraph, there exists a modification T =
(Y,T') — Y such that for U’ := U x T’, the map U’ = (U,U’) — U factors through Vy,
hence we have a commutative dlagram

/ /
¢ ¢
Vxyp, U —— U 2

IS I

1% Vo U

with gol integral birational, ¢ strict étale and ¢y and 1/10 modifications.

Let T be the integral closure of T’ in Y and put W := U’ X T>U Xy T. Then,
W is the integral closure of U’ in U by [Stal6, Tag 03GE] since U — T’ is étale and
U="0 X Y. As ¢ is integral birational, the U’-scheme W is isomorphic to the integral
closure of V X, U’ in U. Hence W — U’ factors via W = (V x 7 UHint v X% U

Therefore we can take 7 = (Y, T) and this completes the proof of the lemma. O
Lemma 3.2. For F € Shv((X, X)) and U € (X, X),, we have
(3.2.1) ayer(F)(U) = lim F(V) = lim F(W)

2 W—-uU
where the first colimit runs along all quasi-modifications V — U with V = (V, f/) and V
integrally closed in V', and the second colimit runs along all admissible blow-ups W — U.

Proof. Let aF be the presheaf defined by
Ue (X, X); = lim F(U),
u'—-u
where the colimit runs through all quasi-modifications. By taking the integral closure,
every quasi-modification is dominated by a quasi-modification V = (V,V) — U with V
integrally closed in V', and by Theorem 1.7, every quasi-modification is a cofiltered limit of

modifications, and by Raynaud—Gruson [Stal6, Tag 081T], any modification is dominated
by an admissible blow-up. Therefore the two colimits in (3.2.1) are isomorphic to aF'(U).
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First, we claim that aF € Shv((X,X)ys). Indeed, by construction oF sends quasi-
modifications to isomorphisms, so it has descent for those coverings. It remains to prove
that oF has descent for every strict étale covering {U; — U};cr. By a standard reduction,
we may assume I = {1,2}. Using F € Shv((X, X)), for any quasi-modification V — U,
we have
F(V) = F(V xyUr) X pvsyuns) F(V xuUs),
where U1s = Uy Xy Us. Taking the colimit over V and using Lemma 3.1 and the fact that
filtered colimits commute with fiber products, we get
OZF(U) = OéF(ul) X aF(Ui2) OéF(UQ)

Thus, we get a functor o : Shv((X, X)) — Shv((X, X)ye). It suffices to show that
it is a left adjoint of the inclusion 4 : Shv((X, X)ye) — Shv((X, X)). By construction
we have a natural transformation id — ¢« and by Lemma 2.7 also a natural isomorphism
oi =5 id. The statement thus follows from [Mac71, IV, §1, Theorem 2(v)]. O

Lemma 3.3. Let I be a sheaf of abelian groups on (X,X)Sét. If I is flabby, that is
Hi(Vys, F) =0, for anyi >0 and V € (X, X),, then aywsl is flabby as a vét sheaf.
Proof. By [Mil80, III, Proposition 2.12], I is flabby as a sét sheaf if and only if for any
U € (X, X), and a strict étale covering U’ — U, the Cech complex
0= IU) = IU) = IU xyU')— -

is exact. This implies that for any modification ¥ — U, the Cech complex

0— I(V) — I(V qul) — I(V qul qu,) —
is also exact. Noting that filtered colimits are exact, Lemma 3.2 together with Lemma 3.1
implies

0 = aveel(U) = avae I (U') = avae (U X U') — - -
is exact. Noting ayet! (U) ~ ayeI(V) for any modification V — U, this implies that ayetl
is flabby on (X, X)ye again by [Mil80, III, Proposition 2.12]. O
Definition 3.4. For U = (U,U) € (X, X )y, let X: (U,U)yex — Ug be the morphism of
sites defined by the functor

Use = (U, U)yer, V= (VxgUV).
It is clear by construction
HY((U,U)ser, F) = H(Uge, XL F).

We can now compare the vét cohomology with the étale cohomologies of the sheaves
M{F. This result should be compared with [Hiibb, Corollary 5.7], as well as [BP()22,
Theorem 5.1.2] and [KMSY21, Theorem 2|, where analogous results were obtained.

Lemma 3.5. For a sheaf of abelian groups F on (X, X)vs and U = (U,U), there is a
natural isomorphism
H' (Uyey, F) = lim H' (Ver, \VF) = lim H' (Wi, ALV F),
V—u W—u

where the first colimit runs along all quasi-modifications V — U with V = (V, f/) and V
integrally closed in V', and the second colimit runs along all admissible blow-ups W — U.

Proof. This is very similar to [BP?22, Theorem 5.1.2]. Let F|(X Do I*® be a flabby
resolution of the restriction of F' to (X, X)sst. By Lemma 3.3, this gives a flabby resolution
F — ayel® on (X, X)yst. Therefore, by Lemma 3.2
H' (Uyes, F) = m-ilavaI*(U)) = m-s(lim 1°(V)) = lim H'(Vagy, F) = lim H' (Veg, AV F).
V—u V—u V—u
O
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4. ACYCLIC OBJECTS

In this section, we show the existence of acyclic pro-covers, Lemma 4.4, which will be
used in the comparison of the tame cohomology with Cech cohomology (see Lemma 6.4).

Definition 4.1. We let (X, X), be the full subcategory of Sch(X %) consisting of affine
pairs (U,U) such that there exists a cofiltered system {(Us, U;) }ier in (X, X)affiner such
that U = @Ui and U = T&nUi as schemes. Notice that in this case the map U — X is

no longer in general étale (but rather, pro-étale), the map U — U is no longer in general
a quasi-compact open immersion and the map U — X is no longer ift.

—_—

We also consider the full subcategory (X, X )int,» of (X, X)), whose objects are limits of
(Ui, U;) € (X, X)int,r (cf. Definition 2.8).
Remark 4.2. For Y = (Spec(A), Spec(A)) € (X, X)int.-, We observe that:
(1) A — A is injective and integrally closed, as filtered colimits are exact and the
integral closure commutes with filtered colimits. ~
(2) If A= Ay x Ay is a product of rings and A; are the integral closures of A in A; for
i =1,2, we have Y = Y; U Yo with J; = (Spec(4;), Spec(A4;)).
Definition 4.3. We say that (7, fj) € (X, X:)T is v-étale (resp. tamely) acyclic if for every
v-étale (resp. tame) covering (V,V) — (U,U) in (X, X), and a map ¢ : (T,T) — (U,U)
in (X, X), there exists a map (T,T) — (V, V) which lifts v.

—_—

Lemma 4.4. For every Y € (X, X),, there is W € (X, X), v-étale (resp. tamely) acyclic
such that W — Y is a cofiltered limit of v-étale (resp. tame) coverings W; — Y in
(X,X)aﬁine’q— with WZ S (X,X)int,7—~

Proof. We prove the lemma only for the tame topology. The proof for the v-étale topology
is the same. We can suppose J := (Spec(A),Spec(A)) € (X, X)asiner- We use the
same strategy of [BS15, Lemma 2.2.7] (see [HS20, Proposition 7.12]). Let I be the set
of isomorphism classes of coverings Y — Y in (X X )affine,t- For each i € I, pick a
representative (Spec(B;), Spec(B;)) — Y and set

(441) A1 = h%H”l ®B] Al = hﬂ ®ij

JCI finite je g JCI finite je g

where the tensor products are over A and A, respectively. By construction, we can write

V1 := (Spec(A1),Spec(A4;)) = @1 Yy, with Yy, = (Spec(A,\l),Spec(flAl))
A1€AL

as a cofiltered limit of coverings Y\, — ) in (X, X )affine,t such that for every covering
U — Y in (X,X')t, the map Y1 — Y factors through U. For each \y € Ay, let Iy,
be the set of isomorphism classes of coverings U — Yy, in (X X )affine,t and apply the
same construction as (4.4.1) to (Vy,, I,) instead of (¥, 1) to get (As,, Ag.,) instead of
(A1, A;) and put Yo x, = (Spec(Aa .y, ), Spec(flg)\l)). Then, for every covering U — Yy,
the map Vs \, — V), factors through . Put

(442) Ax:= lim X (Ao, ®a,, A1), Ay = Ling X (A, ®i,, Ay),
JCA; finite \; e JCA; finite \; e

where the tensor products are over A; and Aj, respectively. Noting )a, — V), and
V1 — Y are cofiltered limits of coverings, we can write

Y2 := (Spec(Az), Spec(Az)) = lim Vs,
A2€A2
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as a cofiltered limit of coverings Yy, — Y in (X, X )affine,t such that for every A; € A; and
covering U — Yy, in (X, X), the map Vo — V1 — V), factors through U. Iterating the

construction, we get a sequence in (X, X )r

= V3= Vo= V1 = Y with Y, = lim ),

such that for every A\, € A,,, Yy, — ) is a covering in (X, X )affine,t and for every covering
U — Yy, in (X, X), the map V41 — YV — V), factors through U. Set W = l&nn Y, €

—_—

(X, X )r. By the construction, W is a cofiltered limit of tame coverings of ). It remains to
show that W is tamely acyclic. Let V — U be a covering in (X, X )agine s and ¢ : W — U be

amap in (X, X),. By Lemma 1.3 (with (f, f) induced by U — X), ¢ factors through V),
for some A,,. Since Yy, Xy V — Y, is a covering in (X, X);, the map Vp11 — Vi — Vi,
factors through ), Xy V so that ¢ lifts to a map W — V. This completes the proof. [

5. FIBER FUNCTORS

In this section, we characterize fiber functors of the topoi of the sheaves of sets on
(X, X)vet and (X, X); (see Proposition 5.2). First, we recall the following.

Definition 5.1. Let (C,~) be a site admitting finite limits. Recall that a fiber functor of
a topos Shv(C, ) of sheaves of sets, is a functor ¢ : Shv(C,v) — Set which preserves
colimits and finite limits. Let Fib(Shv(C,~)) denote the category of fiber functors of
Shv(C,~).

In what follows, let v denote either the v-étale topology or the tame topology on (X, X )r-
By Lemma 2.9, there is an equivalence of categories of fiber functors

Fib(Shv((X, X)afine,)) = Fib(Shv((X, X).)).

Hence, by [Joh77, Pro.7.13] and Remark 2.5(1), there is a bijection between fiber functors
of Shv((X, X),) and cofiltered pro-objects

(5.1.1) Po = “lim” Py with Py = (P, P) € (X, X)affine.y
AEA

indexed by a cofiltered category A, which satisfies the ~-locality condition: For every
y-covering V — U, the morphism of sets

lim Hom y %) (P, V) — lim Hom y %) (P, U)
A€A AEA

is surjective. By Lemma 1.3, the latter condition is equivalent to that 7 = fm, P <

(X, X )+ is y-acyclic in the sense of Definition 4.3 and the corresponding fiber functor is
given by

(5.1.2) o7 Shv((X, X),) = Set ; F — F(T) := lim F(Py).
A

Proposition 5.2. A pair T =lim,_ 7; € (X, X)), is v-étale local (resp. tame local) if and
only if T is a coproduct of objects of the form (Spgc(S),Spec(g)) such that S is strictly
henselian local and S is henselian local and that S = S x3, O,, where k is the residue

field of S equipped with a valuation v such that (k,v) is strictly henselian (resp. (k,v)
is tamely closed), and O, C k is the valuation ring. Moreover, in both cases we have

(T,T) € (X, X)intr-
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Remark 5.3. With the terminology from [HS20, Definition 10.8] the pair (S, §) appearing
in Proposition 5.2 is a strictly henselian (resp. tamely henselian) local Huber pair.

The analogous result for local Huber pairs is [HS20, Proposition 10.15]. Our context is
different in the following sense: on a discretely ringed adic space Spa(X, X ), going “local”
means looking at neighborhoods of a point (x,v,¢) for a fized valuation rign O, C k(x),
while in the case of the site (X, X);, then one considers neighborhoods of a point = € X
and their compactifications mapping to to X, which means that we need to consider
all the possible valuation rings @, C k(z) with a map Spec(®,) — X. This was the
same philosophy used in the construction of local modulus pairs of [KM, Corollary 3.5],
therefore our proof will follow their arguments. For this reason, in order to keep the proof
self-contained and more readable, we will write it in details.

We need the following preliminary result:

—_——

Lemma 5.4. Let (Y,Y) = lim,_ (Y;,Y;) in (X, X),. Let (f,f): (U,U) = (Y,Y) in

(X,X)T with f an étale~ covering. ~Then there exists a cofiltered category J and a system
of maps (fij, fij): (Uij, Uij) = (Y3, Y;) indexed over I xJ such that for all (i, j), (Usj, Ui;) €
(X, X)int,r and fi; is an étale covering, and l.&n(m)e[xJ(Uﬁ’ Uij) = (Y,Y) refines (f, f).

Moreover, if (f, f) s a tame covering in the sense of Definition 2.2, then we find such

system that (fij, fi;) are tame coverings for all i, j.

Proof. By definition, (U,U) is a limit of (U, U;) € (X, X)affines With j € J a cofiltered
set, Let (U',U") = lim(Uj, U]”jt) Then (NU’, U') — (Y,Y) is a covering that refines (({, U),
so we can suppose that (Uj,Uj) € (X, X)int¢. Fix i € I. We need to show that (U,U) —
(Y,Y) = (X, X) factors through (Uj,,U;,), for some j; € J. To this end, we may assume
that X and X are affine, and Lemma 1.3 gives such factorization. In particular, we find
a commutative diagram:

sz ~
Uji ’ Uji

lfiji lflz]l

in which f;;, is étale by Remark 1.4 and f”l are ift, hence it gives a map (fij,, f”z) in
(X X )i. Moreover, since all the indexing sets are cofiltered, for every i € I, and every
j € J as before, there exists (Uj, Uj/) that maps to both (Uj,U;) and (Uj;, U;,), hence we
find a commutative diagram:

uj/ ~

lfij/ lfij’
with f;; étale (since Uy — Uj, and f;;, are étale) and fij/ ift (since Ujr — Uji are ift by
[Tem13, Proposition 2.2.5] and f;;, are étale), then up to replacing J by a cofinal set we
can suppose that for every (U;,U;) there exist i € I, and a map (U;,U;) — (Y;,Y;) as in
the statement with (Uj,U;) € (X, X)int.¢-

Now, assume that (f, f) is a tame covering and prove that ( fij, ﬁj) as constructed above
is a tame covering for a sufficiently large i, j. We proceed as the proof of [HS20, Theorem
4.6]. Let Z; C Spa(Y;, 171') be the set of triples (y;, w;, £y, ) such that there is no (x;, v, £,,) in
Spa(Uyj, Uij) tame over (y;, w;, €x,;). Since (f, f) is tame, we have im Z; = @. By [Hiib21,
Cor.4.4], Z; is closed, which implies that it is compact in the constructible topology by
[Stal6, Tag 0901] since Spa(Y, Y;) is spectral. Since the inverse limit of nonempty compact
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spaces is nonempty, we must have Z; = () for a sufficiently large ¢, which completes the
proof. O

Proof of Proposition 5.2: First of all, we observe that 7" — T is dense by Remark 2.5(2),
hence T' and T have the same number of connected components. Let T' = [],.; T; and
T = [1;c; Ti be the decomposition into the connected components. We claim that 7 =

(T,T) is acyclic if and only if T; = (T}, T;) are acyclic for all 4. Indeed, assume that 7

is acyclic and take coverings V; — U; in (X, X)T and maps ¢; : T, — U; in (X, X)., for
i € I. Fixing ¢ € 1, it gives rise to a covering V := U;;U; UV; — U = UjcU; and a map
¢ : T — U in an obvious way. By the assumption, ¢ factors through ¥ and the image of
the map 7; — 7 — V lands in V; since T} and 7T} are connected. Thus, ©; factors through
V; showing that 7; is acyclic. On the other hand, assume that 7; %yclic for all ¢ € I.
Let V — U be a covering in (X, X), and ¢ : T — U be a map in (X, X),. For each i € I,
the map 7; — 7 — U factors through a map ¥; : 7; — V since T; are acyclic. Then,
Y = Uier; © T — V gives a lift of ¢ showing that T is acyclic. For the rest of the proof,
we assume that (T, T) is connected.

=: Assume T is v-étale local (resp. tame local). Recall that every v-étale covering is
also a tame covering. Let 7 = (T,T) = (Spec(S), Spec(S)) and write

T = @ To with T, = (Spec(Sa), Spec(ga)) € (X,X)afﬁne’t
acA
so S =lim Sq and S = lim Sa. Let ()it (resp. (Sa)™) be the integral closure of S in
S (resp. Sy in Sa). We have (S)nt = lim (Sa)™" s0 we have
(Spec(S), Spec((S)™)) = lim (7)™
acA
with 7™ = (Spec(Sa), Spec((Sa)™)) € (X, X)ints. Since (To)™ — T is a quasi-
modification and 7" is acyclic, the projection T — 7T, factors through (To)™, ie., Sq — S
factors through (S,)™t. This implies S = (S)™ and T = fm (7)™ so we may assume

Sa = (Sa)™ for all o € A.

__ Noting that the restriction of the v-étale topology on X is finer than the étale topology,
S must be strictly henselian.

Next, we show that S is a local ring (see [KM, Proposition 3.3, “= 2”]) Let x; and x9
be closed points in T'. Take open covers {Spec(S[1/g,;])}jes, of T —{z,}, v =1,2. As S
is a localization of S we may assume

(5.4.1) g €S\ SNS*, forall v, j.

If 21 # x9, then the ideal (g1, 92,;)ics jet, Of S maps to the unit ideal in S. As T is
quasi-compact, there exist finite subsets K, C J, such that

|_| Spec(S[1/g1.4]) |_| Spec(S[1/g2,4]) = T

1€EKq jeKo

is an open covering. In particular the finitely generated ideal J := (g1, 92,5)ick, jek. Of S
maps to the unit ideal in S. There exists o such that gi ;, g2 ; come from g, 14, ga,2,j € Sa

and the ideal Jq := (ga,1,i5 9a,2,j )icK,,jeks Of Sa maps to the unit ideal in S,.
Hence, we get the v-étale covering:

|| Uenit | | Unzy = Ta.

1€Kq JEK2
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where

Uai = (Spec(Sall/ga,uvil), Spec(ga[gj‘ii])), forv=1,2and i€ K,.

Since T is acyclic, the projection 7 — 7, factors through U, ,; for v = 1 or 2 and some
i € K,, which implies that g;; or g2, is a unit in S, contradicting (5.4.1). Therefore
r1 = x9 and S is local.

Let p C S be the prime ideal such that pS is the maximal ideal of S. We show that
S/p is a valuation ring (see [KM, Proposition 3.3, “= 37]). Let a,b € S\ p. Since pS
is maximal, a and b are invertible in S. There exists o € A such that a,b come from
O, b € S, Then, we have the v-étale covering Uy o UUnp — To With

Un,a = (Spec(Sa), Spec(ga [b—a})), Unp = (Spec(Sa), Spec(ga {Zi}))

(07% (]
Since 7T is acyclic and connected, the projection 7 — 7, factors through Uy, q or Uy, so
ga — S factors through either ga [ba/aa} or §a {aa/ba}. Hence, either b = ha or a = hb
for the image h € S of bo /o OT ag/bs, which implies that §/p is a valuation ring.

Next, we show S ~ § X k(p) S/p, where k(p) = S/p is the fraction field of S/p (see [KM,
Proposition 3.3, “= 47]). Since S is local and pS is its maximal ideal, we have S = §p.
Then, it is enough to check that the map p — pS is an isomorphism. The map S Sis
injective by Remark 4.2(1), therefore p — pS is injective. Let z/h in pS, with x € p and

hes \ p. There exists a € A such that z, h come from z, hy € S and h, is a unit in
Sa. Then, we have the v-étale covering U,y UUq,. — T with

U = (Spec(Sa), Spec(Sa[T2])), U = (Spec(Sall /o)), Spec(Sa[ 22])).

ha @
As before, this implies that Sa — S factors through either S[zq/ha] or S[ha/zs). In the
latter case, there is y € S such that yz = h, but this is impossible since h ¢ p. In the
former case, there is y € S such that yh = x, hence z/h = y € p, which implies that
p — pS is surjective.

Next, we show that S is henselian (see [KM, Proposition 3.4]). We follow the argument
n [HS20, Lemma 10.7]. Let S — B be finite with Spec(B) connected. Then, B is
semilocal, and to show that S is henselian, it is enough to show that B/pB is local.
Since it is a finite algebra over the field S/pS it is enough to check that Spec(B/pB) is

connected. Let B be the integral closure of S in B. We claim

(1) Bis local;
(2) pB C B; o
(3) B/pB is the integral closure of S/pS in B/pB.

Then B/pB is local by (1), (2) and hence Spec(B/pB) is connected. We conclude by
[Stal6, Tag 03GO] that Spec(B/pB) is connected. Indeed, if B/pB = Ri x Ry, then
B/pB Ry x Rg, with R; the integral closure of S/p in R;.

Thus it remains to show the three claims above. For (1) we note that S — B is integral
and hence B is a filtered union of its subrings B; finite over S. Since B - B — B
are injective the maps Spec(B) — Spec(B) — Spec(B;) have dense images. Therefore,
as Spec(B) is connected so are Spec(B) and Spec(B;). Since S is henselian, B; is local
henselian for all i. Since the maps B; — B are finite, they are local maps of henselian
local rings. Hence, B is local. (2). Take y € B and m € p. Since B is integral over S, we
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can write ¢y = Z?:_ol a;yt, for a; € S, so that

n—1 ' ‘
(my)" =Y am™ (my)’.
=0

As a;m™ ' € pS =p C S, for i € [0,n — 1], we get my € B. (3). If € B/pB and
g € S/p[T)] is monic such that g(Z) = 0, then let # € B and g € S[T] be lifts of T and 3.
Then g(z) € pB C B, in particular f(z) is integral over S, so there exists h(T) € S[T]
such that h(g(z)) = 0, therefore z is integral over S hence it lies in B, hence T lies in
B/pB. Thus we have shown that S is henselian.

To conclude the proof of the implication =, it is enough to further check that (k,v)
is strictly henselian in case of the v-étale-topology and tamely closed in case of the tame
topology, where k = S/pS and v is the valuation associated to S/p. The former case
holds since S is strictly henselian. To show the latter case, take a finite extension k'/k
and a valuation v’ on k' over v such that v’/v is tame. We want to prove k = k’. Since
it is separable, there exists w € O, such that ¥’ = k[w] and O, is the integral closure
of Oy[w]. Let p € O,[T] be the monic minimal polynomial of @ over k. Since S is
henselian and S = S x5, Oy, there is pE S [T] that maps to p in k[T] giving a finite étale
extension S — S’ = S[T]/(p), with S” henselian local with residue field ¥’ = S’/pS’. Let
§, =9 Xt Ov/.

Claim 5.5. S’ is the integral closure of S[T]/(p) in S'.

Indeed, let R = S[T]/(p). Note that S’ is integrally closed in S’ by definition. Further-
more, the image of T in S’ lies in S’ since its image @ in k' = S’ /pS’ lies in O,. Thus the
natural map R — S factors via " and it remains to show that S’ is integral over R. To
this end we observe that pS’ lies in R and in S and that the induced map on the quotients
R/pS’ — §'/pS" is the integral extension O,[w] < O,. Hence S’ is integral over R.

Recall T = (Spec(S), Spec(S5)) = Im 7, with 7, = (Spec(Sa), Spec(Sy)). We show
T := (Spec(S’), Spec(S5")) € (X, X),. Since S = hﬂga, there exists ap € A and p,, €
Say[T] mapping to p. Letting p be the image of ps, in Sa[T], we have S = lim S/,

with S;, = Sa[T]/(pa). By construction, S, = S, ®s, Sa. By [Stal6, Tag 01SR],

Sa — S., is étale for a > ayp, so Spec(S))) is étale over X since Spec(S,) is étale over X.
Let S/, be the integral closure of S,[T]/(pa) in S,. Since Spec(Sy) is ift over X, Spec(S),)
is ift over X. By Claim 5.5, we have liga 5& — & noting that taking integral closures
commutes with filtered colimits. By construction, 7. := (Spec(S.,), Spec(5Y)) € (X, X),
and we have T’ = Jm 7.. By Lemma 5.4, T, — T, is a tame covering for a > «. Since
T is tame acyclic, this implies that for @ > ap, the map S, — S factors through S/,
which implies k = k" as desired.

& Take T = (Spec(S), Spec(S)) with S =8 xp O, as in Proposition 5.2. We want to
show that for any covering h: V = (V,V) - U = (U,U) in (X, X), with v = vét or v = ¢,
(5.5.1) Hom —— (7,V) = Hom —— (T,U)

(X, X)r (X, X)r
is surjective. Clearly, it suffices to consider the generator coverings so we may assume that
h is either a quasi-modification or strict ¢tale covering in case y = vét and a tame covering
in case v = t. Write T' = Spec(S), T' = Spec(S) and take (f, f) : (T, T) — (U,U).

If h is a strict étale covering so that V' — U is an étale covering and V =V Xz U, f

admits a lift § : T — V since Sis strictly henselian. Moreover, the composite 7" — N 1%
and f:T — U induce g : T — V =V x5 U so that (g, g) gives a lift of (f, f).
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Assume that h is a quasi-modification. Then, f : T — U liftsto g : T'— V because V —
U is an isomorphism. By the valuative criterion for universal closedness, the composite
Spec(k) < T -2 V — V extends to a morphism q Spec(©,) — V. These morphisms
factor through some open affine of V,soqand T vV glue to give a morphism
G: T = Spec(S) — V since T = Spec(O, x1 S) = Spec(O,) Uspec(k) T' is the categorical
pushout in the category of affine schemes. Thus, we get a lifting (g, §) of (f, f).

Finally, assume that h is a tame covering and (k,v) is tamely closed. Let = € U be the

image of Spec(k) — T L U and let vy be the restriction of v to the residue field k(z).
Note, as f is pro-étale, the field extension k/k(z) is separable algebraic. By assumption,
there is a point y € V' and a valuation v, on its residue field x(y) extending v, such that
the extension (k(y),vy)/(k(x),v;) is tame. Since (k,v) is tamely closed, there exists a
map of valued fields (k(y),vy) — (k,v) which factors (k(z),vy) — (k,v). Since V. — U
is an étale covering and S is henselian, this implies that f : T' = Spec(S) — U admits a
lift g : ' — V. By the same argument as in the case of quasi-modifications, g extends to
G:T — V so that we get a lifting (g, ) of (f, f) This completes the proof.

Remark 5.6. By Remark 2.5(1) and Deligne’s completeness theorem, [AGV72b, Proposi-
tion VI.9.0] or [Joh77, Theorem 7.44, Corollary 7.17], the fiber functors ¢7 from (5.1.2) for
T satisfying the condition of Proposition 5.2 form a conservative family, i.e., a morphism
f in Shv((X, X),) is an isomorphism if and only if @7 (f) is an isomorphism of sets for
all y-acyclic 7. Equivalently, a morphism V — U in (X, X); is a y-covering if and only if
Hom —— (7,V) - Hom —— (T U)
(X, X)r (X, X

) )

is surjective for all such 7, [AGVT72a, Proposition IV.6.5(a)}.

Remark 5.7. If the valuation ring O, has finite height, then there exists a € O, such that
k = Oy[1/a] (see [FK18, Proposition 0.6.7.2 and Exercise 0.6.4]). In this case, it is closer
to the modulus pairs of [KM].

Remark 5.8. Let (Spec(A), Spec(A x;, ©O,)) be vét acyclic. Let (Spec(B),Spec(B)) —
(Spec(A), Spec(A xi O,)) be a tame covering in the sense of Definition 2.2(3). Since
A is henselian local, we can refine it so that B — A is finite étale asssociated to a
finite separable extension of & < k/. By tameness, there exists a valuation w on &’
extending v such that B — B — k' factors through ©,. This implies that the map
B — B factors through B x s Oy, therefore the covering (Spec(B), Spec(B)) is refined by
(Spec(B), Spec(B X Oy)). Moreover, by Lemma 2.1(1) we can further refine it so that
we have that £'/k is Galois.

6. CECH COMPARISON

In this section, we prove a comparison theorem of tame cohomology with Cech coho-
mology (see Proposition 6.5).

We fix a quasi-compact open immersion X — X of gcgs schemes.

Definition 6.1. Let U = (U,U) € (X, X)y, let € U and let U" = Spec((’)[}}vx) be the

henselization at z. An z-local object over U is T := (Spec(B), Spec(B)) € (X, X); with a
map 7 — U such that
(1) B is henselian local with residue field k, Spec(B) — U factors through U” and the
map (’){j’m — B is local and ind-étale;
(2) There is a valuation v on k such that (k,v) is tamely closed and Speck — U
restricts to Spec @, — U
(3) B =B Xk Ov.
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Ezample 6.2. Let U = (U,U) € (X,X);, let 2 € U and k(z) be its residue field. Let
(z,v,6,) € Spa(U,U) and choose an extension T to a separable closure k(x) of k(z)
and k(z) — k(z)! be the tame closure of k(z) with respect to the valuation v. Let
(’)E@ — O, be the ind-étale map corresponding to the field extension k(x) < k(x),
and let O}, C k(x)}, be the valuation ring of the restriction of v to k(x)}. Then, U, . =
(Spec(0f;,), Spec(Op , X k(e Op)) is an z-local object over U. Moreover, U ,) — U is a

cofiltered limit of maps U; — U in (X, X); which is tame over (z,v, &,).

The following Lemma is a tame version of [Art71, Theorem 3.4]. The statement and
the proof are close to [HS20, Corollary 11.7], which is a version for discretely ringed adic
spaces.

Lemma 6.3. Let Y = (Y,Y) € (X, X); such that Y satisfies the property that every finite
set of points is contained in an affine open. For1 <i < n, letx; €Y and let P; be x;-local

objects over Y. Then T =Py Xy ... xy Pn € (X, X); is affine and is a disjoint union of
x-local objects, where either x = x; for some i or x is a generization of all x;, i.e., the x;
lie in the closure of x.

Proof. Let P; = (Spec(A;), Spec(4;)) with A4; = A; X1, Vi, where k; is the residue field
of A; and V; is a valuation field on k;. Let Spec(V;) — Y be the induced map on the
valuation rings, and let g; be the respective images of the closed points. Let Spec([l) cY
be an affine open containing x; and g; for all i. As ¢; is a specialization of x;, we have
natural maps
A— Off,gi — O?,zi — A; =k,

and by the definition of ¢; its composition factors via V; < k;. Therefore all the maps
Spec(V;) — Y above factor through Spec(A), therefore

Spec([ll) Xy oo Xy Spec([ln) = Spec([ll Rz-.-®f fln)

As Spec(A) NY is quasi-affine we find an open Spec(A) C Spec(A) NY which contains all
the ;. Then all maps Spec(A4;) — Y factor through Spec(A) hence

Py Xy oo XY Prn =P ><(Spec(A),Spec(A)) T ><(Spec(A),Spec(A)) P

Therefore we are reduced to the case ) = (Spec(A), Spec(A)), and now the general case
follows from the case where n = 2.

Thus it suffices to consider the following situation. Let p and q be prime ideals of A.
Let P = (Spec(B), Spec(B)) and Q = (Spec(C), Spec(C)) be p-local and g-local objects,
respectively, with B = B Xk VB and C=cC Xko Vo as in Definition 6.1. Denote by
mp C B and mg C C the maximal ideals. By [HS20, Theorem 6.3 and Theorem 6.4],
B ®4 C is a product of henselian local A-algebras and the following holds: let D be a
factor of B ®4 C and denote by m its maximal ideal and L = D/m its residue field.

(1) If the maps B — D and C — D are not local, then L is separably closed;
(2) if ¢ : B — D is local, then the residue field extension kg — L is a separable
algebraic extension.

In case (1) the natural map B ® i C — D is surjective. Indeed, we have mp C B and
me C C and as B — D and C — D are not local we have mp - mg - D = D. Thus D is
integral over B ® ; C and is strictly henselian by [Art71, Th.3.4(ii)]. Hence (D, D) is an
t-local object, for t =mp N A C p, q, where we consider the trivial valuation on kp, and
(Spec(D), Spec(D)) is a component of P xy Q.

We consider case (2). Denote by m its maximal ideal of D and by L = D/m its residue
field. Let w be the unique valuation on L that extends the valuation v on kp. Thus (L, w)
is a henselian valuation field and its valuation ring O, is equal to the integral closure
of Vg in L, see, e.g., [Bou98, VI, §8, Proposition 6]. As (kp,v) is tamely closed so is
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(L,w). Let D be the integral closure of B ® C in D, and let W be the image of the map
D — D — L, so that we have the following commutative diagram

B D « » D
(6.3.1) l l l
Vi > W« L.
We claim
(6.3.2) m C D.

Assuming (6.3.2) we directly get D = D x 1 W. Moreover W contains O,,. Indeed, if a € L
is integral over Vg and @ € D is a lift of a, then we find a monic polynomial f € B[X]
with f(a) € m which by the claim is integral over B ® ; i C, hence so is @, hence a E w.
Thus W is a henselian valuation ring by [HS20, Lemma 11.4] and its valuation w’ is a
generization of w, therefore (L,w’) is tamely closed. Hence (Spec D, Spec D) is a x1-local
object over Y. It remains to prove the claim (6.3.2).
Let m € m. As ¢ : B — D is integral, we find a monic polynomial f(X) = X" +
a1 X" ' +. .. an in B[X] such that f#(m) = 0, where f¥ = X"+ ¢(a1) X" ' +... ¢(an) €
DI[X]. Denote by f € kp[X] the reduction of f modulo the maximal ideal mp. As
0 = f¥(m) = ¢(a,) mod m, we have a,, € p~1(m) = mp. Thus

f_ =X 9
for some e > 1 and g € kp[X] monic with ¢g(0) # 0. As B is henselian, there exist monic
polynomials h, g € B[X] with

f=hg, h=X°modmp, g¢g=gmodmpg.

It follows that the constant term of ¢g¥ is a unit in D and hence so is g¥(m). Thus
h?(m) = 0in D. As h € X°+ mp[X] C B[X] we find that m is integral over B, hence
m € D. This yields claim (6.3.2) and completes the proof of the lemma. O

The following theorem is analogous to [Art71, Theorem 4.1] while its proof is closer to
the arguments given in the proof of [HS20, Proposition 7.14 and Theorem 7.16].

Lemma 6.4. Let Y = (Y,Y) € (X,X); such that Y satisfies the property that every

finite set of points is contained in an affine open. Let U = (U, U) M) Y be a tame

covering. Then, for a tame covering ¥V — UY™, there is a tame covering U — U such
that U™ — U™ factors through V.

Proof. Since U is quasi-compact and the open immersion U < U is quasi- compact we find
finitely many affine pairs U; = (U, U;) € (X, X)affine,s such that U = U;U; and U = U, U
are open coverings. Thus the dlSJOlIlt union U;U; is an affine pair which tamely covers
U. By Lemma 4.4 applied to this disjoint union, we find a morphism W = (W, W) — U

in (X, X);, which is a limit of tame coverings W; = (W;, W;) — U in (X, X)affines with
W; € (X, X )int,t, such that W is tamely acyclic. Note that every connected component P
of W is an z-local object over ), for some points x € Y. Indeed, by Proposition 5.2, P
satisfies the conditions (2) and (3) of Definition 6.1, and it suffices to check that P satisfies
(1). Denote by z the image in Y of the closed point of P = SpecS. Then we get a natural
local morphism (9{”/@ — §. It is ind-étale as .S is a component of lim, O(W;) and W; - U
and U — Y are étale.

Thus, W™ (product over ) is a disjoint union of P; Xy ... xy P,, where P; are z;-
local objects for some x; € Y. Hence, by Lemma 6.3 and Proposition 5.2, W" is tamely
acyclic. Thus, for any tame covering V — U™ the map W™ — U™ factors via V. Noting
W e (X, X)int’t, Lemma 1.3 and Remark 1.4 imply that there is 79 and a map Wi — V
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in (X, X )affine,¢ that factors W} — U", hence by choosing U = W,, we conclude the
proof. O

We are now ready to prove the comparison with Cech cohomology, analogously to [HS20,

Theorem 7.16] and [Art71, Corollary 4.2]. Let us fix the notations: for J € (X, X)¢, we
consider the Cech complex
C*(Vi,—): PSh((X, X);, Ab) — Cpx(Ab) F i lim FU**®),
Uu—y

where the colimit runs over all the tame coverings &/ — ). This is an exact functor, and
its cohomology is the Cech cohomology H?(Y;, —)

Theorem 6.5. Let F' and G be presheaves of abelian groups on (X, X)t such that a; F' =
a;G, and let Y = (YY) € (X, X); such that Y satisfies the property that every finite set
of points is contained in an affine open. Then there is an isomorphism of complezes

C* Vi, F) = C*(V, G)

In particular, for F' a sheaf of abelian groups on (X,X)t and Y as above, the map com-
paring tame Cech cohomology with the cohomology of the tame site

A4V, F) = H{ (Y, F)
s an isomorphism.

Proof. Let v: Shv((X,X);, Ab) < PSh((X, X), Ab) be the inclusion. It is enough to
show that the map C*(Y;, F) — C*(Y4,warF) is an isomorphism. Let K and K’ be the
kernel and cokernel respectively of F' — ta;F": we have exact sequences of presheaves

0-K—>F—-F/K—0 0= F/K—=wF—K —0.

Thus, it is enough to show that if a;F' = 0, then C#(Y, F) = 0 for all q. Let a € F(UU*¥9)
for a tame covering i/ — ). Then there is a tame covering V — U*¥? such that o — 0 in
F(V). By Lemma 6.4, there is a tame covering U’ — U such that 'Y — U*¥9 factors
through V. Hence, o — 0 in F(U'*¥?), which implies that it is zero in C4(), F). The
second part follows from the first: indeed let H(F') be the presheaf U — H? (U, F') on
(X, X);: since a;HI(F) = 0 for ¢ > 0, by the previous part we have that H?();, H(F)) = 0
for ¢ > 0, so the Cech-to-cohomology spectral sequence
Byt = HP (Y, HU(F)) = H"* (Y, F)

degenerates.

7. COMPUTATION OF TAME COHOMOLOGY
We fix a quasi-compact open immersion X — X of gcgs schemes.

Proposition 7.1. Let p be a prime and let F' be a sheaf of Z,)-modules on (X, X);.

Let (U, U) e (X,X)T connected and v-étale acyclic. By Proposition 5.2, U = (U, U) =
(Spec A, Spec fi) where A is a henselian local ring with residue field K and A = A x i O,
for a strictly henselian valuation v . Write U as the limit of a cofiltered system {Ux}rea
in (X, X); with Uy = (Spec Ay, Spec Ay). If the residue characteristic of O, is p, then

lig H'(Up)e, F) =0, fori>1.
AEA
Proof. By Theorem 6.5, we have that

lim H' (U)o, F) = lim lim 7 F(V;™%),
A€EA AEA V\—U
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where the colimit is indexed over tame covers of Uy. By Lemma 5.4, this is equal to
(7.1.1) hg T F(V*u®),

V—-uU
where the colimit is indexed over tame covers of I in the sense of Definition 2.2 and F
is left Kan extended to (X ,X ). By Remark 5.8, we can further suppose that V are of
the form (V, V') = (Spec(B), Spec(B)) with A — B is a finite étale map of henselian local
rings associated to the residue field extension L /K which is Galois and tame with respect
tov and B = B x1, O, with w the valuation on L extending v. Set

B, := B®A"  V, .=SpecB, and B, := B%i", V, := SpecB,.
Let Bi%”t be the integral closure of B, in B, and set V" = Spec B/, As (Vy, V™) —
(Vi, Vi) is a quasi-modification, see Remark 4.2, the desired vanishing holds once we know
that the following complex is exact
(7.1.2) 0— F(U,U) = F(V, V™) = F(Va, Vi") — F(V3, Vi™) — ...

By [Bou98, VI, §8, No. 6, Proposition 6] the ring O,, is also the integral closure of O, in
L. Hence the Galois group Gal(L/K) is equal to the decomposition group Aut(O,,/O,).
Moreover, as the category of finite separable field extensions of K is equivalent to the
category of finite local étale A-algebras, we can identify the A-algebra automorphisms
of B with Gal(L/K). Hence G := Gal(L/K) = Aut(B/A) = Aut(B/A). As in [Mil80,
Example 2.6] the isomorphism Bs — [[ .o B, bo ® by +— (0(bo)b1)s and induction give
the isomorphism for n > 2

(0'07”-,0'”_2)66'71,_1
with
Pnbo @ ... @ bp—1)(oy,...00 ) = (Tn—2"-00)(b0) - (On—2--01)(b1) - Tn—2(bp—2) - bp—1.

As B is integral over A, so is By, hence Bi{‘t is the integral closure of A in B, and thus
n, restricts to an isomorphism

Br— J[ B
(00yeey0n—2)
We thus find isomorphisms
(V, Vi) = (V, V) x G™
as in [Mil80, III, Example 2.6] and can therefore identify the cohomology of (7.1.2) with
Galois cohomology
7 F(VL ) = HY(G, F(V, V).

This vanishes as F(V,V) is a Zpy-module and the order of G is invertible in Z,) by
tameness. O

A version of the following theorem for discretely ringed adic spaces with p-torsion coef-
ficients holds by [Hiib21, Proposition 8.5] and [Hiibb, Corollary 5.7]. The method of proof
presented below differs from the one in loc. cit.

Theorem 7.2. Let X < X be a quasi-compact open immersion of qcqs schemes. For
V= (V,V) e (X,X), let j¥ : (V,V)y — Vi be the morphisms of sites induced by the
functor Ve, — (V, V)¢ sending (W — V) to (V xi W,W). Let F be a sheaf of abelian
groups on (X, X)t such that the following condition is satisfied:
(p) for every (U,U) — (X,X) in (X,X),, the stalk of the Zariski sheaf on U given
by W — F(W NU,W) at any point x € Uisa Lp,)-module, where py is the
exponential characteristic of k(x).
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Then, for U = (U, U) in (X,X)t, we have canonical isomorphisms

H' Uy, F) = H' (Ugst, v F) = lim H' (Vg 50V F) = lim H' (Vg 57 F), i >0,
V—-u W—-uU

where the first colimit runs along all quasi-modifications V — U with V integral, and the
second colimit runs along all admissible blow-ups W — U.

Proof. Note that j¥ is the composition of the morphism of sites
v:(V,V)e = (V. V)
corresponding to the inclusion functor and the morphism of sites
A (V. f/)vét - Vét
defined by the functor Vi, — (V,V)yet : W/V = (W Xy V, W). By Lemma 3.5, we have

H'(Uy, F) = H' Uyey, R F) = lim H' (Vee, \Y Rvs F) = lim H'(Veg, )Y R F).
V—-Uu W—UuU
Hence, it suffices to show R‘v,F = 0 for i > 1. By Remark 5.6, this follows from Proposi-

tion 7.1 and the fact that the assumptions of loc. cit. are satisfied by condition (p). This
completes the proof. O

Remark 7.3. Note that the condition (p) of Theorem 7.2 is satisfied if F' = Q%! see 8.4(4),
or F' = WgQ4" (see Definition 9.5 below). Also it holds if X is a Z,)-scheme and F is
any tame sheaf of Z,-modules.

8. CONSTRUCTION OF TAME SHEAVES

Let X < X be a quasi-compact open immersion of qcgs schemes. We give a method
to extend étale sheaves defined over Xy to sheaves on (X, X);.

8.1. For X = (X, X), we let Val’ be the category whose objects are triples (L,w,¢),
where L is a finite separable field extension of a residue field k(z) of a point of X, w is a
valuation on L, and £: Spec(O,) — X is a morphism, which restricts to the map Spec L —
Spec k(z) — X, and morphisms (L, w,e) — (L', w’,&’) are given by valued extensions (the
compatibility with ¢ is automatic). Note that for any (z,v,<) € Spa(X, X) and any finite
separable extension of valuation fields (L, w)/(k(z),v) uniquely determines an element
(L,w,e') € Val% with &’ equal to the composition ¢’ : Spec O,, — Spec O, = X.
For (L,w,e) € Val we set

(8.1.1) Okp= lim  OU) and ogL’w = 0% 1 x1 O,

Spec L-U—X
where the direct limit is over all étale maps U — X which factor Spec L — X. Note that
(9% ; is the unique henselian local ring with residue field L which is finite étale over (9?(730,
corresponding to the field extension L/k(x). In particular the association (L, w, ) — OSLQ I
defines a functor from Val% to the category of henselian local rings which are ind-étale

over X.

Let F be a sheaf on Xg. We write F(O%L) F(U). Let

=lmg o

B = {Fw - F(OSL(,L)}(L,w,e)EVal}a
be a collection of subsets satisfying the following condition

(B1) for any (L,w,e) — (L1, wi,e1) in Valj, the pullback map F(O§<7L) — F(O§<7L1)
restricts to Fyy — F,.
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For (U,U) € (X, X); we define

~ for all (z,v,¢) € Spa(U,U) there exists
Fg(U,U) == qa€ F(U)|a finite tame extension (L,w)/(k(z),v), ¢
such that ay, € F,

where ay, denotes the pullback of a € F(U) along Spec (’)%L —U.

Note that by Lemma 2.1 and (1) it suffices to consider in the definition of Fg(U,U)
only the finite tame Galois extensions (L, w)/(k(z),v).

Proposition 8.2. Assumptions as in 8.1 above. The assignment (U, U) — Fs(U, [7)
defines a sheaf on (X, X);.

Proof. We start by showing that Fj is a presheaf. Let (u,a) : (U',U’") — (U,U) be
a morphism in (X, X); and take a € Fz(U,U). Let (y,v,e) € Spa(U’,U’). Set z :=
u(y) € U and denote by v, the restriction of v to k(x). Note that O,, = O, N k(x),
the intersection taken inside k(y). Hence ¢ : Spec @, — U’ — U factors uniquely via
a map e, : SpecO,, — U. We obtain a point (z,v.,e,) € Spa(U,U). By definition
there exists a finite tame extension (L, w)/(k(x),v;) such that ar € F,. Denote by L
the composition field of L and k(y) in a separable closure of k(z) and choose a valuation
v on Ly extending v. Then the extension (Lq,v1)/(k(y),v) is tame, by Lemma 2.1(2).
Now u*(a)r,, the image of u*(a) under F(U') — F((’)g,,Ll), is equal to the image of the
pullback of ay, under F(O[’}’L) — F((’)h,’Ll). As ap, € F, we find u*(a)r, € Fy, by (81)
in 8.1. This shows u*(a) € F5(U’,U’). Hence Fj is a presheaf.

As F is an étale sheaf on X, Fj will be a sheaf on (X, X); if we show the following: Let
{(U;,U;) = (U,U)}ier be a tame covering in (X, X); and let a € F(U), then

(8.2.1) ajy, € Fs(U;,U;), foralli = a € F3(U,U).

Let (z,v,¢) € Spa(U,U). By definition of tame covering we find an index i and a point
(y,w,e') € Spa(U;, U;) over (z,v,¢) such that (k(y), w)/(k(z),v) is a finite tame extension.
As ayy, € Fz(U;, U;) we find a finite tame extension (L,w;)/(k(y), w) such that (ajy,)L €
F,,. Hence, we get (8.2.1). O

Remark 8.3. By definition, for all F', 5 as in 8.1 above we have a pullback diagram

Fg(U,(j) - thFw

| |

F(U) —— Tlim F(O}; )

where:

e the product ranges over all elements (z,v, ) of Spa(U, U)
e the colimit ranges over all (k(x),v) C (L,w) finite tame.

This implies that if ¢: F' — G is a map of sheaves on Xg; and F' and G are equipped with
B-families B := {F,} and Bg := {G.} such that for every (U,U) € (X, X); and every
(z,v,¢) € Spa(U,U) there is a cofinal system of tame extensions S@we) = {(k(z),v) C
(L,w)} such that the map ¢ : F(O?QL) — G(O%L) restricts to a map @y, : Fy — Gy, for

all (L,w) € Sy e, then ¢ induces a map Fg, — Gg, of sheaves on (X, X);, denoted by ¢
as well.

Ezample 8.4. In the following (L, w, ) is always in Val%},. We set Ap, = (’);’(,L and Af,,, =
(9?2 1 See (8.1.1) for notation
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Let F' be a sheaf on X¢;. Set I, 0 = F(Apr), if (L,w,e) € Val?XX), and Fy,0 =0,
else. Set Fy v = F(AL), for all (L,w,e). Then By = {Fu0}(Lwe) and Buiv =
{Fuwiv} are families as in 8.1 and we have
wlgy = nF and 1, Fpg . = jiF),

where j : X — X is the open immersion and} (X, X)t — X is the morphism of
sites induced by the functor U — (U x 3 X,U).

Let F be as above and assume there is a presheaf F on Sch ¢ extending F. Then
we can define Sz = {ﬁ(ALﬂU) C F(AL)}(Lwe)- We get a sheaf Fj_ on (X, X),.
Notice that the resulting sheaf L« Fg. may be different from l?")?ét, e.g., for F= O,
the structure sheaf on Sch ¢, the sheaf (’)| %, is different from L*O/gﬁ = 1,0, where

O is defined in (4), see Lemma 8.5 below.
Given a collection § as in (8.1) on a sheaf F', we can define a new family

Iﬁdi” = {Fg}w C F(AL)}(L,w,e)GVaISX

by setting
‘ F, if Spec L maps to a generic point of X
Fdiv.— and w is a discrete valuation,
F(Ar) else.

If 3 satisfies (81), then so does 3%”. Here note that if (L,w,e) — (L',w’ &) is
a morphism in Val% and w is discrete, then w’ is discrete as well. We denote by
ng” := Fgaiv the corresponding tame sheaf. For sections in F, gi”(U, U) we only
put conditions induced by £ along tame extensions of discrete valuations on the
generic points of U with center in U, hence F, 3 CF gi“.

Let F' = Q9 be the étale sheaf of gth absolute differential forms on Xg;. Denote
by QZLM (log) the graded QZL,w—subalgebra of 2% ~generated by dlog(A7}). Note

Q?h’w C QY (log). Set

Bhog 1= {9, (108) € %}
Then Bo, satisfies (£1) in 8.1 and we get a sheaf
0ot = Q%log on (X, X);.

Note for ¢ = 0, we write O = Q%. This is a special case of (2), where we take
F to be the structure sheaf O on Sch - Note also that the differential of the de
Rham complex induces a well-defined differential d : Q%* — Q41 giving rise to a
complex of sheaves Q% on (X, X),. Using (3) above we get an inlcusion of sheaves
on (X, X);

q,t q,div . _ q div
QP C Q = (Qﬂlog) .
.7t —

Furthermore, given a morphism X — S we can similarly define the complex /s =

75 51 57 WheTe Brog s = {0, 5(108) C QY 6} Lwe)-
Let W,Q® denote the p-typical de Rham-Witt complex, it is defined as an étale
sheaf on all schemes, by [Hes15]. Denote by W, (log) the graded W, -

subalgebra of W,(2% = generated by dlog[a], a € ALX,, where [—] : A, — W, (ArL)
denotes the multiplicative lift. Note WanAL’w - WnQ%va(log). Then Biogn =
{W”Q%L,w (log) € WnQ% }(rwe satisfies the assumption from 8.1 and we get
sheaves

W0t = WaQf W,Qedv .= (W,Q% )4 on (X, X),.

n Blog,n
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Note that the differential, the restriction map, as well as Frobenius and Ver-
schiebung on the de Rham-Witt complex induce well-defined maps on W, Q%!
and W, Q9% In particular W,Q®*! and W,,Q*%" are Witt complexes in the sense
of [Hes15, Definition 4].

Lemma 8.5. Let Ot = Q% and 0% = Q04 4y the notation from 8.4(4). For all
(U,U) € (X, X); we have

O'(U,U) = O(U™),

where U™ denotes the integral closure of[j' m U. Moreover, ifﬁ s a Nagata scheme and
U is normal, then we have

oYU, U) = 0% (U, U).

Proof. By Lemma 2.7 we can assume U = U™. We notice that both sides of the first
equality in the statement are contained in O(U) and that this ”D>” inclusion holds by
definition of the left hand side. As both sides are sheaves on U it suffices to check the
other inclusion for U affine. As an affine open cover U = U;U; induces an affine open cover
U = U;U™ we can assume (U, U) = (Spec 4, Spec A) with A integrally closed in A. Let
re A\ A

Claim 8.6. There exist a prime ideal p in A and a valuation v on K = Frac(A/p) such
that A - A — K factors through O, and v(x) < 0.

Admitting the claim, we also have w(z) < 0 for all (tame) extensions (L, w)/(K,v) of
valuation fields and = cannot lie in O'(U, U), which completes the proof of the lemma.

We prove the claim. Denote by C' = A[1/z] the subring of A, generated by the image
of A and 1/x. As z is not integral over A it follows from [Bou98, VI, §1, no. 2, Lemma 1],
that A, is not the zero-ring and that there exists a maximal ideal m C C such that 1/z € m
and mN A is a maximal ideal of A. Consider the localization Cy of C'. By the flatness of Ciy,
over (', the inclusion C < A, induces an injection of rings Cp = C ®¢ C — Az Q¢ Chr.
As Cy, is not the zero ring, the ring A, ®c Cy, is not zero and hence has a prime ideal; it
corresponds to a prime ideal p of A, which does not contain x and has empty intersection
with C'\ m. Set pg := CNpA,. By construction we have pg C m, and in fact this inclusion
is strict as else we would have 1/z € pA, since 1/x € m. Thus, C/pg is not a field. Set
Ky = Frac(C/po) C K := Frac(A;/pAz) = Frac(A/p). Let vy be a valuation on Ky such
that C'/po C O,, C Ky and that m,,NC/pg is the image of m in C'/pg. Let v be a valuation
on K extending vg. Thus we obtain a commutative diagram

A C/ Po Ovo Oy
A—— Ay /pA, K.

Note v(z) = vo(x) < 0 since 1/x € m so that its image in C'/pg is in m,,. This completes
the proof of the claim.

For the last statement, we observe that as U is Nagata and U is normal the integral
closure U™ is finite over U and hence is locally noetherian again. As U is normal so is
U We may therefore assume that U is noetherian, integral and normal. Hence

O, T)=00™) = () Opiu, =0 (U, 0),
xe[}'int,(l)

where Ut(1) is the set of ljcodirp'ensional points in U™ and' where the last equality
follows from Q% (U, U) = 0% (U, U™) and the definition of O%", see (3). O
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Remark 8.7. Combining Lemma 8.5 and Theorem 7.2, we conclude that for S a qcgs
scheme and X a normal separated S-scheme of finite type and X any S-compactification,
the following isomorphism holds for all ¢ > 0:

H'((X,X);,0") = lim H' (Yzar, Og),
Y

where the colimit is over all quasi-modifications (X,Y) — (X, X) with ¥ normal. An
analogous result for certain adic spaces was obtained in [Hiib21, Corollary 13.6].

9. TAME BIG DE RHAM-WITT COMPLEX

In this section we define the tame big de Rham-Witt complex for any quasi-compact
open immersion X C X of qcqs schemes, see Definition 9.5, generalizing the tame sheaves
ijZ and W,0Q*! introduced in 8.4. We compute the big de Rham-Witt complex for local
rings in the tame site, see Proposition 9.13 below. In the next section we will use these
results to analyse the tame cohomology of the tame p-typical de Rham-Witt complex in
positive characteristic.

9.1. We denote by WgQ?% the degree g-part of the big de Rham-Witt complex of a ring
A at the truncation set S, defined by Hesselholt in [Hes15, Theorem BJ. If X is a scheme,
then we denote by WgQ% the étale sheaf on (Sch/X)g associated to the presheaf

(T = X) = WeQ 70 -

For S a finite truncation set, it follows from the fact that Wg(A) — Wg(B) is étale if

A — B is (see [vdK86, Theorem 2.4] or [Borll, Theorem B], cf. also [Hesl5, Theorem
1.25]), étale base change [Hes15, Theorem C], and descent that

['(Spec A, WsQ%) = WsQ¥, for any Spec A — X.

In particular W{l}Qg( is the usual sheaf of absolute Kéahler differentials of degree q. Note
however, that WgQ% is not a complex in general as dd(a) = dlog[—1]da, for a € WgQ%
and dlog[—1] does not vanish in general. If X is an [F,-scheme, then

W{l’pw.7pn—l}9g( = W, Q%

is the degree q and length n part of the p-typical de Rham-Witt complex of Bloch-Deligne-
Mlusie [11179], see [Hes15, Remark 4.2(c)]. Furthermore, in this case the big de Rham-Witt
complex at a general truncation set decomposes as a product of p-typical ones, see [HMO1,
Corollary 1.2.6].

Lemma 9.2. Let A be a ring and I C A an ideal. Then the kernel of the natural surjection
W2y — WSQZ/I is the graded ideal Jg which in degree q is given by

J§ = WD) WS + d(Ws(D) - Ws ™),
where Wg(I) := Ker(Wg(A) - Wg(A/I)).
Proof. This is a version of [GH06, Lemma 2.4] for the big de Rham-Witt complex. Note
that by the Leibniz rule [Hes15, Definition 4.1 (i)] we have
(9.2.1) J& =Ws(I) - WsQ + d(Ws(I)) - W

We use this presentation of Jg in the following. We get a functor from truncation sets to
anticommutative graded rings S — Wg§)% /J§ and as in loc. cit. it suffices to show that
the differential d, Frobenius F,,, and Verschiebung V;, on W_£2% induce well-defined maps
on W_% /J*. Indeed, in this case the natural surjection of Witt complexes W_Q% —
W_Q% /1 induces a surjection of Witt-complexes W_Q% /J* — W_Q s and the universal
property of the de Rham-Witt complex yields the inverse map.
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Every element in Jg can be written as a sum of elements

Va(la]) - B and  dV,([a]) - B,

where 3 € W2, a € I, [a] € Wg/,,(I) denotes the multiplicative lift of a, and V}, is the
nth Verschiebung. By [Hes15, Definition 4.1 (i)] we have

(9.2.2) d(Va([a])B) = dVu([al)B + Va(la])dp

and

d(dVy([a])B) = dlog[-1]dVy([a]) 8 — dVn([a])dB = —dVy([a])(dlog[—1]8 + dB).

Hence d(J%) C Jit!. As F, : W — We/mS2% (m > 1) is a ring map which restricts
to a map Wg(I) — Wg/,,, (1) the containment Fy,(Jg) C S/ follows from

(9.2.3)
FndVy([a]) = idFp, Vi, ([a]) + Fm, Vi, d([a]) + (¢ — 1)dlog[—1] Fipn, Vi, ([a])

= idVy, ([a™]) + jVa, (la]™ " dla]) + (¢ = 1)Vn, ([a] ™ )dlog[~1]
= idV, ([a™]) + Vi ([a]™ 1) dViy, ([a]) + (¢ = 1 = jiny + j) Vi, ([a] ™ )dlog[~1],

where ¢ = ged(m,n), m = emy, n = cny, and i,j € 7Z satisfy im + nj = c¢. Here
the first equality is the third equation in [Hesl5, Lemma 4.3], the second equality uses
V. Fy = FyV,, for (r,s) = 1, Fs([a]) = [a)®, and Fy(d[a]) = [a]*~'d[a], and the third equality
uses F,.dV,(la]) = d[a] + (r — 1)dlog[—1] - [a], F,(dlog[—1]) = dlog[-1], and V,.(F,.(z)y) =
zV,(y), see [Hesl5, Definition 4.1, Lemma 4.3]. (If m; = 1 we can choose i = 1 and j =0
and deduce from the second equality that F,,dV;,([a]) lies in J§ /m.) It remains to show
Vin(J$) C J7 for any truncation set 7" with T'/m = S. From (9.2.2) and V,,d = mdV,, we
see that it suffices to show V},(af) € J7, for any a € Wg(I). As by construction of the big
de Rham-Witt complex a form f is a sum of elements bydb; - - - dby with b; € Wg(A) and
since aby € Wg(I) it suffices to consider elements 5 = dby - - - dby. As db; = Fp,dVp,(b;) —
(m — 1)b;dlog[—1] and dlog[—1] - dlog[—1] = 0 [Hes15, Lemma 4.3] we find

adby - -+ dbg = alFm (dVm(b1) - - - dVim(bg))

— (m—1) zq: abiFy | dVi(by) - - dlog[—1] - - dVp (by)

i=1 S
ith spot
Thus Vp,(adby - - - dby) € J7 follows from the formula Vi, (xFp,(y)) = Vin(x)y. This com-
pletes the proof of the lemma. O

In the following, the truncation set S is always finite.

9.3. Let (A,m4) be a local ring with residue field K = A/m4. Let v be a valuation
on K with valuation ring O, and set A=Ax x O,. Note that m4 is a prime ideal of
A. In this situation, we define WSQ%(log) to be the degree g-part of the graded WSQZ—
subalgebra of WgQ* generated by forms dloga], with a € A, where [a] € Wg(A) denotes
the multiplicative lift.

This extends the definition of Q%(log) from 8.4(4). Note that WSQ%(log) = Wg(A).
Moreover, d, F,,, and V,, restrict to maps on W_Qj‘a(log). Indeed for F,, this follows from
the fact that F,, is a ring map and the formula F,dlog[a] = dlog[a]; for V,, this follows
from the latter formula and the F,-linearity of V,,; for d this follows from the Leibniz rule
and the formula

(9.3.1) ddlog[a] = —dlog[a]dlog[a] 4+ dlog[—1]dlog[a] = 2dlog[—1]dlog[a] = 0,

where the first equality uses Leibniz rule and dd[a] = dlog[—1]d[a] and the second equality
uses d[a]d[a] = —dlog[—1]Fyd[a] = —[a]dlog[—1]d[a].
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Lemma 9.4. Let A,my, K = A/mA,v,A be as in 9.3 above. Let A — B be an étale local
homomorphism of local rings. Then B/mAB s a valuation ring Oy, which is unramified
over O, and B=0B X1, Ow, where B = B ® 5 A is a local ring with mazimal ideal maB
and residue field L = Frac(Qy). Moreover, Wg(B) is a faithfully flat étale Wg(A)-algebra
and multiplication induces a canonical isomorphism

(9.4.1) Ws(B) @y 1) W (log) = WsQ% (log).

Proof. By assumption O, = A/my — B/muB is an étale local homomorphism and it
follows from the arguments in [GR03, Remark 6.1.12(vi)] that B/m4B = O,, is a valuation
ring, which is unramified over O, by [GR03, Lemma 6.2.5]. In particular, O,, is the integral
closure of O, in L and hence L = K ®p, O, = A® ; B/mAB. It follows that B = A® ; B
is a local ring with maximal ideal A ® ; m 4B = myB, where we use for the last equality
that A = flm , is a localization of A. On the other hand as B is flat over A and my is
an ideal of A we have my ® 3 B = mAB’. Thus myB = mAB. The commutative diagram
with exact rows

3 B/mABHO

|

0 ——=myB—— B x1, O, Ow 0

0—>mAB

therefore yields B =B x L Ow.

As already noted in 9.1, the ring Wg(B) is an étale Wg(A) algebra. It is also faithfully
flat if we show that Spec Wg(B) — Spec Wg(A) is surjective. Let p = char(O,/m,).
Then A is a Zp)-algebra and hence it suffices to show that Spec W, (B) — Spec W,(A)
is surjective for all n > 1, e.g., [Hesl5, Proposition 1.10]. By [Borll, 8.1 Proposition]
there is an integral ring map W), (fl) — Wn_l(fl) x A with nilpotent kernel and which is
functorial in A. Thus the induced map Spec(W,_1(A) x A) — Spec W,,(A) is surjective,
and similarly with B instead of A. As Spec(W,_1(B) x B) — Spec(W,_1(A) x A) is
surjective by induction, we see that Spec W,,(B) — Spec W,,(A) is surjective as well.

Finally, we show that (9.4.1) is an isomorphism. Consider the composition

Ws(B) ®WS(A) WSQ%(log) — Ws(B) ®Ws(/i) Wsﬂ% = Ws(B) ROwWg(A) WSQZX = WSQqB

where the first map is injective as Wg(B) is flat over Wg(A), the second map is an iso-
morphism as Wg(B) = Wg(B® ; A) = Ws(B) By () Wg(A), see [Borll, 9.4 Corollary],
and the last map is an isomorphism by étale base change, see [Hes15, Theorem C]. Hence
(9.4.1) is injective and by étale base change for B/A it remains to show that the elements
dlog[b], for b € B*, are in the image of (9.4.1) for ¢ = 1. Let b be the image of b in O,,. As
Ou/Oy is unramified we find a € A* and u € B* such that b = aa. Thus b = au(1 + ¢),
for some ¢ € mp. Hence

dlog[b] = dlog[a] + dlog[u(1 + ¢)].
Clearly the first summand lies in the image of (9.4.1) and as u(l +¢) € B* the second
summand lies in WSQ% and therefore also in the image of (9.4.1) by étale base change for
B/A. This completes the proof. O

Definition 9.5. Let X < X be a quasi-compact open immersion between qcgs schemes.
We denote by WgQ%! the tame sheaf on (X, X); associated by 8.1 and Proposition 8.2 to
_ q q
B = {Wsﬁogm (log) C WSQO%L}(L,w,a)GVaI}~
Considering only the tame extensions over the generic points of X and discrete valuations
yields the tame sheaf WgQ9%? see 8.1(3). Note WgQdt C WgQadiv,
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If S = {1}, these sheaves are equal to the sheaves Q%! and Q%% defined in 8.4(4) and
if S ={1,p,...,p" '} these sheaves are equal to the sheaves W, Q%! and W, Q%% defined
in 8.4(5). By the above W_Q**(U, U) and W_Q*%* (U, U) are Witt complexes over O(U),
in the sense of [Hes15, Definition 4.1], for all (U,U) € (X, X);.

We aim to give a more explicit description of WgQ4* and WgQ9% in various situations
of geometric and arithmetic interest. This requires some preliminary work.

Lemma 9.6. In the situation of 9.3, let Jg be the kernel of V\‘/SQZl — WSQ%. Then the
diagram with vertical maps the natural inclusions

0 J4 W, WeQl ——>0

T |

00— J& — WSQ%(log) — WsQf, (log) —0

1s commutative with exact rows and cartesian square on the right. Moreover,
(9.6.1) Jq = Ws(mA) . WSQ%(log) + d(WS(mA) . WSQZ{l(log)).

Proof. For the first statement it suffices to show J& C WSQ%(Iog). Thus it remains to

show (9.6.1). This ”D>” inclusion follows immediately from Lemma 9.2. As the right hand
side in (9.6.1) is closed under d (by the Leibniz rule and the formula dda = dlog[—1]da) it
remains by Lemma 9.2 to show

(9.6.2) Wg(my) - WsQ?q C Wg(my) - WSQ%(log) +d(Wg(my) -WSQZ{I(IOg)) =: Ig.

We prove this by induction over ¢, the case ¢ = 0 being trivial. For ¢ = 1, we prove for
later use the stronger statement

(9.6.3) We(my) - WsQ}Ll C Wg(my) - Wsﬁh(log) + dW%(mA) =: Hév C Iév,

where W¢(my4) = ker(Wg(my) — my) is the kernel of the restriction map. It suffices to
show that any element of the form V,,([a])dV,,([b]) with a € m4, b € A, and n,m € S, lies
in HL. Asmy C A, we may assume b € A\ my = AX. We have

Vin(la])dVi([b]) = Vin(la] FrndVi ([0]))
= iVim([a]dVn, ([0]™)
+ (¢ = DVin(la]Vny

where ¢ = ged(m,n), m = cmy, n = cny, and i, j € Z satisfy im+nj = c. Here the second
equality follows from the second equality in (9.2.3) (with a there replaced by b here). The
third summand

(¢ = DVin([a] Vi, ([p]™")dlog[—1]) = (¢ = 1)Vinn, ([@™' 0™ ])dlog[-1]
clearly is contained in H é, as is the second summand

3Vm([a] Vi, ([b]mlild[bb) = jVinn ([a™1 0™ ])dlog[b].

+ 3V ([a] Vo, (0™~ d[0]))

)
([p]"™")dlog[—1]),

If n; = 1, then we can take j = 1 and ¢ = 0 and hence when considering the first summand
we can assume n; > 2. Using the Leibniz rule and V,,,d = mdV,,, we can rewrite the first
summand as

iV ([aldVa, ([0]™)) = imdVinn, ([a"6™]) = iV (Va, ([0 ) d[a])
and it remains to show that V;,(V;, ([b]™)d[a]) (n1 > 2) is contained in Hi. We can write
[a] = [a+1] = 1] + Vi (e),
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for some r > 1in S and o € Wg/,(ma). (Note that a lies in Wg/,.(ma) as [a] 4 [1] — [a +1]
maps to zero in Wg(A/my).) Thus
(9.6.4)
Vin (Vo ([0]™)d[a]) = Vi, ([0 0] d[a])
= Vi ([0 [a]™ ™ [a + 1])dlogla + 1] + Vi, ([0 [a] 1V, ().
As nq > 2, the first summand in this last equality is contained in H é Using
AV (a) = Fony Vi, () — (mng — 1)dlog[—1]V,(«),

see [Hesl5, Definition 4.1(iv)], we rewrite the second summand of the last equality in
(9.6.4) as follows

Vi, ([0 [a]™ 1AV, (a))
= Viny (0™ a™ ") dViyr (@) — (mng — 1) Vi, ([bm”a("lfly]a> dlog[—1],

which hence lies in H} as well. This completes the proof of claim (9.6.3).
Now we show (9.6.2) for ¢ > 1, i.e., for a € Wg(m) and 3 € WgQ¥

af € If.

We may assume that 8 = 18,1 with £ € WSQh and By—1 = dby - --dbg—1, by € Wg(A).
By (9.6.3) we find a;,a}, € Wg(my), and v; € Wsﬁk(log) such that

aB = afiBy-1 =Y apiBe-1+ Y d(a;)By1.

Thus by induction it remains to show dadb; ---dby—1 € I%, for a € Wg(my). By the
Leibniz rule and the formula ddx = dlog[—1]dz we find an element v € WSQ?{l such that

dadb - - - dbg—1 = d (adby - - - dby—1) + aydlog[—1],
which lies in Ig by induction. This completes the proof of the lemma. O

Lemma 9.7. Let (L,w)/(K,v) be a finite tame Galois extension of strictly henselian
valuation fields. Then we have the following equality of Wg(O,,)-submodules of WsQ

(9.7.1) WsQd (log) = Ws(Ow) - W), (log) + d(Ws(0y)) - WsQ * (log).

Proof. First note that by étale base change WgQ? — WgQ? is injective. Hence both
sides of the statement are contained in WgQ? and clearly the right-hand side is contained
in the left-hand side. The statement is trivially true for ¢ = 0.

We consider the case ¢ = 1. Let p be the characteristic exponent of the residue
field O,/m,. As (L,w)/(K,v) is a tame extension, [GR03, Corollary 6.2.14] yields:
L = K[bi,...,by] with b]" = a; € K*, ;, > 1 and (p,7;) = 1, and there is an iso-
morphism of the quotient of the valuation groups I'z, /T'x onto Z/rZ®...®Z/riZ, which
sends w(b;) to (0,...,0,1,0,...,0) with 1 sitting at position i. Up to replacing b; and a;
by their inverse we can assume b; € O,, and a; € O,. Set A := 1‘[;?:1{0, 1,...,7;}. We can
write any z € L as z = Y, x/b!, where I = (i1,...,ix) € A, 27 € K, and bl = b’f---b;j.
If z € Oy, then ¢; := x7b! € Oy, for all I. Indeed, we have w(cy) = v(z) + > tjw(b;) in
'z, which maps to the residue class of (i1, ..., ix) under 'y — I't [Tk = €P; Z/r;Z. Hence
all w(cy), for I as above, are pairwise different and therefore 0 < w(z) = minf{w(cy)}.
Thus any element in O,, can be written as a sum of elements of the form zb!, with z € K
and I € A such that zb’ € O,,. By induction over the length of S we see that any element
in Wg(0O,,) can be written as a sum of elements V,,([xb’]) with b’ as above.

Hence to prove the statement in the case ¢ = 1 it suffices to show that the elements

(1) Vi ([zb!])aVi, ([yb?]), for z,y € K>, I,J € A with zb!,yb’ € Oy, n,m € S, and
(2) a-dloglc], for c € L*, o € Wg(Oy),
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are contained in
(9.7.2) Ws(Ow) - WsQg, (log) + dWg(O).

We start by considering the elements of type (1). Set a = xb’, 8 = yb’ and e = ged(m, n)
and write m = em1, n = eny, and let ¢, 7 € Z with im + jn = e. We have

Using the second equality in (9.2.3) to rewrite F,,,dV,,([f]) and using further the relations
Vind = mdVy,, F,(d[a]) = [a]"dlog[a], V,(a)b = V,,(aF, (b)) and the Leibniz rule we find
that the above element is equal to the following element in WSQi

imdVimn, ([V]) = ©Vinn, ([v])dlogla] + §Vinn, ([v])dlog[B] + (e — 1) Vin, ([v])dlog[—1],

where v = a™ 3" € O,,. As rj is invertible in K we have moreover

dlog[a] = dlog[x] + Zz]dlog = dlog[z] + Z ] —dlogla;| € WSQO (log)
Jj=1 "

and similarly with dlog[ﬂ]. Thus the elements of type (1) are contained in (9.7.2). Let
a - dlog[c] be an element of type (2). Let » = 71 ---7k, which is invertible in K. Then
w(c") is mapped to zero in 'y, /T = @?:1 Z/r;Z and thus we find a unit v € O)5 and an
element x € K* with ¢" = uz. Thus

(9.7.3) o - dlog[c] = La - dlog[u] + Lo - dlog[z].

Here the second summand clearly is contained in (9.7.2) and the first summand is contained
in WsQ, , hence is a sum of elements of type (1) and therefore lies in (9.7.2) as well.
This completes the proof in the case ¢ = 1.

For the case ¢ > 1, we denote by R{ the right hand side of (9.7.1). Note R C

WsQf, (log) and dRL™ C R%, as follows from the Leibniz rule and the formula ddz =
dlog[— ]dx From this latter formula and (9.3.1) it also follows that any element in
WSQq (log) which is a product of elements of the form db, with b € Wg(O,), and

dlog[e ], with ¢ € L*, can be written as d(8) + 'dlog[—1] with 3,5’ € WSQ%LQ(log). Thus
any element in WsQ{, (log) is a sum of elements
adf and af'dlog[-1] with o € WsQ}, (log), 8,8 € WsQE *(log).

We show by induction over ¢ that these elements are in RY. By induction we have
af € Rg_l, hence af'dlog[—1] € RY%. By the Leibniz rule adf = —d(afB) + d(o)p
and as d(af) € dR%_1 by induction, we are left to consider the element d(«)f. By the

case ¢ = 1 we know that « is contained in (9.7.2) and hence is a sum of elements by + db/,
with b, € Wg(Oy) and v € WsQy, (log). Thus d(a)f is a sum of elements

d(7)b8 — ~d(B)B + dlog[-1]d(t')5.
By induction b5 € Rq572 and d(b)8, d(V')8 € Rgﬁl. Hence d(a)S is contained in RL. O
For S = {1} we get a stronger statement:
Lemma 9.8. Let (L,w)/(K,v) be as in Lemma 9.7 above. Then
(9.8.1) Q5. (log) = Oy ®o, 24, (log).
Proof. As O,,/0O, is flat, by [Bou98, VI, §3, no. 6, Lemme 1], the map
Ow R0, Q?Qv (log) = Oy ®o, U = L@k Qf = Q}

is injective, hence it suffices to show Qf, (log) C Oy, - Qf, (log). To this end we show
db, dloge € O, - Q?gv(log), for all b € O, and ¢ € L*. Concerning the elements of
type db note that as explained in the beginning of the proof of Lemma 9.7 (and with the
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notation from there) it suffices to consider elements b = xb}! - - -b;j € Oy, with x € K and
W/b; = a; € K*. In this case

db="-dlogh = b-dlogm+ng-dlogaj
J

clearly lies in O, - Q‘(IDU (log). For dlog ¢ the argument around (9.7.3) applies. O

Proposition 9.9. Let A=A X Oy be as in 9.3 and assume additionally that O, is
strictly henselian. Let A — B be a finite étale map of henselian local rings associated to
the residue field extension L/K, which we assume to be Galois and tame with respect to v.
Let w be the extension of v to L and O, its valuation ring and set B=B X1, Ow. Then
we have the following equality of Wg(B)-submodules of WsQ%

WsQL (log) = W (B)WsQ% (log) + d(Ws(B))WsQ?% ' (log).
Proof. Denote by R% the right-hand side of the equality in the statement. The image of
WSQ%(log) under the natural map WgQ% — WgQ? is by definition equal to WSQqu (log),

which by Lemma 9.7 and our assumption is also equal to the image of Rqs in WSQ%. By
Lemma 9.6 it suffices to show that the group

Ws(mp) - WsQ% + d(Ws(mp) - WeQ% )

is contained in R%, where mp = myB is the maximal ideal of B. As RqS is closed under
the differential d it suffices to show

(9.9.1) Ws(mp) - WsQf, € RE.
As we have a surjection Wg(mg ®4 B) - Wg(mp), [Borll, Corollary 9.4] yields
(9.9.2) Ws(mB) = Ws(mA) 'Ws(B).

By étale base change [Hes15, Theorem C]
WsQf = Ws(B) @wga) WsY.
Thus
Wg(mp) - WeQl, = Wg(B) - Wg(my) - WgQ

C Ws(B) - (Ws(ma) - W52 (log) + d(Ws(ma) - Ws € ' (log)))
C Ws(mB) : WSQ%(IOE;) +Ws(B) - d(Ws(ma) - WsQ% " (log))
C RL +Ws(ma) - d(Ws(B)) - WsQ% ™ (log),

where we use (9.9.2) for the equality, (9.6.1) for the first inclusion, (9.9.2) for the second
inclusion, and an application of the Leibniz rule together with (9.9.2) for the last inclusion.
It remains to show

(9.9.3) Ws(ma) - WsQf C R}g.

We prove this by induction over the cardinality of S. For S = {1} this amounts by étale
base change to show that for a € my, ag € A and b € B the element « := abdag is
in mp - Q}l(log). But this is immediate if ag € my C A and if ap € A%, this follows
from « = abagdlogag. Now we assume (9.9.3) is proven for all truncation sets of smaller
cardinality than S. First observe that Vj, : WS/RQ%(log) — WSQ%(log), n € S, induces a
map

Vo : Ry, = Ry,

Indeed, any element in R §/n CAD be written as sum of elements

bodag + bldlog[al] + dbo
= banan(CLo) — (’I’L — 1)b0a0Fn(dlog[—1]) + ban(dlog[al]) + dbo,
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where b; € Ws/n(B), ap € WS/n(fl), a; € A*, see [Hesl5, Definition 4.1, (iv), (v)] for the
equality. By [Hesl5, Definition 4.1 (iii) and Lemma 4.3] this is under V,, mapped to
Vi (bo)dVi(ao) — (n — 1)Vn(boao)dlog[—1] + V;,(b1)dlog[ai] + ndV;, (b2),

which lies in RY. We show the inclusion (9.9.3). By étale base change, (9.6.3), and (9.9.2)
it remains to show
Wg(B) - dWS(my) C RE,
where W9 (my) = Ker(Wg(my) — my). An element in the left hand side can be written
as a sum of elements
bdVy,(a) = dVy(Fy(b)a) — Vy(aF,db),

for b € Wg(B), a € Wg/,(ma), and 1 < n € S. As Fy(b)a € Wg/,(mp), we find
dVy(Fu(b)a) € R§. By induction aF,db € Wgy,(ma) - Wg),,Qp C R}S’/n’ and hence
Vo (aF,db) € RY. This completes the proof of the proposition. O

For S = {1} we get the stronger statement:

Corollary 9.10. Let B/fl be as in Proposition 9.9 above. Then
q —B.0d
Q% (log) = B - Q% (log).
If, additionally A is noetherian, then we also have

Q% (log) = B®; Q% (log).

Proof. In case A is noetherian the ring B is a flat A-module as follows from the argument
in [Hub21 Proposition 11.8] and the fact that in the situation at hand we have B = B® iA
and B is A-torsion free. In the same way as in the beginning of the proof of Lemma 9.8
we see that the natural maps B ® ; i QqA(log) — Q%(log) is injective. Thus it remains to
show the first statement in which we allow A also to be non-noetherian.

By Proposition 9.9 it suffices to show d(B) C Q%(log) CcB- Q}%(log). By Lemmas 9.8
and 9.6 and since mp = my4 - B it remains to show that the group

ma - Q5 (log) + d(ma - B) = maQ5(log) + B - dmy

is contained in B - Q}a(log) This is clear for B - dm4. By étale base change for Q1 p any
element in mAQ}é(log) is a sum of elements of the form abdag with a € myu, b € B, ag € A.
If ay € my, then abdag € B - Q}i(log); if ag € A, then abday = abagdlogag € B - Q}a(log).
Hence the statement. ]

9.11. Let A — B be a finite étale map between henselian local rings corresponding to
a finite Galois extension L/K of the residue fields. Assume K is a strictly henselian
valuation field with valuation v and valuation ring O, and that L is tame over K. Denote
by w the unique extension of v to L and by O,, its valuation ring. By [Bou98, VI, §8,
No. 6, Proposition 6] the ring O, is also the integral closure of O, in L. Hence the
Galois group Gal(L/K) is equal to the decomposition group Aut(O,,/O,). Moreover, as
the category of finite separable field extensions of K is equivalent to the category of finite
local étale A-algebras, we can identify the A-algebra automorphisms of B with Gal(L/K).
Hence Gal(L/K) = Aut(B/A) = Aut(B/A) and BE/K) = A, We denote the ring map
W (B) = Wg(B) induced by o € Gal(L/K) again by o. Hence the usual trace map

Tr: Wg(B) = Wg(4), b— >  ob)
0€Gal(L/K)
restricts to
Tr: We(B )—>W5(A)
Thus the trace

WsﬂqB >~ Wg(B) Owg(A) Wy WSQ
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where the first isomorphism is étale base change, restricts by Proposition 9.9 to a trace
Tr : WsQ% (log) — WsQ%(log),
given by f+— > _o(B).

Proposition 9.12. Let X C X bea quasi-compact open immersion between qcgs schemes.

Then
) W
WeQot (X, X) = Ker | WeQ9(X __ 0 k@)

SOMC ) = Ker | W00 = [T e |

(z,v,e)€Spa(X,X) v

. N W

WeQo% (X X) = Ker | WeQI(X __ 0 k)
S ( ’ ) €r S ( )_> H WSQC(IQU(IOg)

(n,v,e)ESpa(X, X )div
where the map into the products is induced by restriction along Spec k(z) — U, O, C k(x)
is the valuation ring defined by v, and Spa(X,X)% " denotes the subset of Spa(X,X)
consisting of triples (n,v,e) with n a generic point of X and v a discrete valuation.

Proof. This” D” inclusion follows in both cases directly from the definition and the equality

X k(z),0
see Lemma 9.6. For the other inclusion, let a € WgQ®!(X, X) (resp. WgQ@4 (X, X)) and
take (z,v,¢) € Spa(X,X) (resp. Spa(X,X)di”). By Definition 8.1 and Lemma 2.1 there
exists a finite tame Galois extension (L,w)/(K = k(z),v), such that ar, the pullback
of a along Spec O?(,L — X, lies in WsQ,  (log). Let L™ and K*" be the strict

X,L,w
henselizations, so that L*"/K*" is a finite Galois extension of degree 7, which is prime to
the residue characteristic of K", Thus (9; Ksh O" ., is a finite étale extension as in

X,Ls
9.11 and thus

agsn = Tr(tapa) € WsQ7, (log).
X,K‘Sh,v
By Lemma 9.4, the map V\VS((’);’~< ko) = WS((’);E( csh ) 18 faithfully flat and we have
q _ h q
WSQO?},KSh’U (1Og) - WS(OXJ(sh’U) ®WS(O§,K,1;) WSQO;E(,K,H (log)7

thus descent yields ax € WSQ‘(IO}L (log). As this is true for all (z,v,¢) € Spa(X, X), the
X,K,v

element a is contained in the respective right hand sides of the statement. O

Proposition 9.13. Let (A,my) be a local ring with residue field K = A/my. Let v

be a valuation on K with valuation ring O, and set A = A xg O,. Set (U,U) =

(Spec(A), Spec(A)). Then for g >0
WsQ (U, U) = W (log).
Proof. This ”C” inclusion holds by Proposition 9.12 and Lemma 9.6. For the other in-

clusion, let (x,v,e) € Spa(U,U). It corresponds to ring maps A — k(z) and A — O,,
which induce a morphism WsQ% (log) — W5, (log). Hence this inclusion WsQ% (log) C

WsQot (U, U) follows from Proposition 9.12. O
Ezample 9.14. Let C be an integral, regular scheme of dimension 1. Let o : C' — C be a
dense open subscheme and denote by j : (C,C); — Cza, the natural morphism of sites.

(1) Assume the image of C'— SpecZ is a single point. Then there is a canonical exact
sequence

(9.14.1) 0= WsQ% — . WsQ®! — EB i Wl ) =0,
zeC\C
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where i, : Spec k(z) — C' is the closed immersion defined by .
Indeed, we have an exact sequence

W
W . (@)
zeC\C Cx

As C is defined over a field the big de Rham-Witt decomposes as a product of
p-typical de Rham-Witt - or classical de Rham complexes and hence this sequence
follows from the structure results in [I1179] together with the fact that locally C'is a
limit of schemes, which are smooth over the prime field, by Popescu’s Theorem. By
Proposition 9.12 there is a similar sequence for j,WgQ%!, where the denominator
on the right hand side is replaced by WSQ% x(log). Here we note that it suffices to

take the product in the statement of this proposition over all (1, v,¢) € Spa(C, C)
with n € C the generic point and such that € : SpecO, — C, has center in a
(closed) point of C'\C, say . But in this case we have inclusions Oc . C Oy Ck(C)
and as (9@’ , 18 a discrete valuation ring of rank one, it is a maximal subring of
k(C) and hence O, = Og - Putting the two sequences together an application of
the snake lemma gives the exact sequence (9.14.1) with the right term replaced by

EBJ;WSQQ . (log) /WSQ L . The residue map, e.g. [Riil07, Definition 2.11], gives an
Ot
isomorphism
W0l
= o (l0g) ~
q . G
Resg : WSQ%I - WSQk( )

For this one has to identify the completion of Op , with k(z)[[t]], which requires
the choice of a local parameter and a coefficient field. It is however not hard to
show that since we only consider log-poles the residue map is in fact independent
of these choices. This yields the exact sequence (9.14.1).

(2) Assume C' — SpecZ is finite, i.e., C is the spectrum of the ring of integers in a
number field K. Then for ¢ > 1.

7 WsQP" = o, WsQZ,.

Indeed, in this case WgQ% = Wg(K) Ow(Q) WSQé =0, for ¢ > 1 and hence the
above equality follows directly from Proposition 9.12. If C is étale over Z, this
vanishes for ¢ > 2, by [Hes15, Theorem 6.1] and étale base change.

Proposition 9.15. Let T' be a normal noetherian scheme, X — T a smooth morphism,
and X C X a dense open, such that X \ X is the support of a simple normal crossing
divisor D over T (i.e., all intersections D;, N...N D;. of the irreducible components of D
are smooth over T ). Let j: (X, X)y = Xyar be the natural morphism of sites from above.
Then
q,t q,div q
Q/T = ]*Q/T QX/T(logD).
Proof. We may assume X is integral. Clearly, we have the inclusions
b 7d
Q?(/T(log D) c ]*Q‘/IT C ]*QjTW

and the equality

Qi(/T(logD):Ker X/T—> EB 1 T/QX /T(logD) :
zeD©)

where 7 € X is the generic point. Thus it remains to show: Let R be a ring and (K, v)

a discrete valuation field, such that O, is an R-algebra. Let a € QK /R and assume
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there exists a finite tame Galois extension (L, w)/(K,v) such that ar, € Qf, (log). Then
a € Q%v/R(log).

To this end, we may assume by étale descent that (K, v) and (L, w) are strictly henselian.
We have a surjection Qf, (log) — Q‘ggw / r(log) and hence by Lemma 9.8

Q%W/R(log) =0y - Q%H/R(log).
Hence the trace from 9.11 for S = {1} also induces a trace for relative differentials
Tr: Qéw/R(log) — Q‘(I%/R(log).

Denoting by e = [L : K] the degree, which is prime to the residue characteristic of O,,, we
obtain a = 2 Tr(ay) € Q%U/R(log). This completes the proof. O

10. TAME DE RHAM-WITT COHOMOLOGY IN POSITIVE CHARACTERISTIC

Throughout this section k is a perfect field of positive characteristic p, X is a smooth
k-scheme of finite type and X < X is a dense open immersion into a separated and finite
type k-scheme X. By Definition 9.5 we can consider the tame (p-typical) de Rham-Witt
complex W, Q** and the divisorial version W, Q%% on (X, X )t

We set X = (X, X') and denote by j : (X,X')t — Xy the morphism of sites induced
by the functor (V € X) — (VN X,V).

Proposition 10.1. Assume X is smooth and the complement X \ X is the support of a
simple normal crossing divisor D. Then

j*Wan’t = j*WnQ%dw = WnQ?{ (log D)>

where the right hand side denotes q-forms of the logarithmic de Rham-Witt complex, as-
sociated to the smooth log scheme (X, j,O0% N Ox), see [HK94], [Mat17].

Proof. For definiteness, we set

q P q
WHQX (log D) T WnA(f(,M)/(Spec k,triv)

with the notation from [Mat17, Proposition-Definition 3.10], where M = j,0% N Oy is
the log structure defined by D and we equip the base Spec k with the trivial log structure.
If U is a smooth k-scheme and z € U is a 1-codimensional point such that its closure D,
in U is smooth, and L is the fraction field of Oy, (resp. the fraction field of its strict
henselization at a geometric point Z over x) and w is the discrete valuation defined by = on
L, then it follows from étale base change and [Mat17, Corollary 4.4] that the Zariski stalk
at z (resp. the étale stalk at 7) of W, (log D,) is equal to W, ¢, (log). Furthermore, it
follows from the explanations in [Mat17, 9.] and [I1179, I, Corollaire 3.9] that WanZ(log D)
is a successive extension of locally free O ¢-modules and hence is Cohen-Macaulay. Thus
Wnﬁgz(log D) = jW,Q9% by Proposition 9.12 with S = {1,p,...,p""'}. Thus also
J W, Q48 C Wan~< (log D). On the other hand it follows from the local description of
Wanz(log D), given by [Mat17, Corollary 4.4] and étale base change, that the pullback
of a local section « € Wnﬁzz(log D) along (Spec L, Spec O,) — (X, X), with (L, w) a
valuation field, lies in W,Qg, (log). Hence the inclusion WnQ?{(log D) C j.W,Q4t. O

10.2. Consider the following condition:

(princ)g Assume (X, D) is a normal crossing pair of dimension d, i.e., X is a smooth integral
k-scheme of dimension d and D is a divisor on X which has simple normal cross-
ings. Assume further that Z € X is a closed (possibly non-reduced) subscheme of
codimension > 2 which is contained in D. Then there exists a finite sequence of
morphisms

W:Y:Xnﬂ))?n_l—)...—)Xng():X,
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such that
(a) each (Xj, D;) is a normal crossing pair, where Dy := D and D; = 7rj_1(Dj_1)red,
J=1
(b) each 7;, 1 < j < n,is the blow-up in a smooth closed subscheme C;_1 C X;_1,
which has normal crossings with D;_1,
(c) each Cj, 0 < j <n—1is contained in Z;, where Zy := Z and Z; is the strict
transform of Z;_; under =,
(d) #='Z is an Cartier divisor on Y.
Recall that given a normal crossing pair (X , D), we say that a closed subscheme
C C D has normal crossings with D, if for every point x € C we find a regular
parameter sequence t1,...,t, € Ox, such that the ideal of C at z is given by
(t1,...,tp) and D is at = given by div(tg---t.) with 1 <a<b<c <.
It is well-known that (princ)y holds for 0 < d < 2, see e.g. [Stal6, Tag OAHH]; in
characteristic zero it holds by Hironaka. Notice that (princ)y is trivially satisfied if D = ().

Theorem 10.3. Assume X is smooth and the complement X \ X is the support of a
simple normal crossing divisor D. Assume (princ)q holds for d = dim X. Then

RD((X, X)s, Wn2') = RT (X705, Wy 2% (log D).

Moreover, setting
waQst .= Rlim W, 0%t
n

we get R R
RF((X7 X)t7 WQ.’t) = erog-crys((X’ D)/W(k))7
where the right hand is logarithmic crystalline cohomology, [HK94]:

R tog-crys((X, D) /W (k) = RUm R tog-crys((X, D)/ Wi (k).

Proof. For the first statement, observe that by Proposition 10.1 we have a natural map
W, Q% (log D) = G VR0 — Rj W, Q00

It remains to show that this yields an isomorphism after applying H i(XZar, —). By The-
orem 7.2 we have
H' (X, X)e, W) = limg H' (Y, 7 W, Q0),

y—-X
where the direct limit is over all modifications J = (X,Y) — X. Under (princ)y modifi-
cations as in (princ)y are cofinal in the cofiltered category of all modifications to X, see,
e.g., the argument in the proof of [Stal6, Tag 0AHI]. Using further that étale- and Zariski
cohomology of WnQ?( (log D) coincide, we obtain

H'((X, X)1, W) = 1im H* (Var, W22 (log D)),
Y—-X

where the limit is over modifications induced by morphisms 7 : Y — X as in (princ)y and
and where D’ := 77(D);eq. The pullback

7 2 H'(Xzar, W% (l0g D)) = H'(Xzar, Wy (log D))
is an isomorphism by [Sai2l, Theorem 5.2] and the fact that with the notation from loc.
cit. the Nisnevich sheaf given by U + wCIW,Q9(U, Dyy) is equal to WnQ?((log D). For
q = 0, this follows from [RS21, Theorem 4.15(4) and Theorem 7.20], for ¢ > 1 this holds
by [RR24, Theorem 5.4 and Remark 5.5(3)] or the proof of [Mer25, Theorem 4.4]. This
yields the first statement.

Considering the total complex of the double complex (... — RI'((X , X)), W Qo) 4
RU((X, X), W,Q4+18) — ) and applying Rlim yields the second statement. O
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Remark 10.4. Let (X, X) be as at the beginning of this section with X integral of dimension
d. Assume (princ)y and assume resolution of singularities hold in dimension d, in the sense
that for any finite type and separated k-scheme Y of dimension d and every reduced closed
subset Z C Y such that Y \ Z is smooth, there exists a proper morphism f :Y; — Y
which is an isomorphism over Y \ Z, such that Y] is smooth over k£ and f'*l(Z )red has
simple normal crossings. Then we have

. q7t R (],t
(10.4.1) R117<_1LanQ —%anQ :

ie., R lim W,Q%9t =0, for all i > 1.
Indeed by resolution of singularities every object of (X X )¢ has a covering consisting

of pairs (V,V) with V smooth and affine, such that V \ V has simple normal crossing
support. For such pairs we have

H7((V f/)t’ Wan’t) =0, foralli>0,

by the first statement of Theorem 10.3, which uses (princ)g. Moreover, the restriction
maps W, 11Q(V, V) — W,,Q%*(V, V) are surjective by Proposition 10.1, whence (10.4.1)
holds by [Stal6, Tag 0BKY].

Remark 10.5. We remark, that if £ = C, then (princ)y holds for any d and the same proof
for Theorme 10.3 together with [Del71] shows in case X is proper

RT'((X, X)t,Q/C) RT'Betti (X (C), C),
where we use Proposition 9.15 instead of Proposition 10.1.
Definition 10.6. Following [LZ07, after Definition 2.1]® we define the rth tame Nygaard

complez of level n on (X, X); (r > 0) by

NTW,Q% 0 = W, 0t S S, or-tt Yoy grt 4oy qrelt

We obtain a pro-complex N W.Q*! in which the transition maps are induced by restriction.
We set
NTWQSt = RL/\/’T W,
We have two morphism of pro-complexes
try B s NTW.Q® — WO
which in degree ¢ are given by
{pr_q_lV ifg<r—1 I
i

1=
id ifqg>r, "

r

id ifg<r—1

piT"F ifg>r.
It is direct to check that these define morphism of complexes, cf. [LZ07, (5)]. We define
the rth tame syntomic pro-complex on (X X); as

Z/p'(r)t = Cone(F, — 1, : NTW.Q%" — W.Q%")[~1],
and the rth tame syntomic complex by
— RlmZ/p'(r)’

Definition 10.7. Let W, log4 be the sheaf on X of logarithmic de Rham-Witt differ-
entials of degree r, e.g., [11179, I, 5.7]. We define a presheaf Wan(’); on (X, X); by

rt r
W, Qlog(v V) - F(‘/’ WTLQX,log)'
3See also [LZ07, Proposition 4.4] for the relation with other definitions of the Nygaard complex in the
non-tame setup.
4Also denoted by vy (r) or v in the literature.
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It follows directly from the definition, that W, Qr’t coincides with Fjg, where F' = Wy, Q' |,
and 8 = {F, C F(OEL(,L)}(LweeValsX) with F,, = F(OX 1) in the notation of 8.1. Hence
Wan(’); is a sheaf on (X, X);.

Theorem 10.8. We have an isomorphism of pro-complexes (X,X)t
LIy (r)! = W[

Proof. This is the tame version of [BMS19, Proposition 8.4]. Indeed, i} (resp. F}) is
nilpotent in degrees < 71 (resp. > r) and hence ¢, — F,. is an isomorphism of pro-complexes
in degrees # r. It remains to show that

id— F: w.Q"t — w.Qn
is surjective on (X, X) with kernel WQ;Z(;g By Proposition 5.2, Remark 5.6, and Proposi-

tion 9.13 it suffices to show that the sequence
(10.8.1) 0 — WG 1oy — W25 (log) 55 W05 (log) — 0

is exact for henselian local rings (A, m) with a valuation v on the residue field KX = A/m,
such that A is ind-étale over X, (K, v) is tamely closed, and A = A x g O,. As (10.8.1) is
a subsequence of the sequence

0 — W) jop — W2 AE W,

which is exact by [I1179, I, Théoreme 5.7.2], we get that the sequence (10.8.1) is left exact

as well. As A is strictly henselian, the map WQT d-F, WQ is surjective, by loc. cit.

Thus the formula F'dlog[z] = dlog|x] yields the rlght exactness of (10.8.1). O

Corollary 10.9. There is a natural cycle map
(10.9.1) CH"(X,2r —i) — H'((X, X)i, Zp(r)") — H((X, X);, WQ™!

), where the left hand side denotes Bloch’s higher Chow groups. This map is functorial
with respect to pullback along k-morphisms (Y,Y) — (X, X), with Y a finite type separated
k-scheme and Y CY a dense open which is smooth. This map vanishes for r > i.

Moreover, ifj( 18 smooth and proper over k and i = 2r, then this cycle map fits into a
commutative diagram

CH"(X)

H,yo(X /W (K))

|

CH"(X) — H"((X, X);, WQ*h),

where the top horizontal map is the classical crystalline cycle map, the left vertical map
is restriction along the open immersion X < X, and the right vertical map is induced
from the identification Crys(X/W( ) = H((X,X):, WQ*t) stemming from Theorem
10.3 and pullback along (X, X) — (X, X).

Proof. We denote by Z(r)x Bloch’s complex of Zariski sheaves U — 2" (U, *)[—2r] [Blo86],
which is an avatar of the motivic complex of weight 7. Let i : ¥ = X \ X — X be the
closed immersion, and denote by o : X < X the open immersion and by ¢ = codim(Y, X)
the codimension. Consider the following composition of maps between pro-complexes
Z(r) 5 . N . . .
7 (TTY — 0. Z(r)x = 0 L/p (r)x = oWy jog[—r] = 1IWVQL (7] = RiZ/p (r),
where the isomorphism in the middle is [GL00, Theorem 8.3], the equality holds by defini-

tion of W, Qﬂ;g, and the last map is induced by Theorem 10.8. Applying R@RP(X =)

and using RT'(Xzar, - o Z(z))~ ) = I'(X,Z(r)x ), which holds by [Blo86, Theorems (3.3) and
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(3.4)] together with [Blo94], we get the first map in (10.9.1). The second map is the
composition

H'((X, X)i, Zp(r)") = H'((X, X), REmN"W, Q") =5 H'((X, X), Rlim W,Q"").

This completes the construction of the cycle map. The other statements follow immedi-
ately from this construction. ([l

11. TAME SHEAVES ASSOCIATED TO RECIPROCITY SHEAVES

11.1. We explain how to apply the construction 8.1 to reciprocity sheaves. Let k be
a perfect field of characteristic p > 0 and let X < X be an open immersion between
separated finite type k-schemes such that X \ X is the support of an effective Cartier
divisor and X is smooth over k. Set X = (X, X).

Let F be a reciprocity sheaf in the sense of [KSY22], see also [KSY16]. In particular it is
defined on Smy, the category of smooth separated k-schemes. We denote by wCIF the max-
imal cube-invariant and semipure modulus sheaf with transfers, which has M-reciprocity
and extends F', see [Sai2l, (1.0.4)]. In the following we assume that F' additionally defines
a sheaf on Xg.

Let (L,w,e) € Val%. We say a discrete valuation v on L is of geometric type over k, if
there is some smooth integral k-scheme U with function field L and some point y € U™,
such that O, = Op,. We say such a discrete valuation v is a genemlization of w, if U and
y can be chosen in such way that Spec L — X extends to U — X and the _image of the
closed point of Spec @, in X is contained in the closure of the image of y in X. We denote
by ®,, the set of all discrete valuations of geometric type over k on L generalizing w. For
v € &, we denote by L” and O the henselizations. By taking colimits over geometric
models we can define

F(Ly) and wF(O},m,"),

where m,, denotes the maximal ideal of O". In particular wCTF (O m;1) is a colimit of
groups of the form wClF(V, D), where V is smooth and affine with a morphism V — X

and D is a smooth divisor on V.
Define log F'(w) to be the subgroup of F'(L) given by

(11.1.1) logF(w):Ker< =l ch ))

VED,,

and set

log Fyy := F(O% 1) X p(z) log F(w).
We claim, that

Biog = {log Fuy C F(O% L) H(Lw,e)evars,

satisfies the assumption (31) of 8.1. To this end it suffices to show that if f: V; — V is a
morphism and D is a smooth divisor on V, such that Dy := [ 1(D),eq is a smooth divisor
and V; \ D; — V \ D is étale, then f*: F(V \ D) — F(V; \ D) induces a morphism
WwCIF(V,D) — wC®Y(Vi, Dy), which is a consequence of [Sai2l, Theorem 4.2]. Thus we
obtain a sheaf F| Bree on (X, X);. This construction yields a functor

RSCx,, — Sh((X, X)), F > Fypee,

where RSCy,, = RSChnis N Sh(Xg) is the category of reciprocity sheaves which are also
étale sheaves on X.
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Lemma 11.2. Assume X is smooth and X\X s the support of a simple normal crossing
divisor D. Let F be a reciprocity sheaf which is also a sheaf of Z,)-modules on X¢ and

assume that for alln € D) the natural map

(11.2.1) RO ) S PG X g wTF(OF my )

is an isomorphism, where K,(7 S _ Frac((’)gj):;)
Then with the notation from 11.1

Fppee(X, X) = 0 F(X, D).

Proof. We start by showing this O inclusion. Let a € wCIF (X, D) € F(X). Let (z,w,¢) €
Spa(X, X). It suffices to show that ai(e) the pullback of a to F'(k(z)) lies in log F'(w) as
defined in (11.1.1). But for v € ®,, we have a natural map Spec O — X and it follows from
[Sai21, Theorem 4.2], that this map induces a morphism wCIF(X, D) = w0 m; ).
Hence ay,) € log F(w). Now the other inclusion. Let a € Fgfgg(X,X). By [Sai21,
Corollary 2.5] it suffices to show that for each generic point 7 of D the pullback of a to
F(Kf?”), where K = k(X), lies in gCIF((’)gi(’n, m;l). Let v be the discrete valuation on K

corresponding to 7, giving rise to the point (1, v,¢) € Spa(X, X), where ¢ : Spec Oz 0 X
is the natural map. By definition of Fgrec we find a finite tame extension (L,w)/(K,v)
such that

h
ar, € log F, = log F(w) = Ker (F(L) — wCIFJ’:(gh w) _1))

where we use that w is already a discrete valuation of geometric type over k on L and
hence ®,, = {w}. We have a finite morphism of pro-modulus pairs (see [RS21, Lemma
3.8]) f: (Spec O e - s,) — (Spec (’)Sh ,77) where s,, denotes the closed point and e is
the ramification index, which is also equal to the degree of f. The transfer structure thus
induces a pushforward

fo: wDFOF my ) € wTF(O3 my) = TR0 m ).

By tameness, (e,p) = 1 and hence

afcsn = %f*(aLfﬂh) € QCIF(C’)}}L,U,m;l).

Thus an € QCIF(O?( ,m_1), by (11.2.1), which completes the proof. O

Theorem 11.3. Let F' be a reciprocity sheaf and fiz integers i,d > 0. Assume for any
normal crossing pair (Y, D) with dimY = d,

(a) the assignment UJY — wCLF(U, Dyyy) defines an étale sheaf of Zp)-modules on Y,

denoted by F()~,7D), i

(b) Hz( éty (Y,D)) - HZ(YNimF(f/,D))-
Assume X is smooth of dimension d and D = X \ X is an SNCD. Assume 10.2, (princ)y
holds. Then

H'L((X7 X)t, FﬁlrggC) = H'L(XNiS, F(X,D))

Proof. Under (princ)y the modifications as in (princ)y are cofinal in the cofiltered category
of all modifications to X, see, e.g., the argument in the proof of [Stal6, Tag 0AHI|. Thus

(11.3.1) H' (X, X))y, Fgpee) = lim H' (Yey, ¥ Fapee) = Ly H' (Yxis, Fiy )
YV—-X YV—-X

where the direct limit is over all modifications Y = (X,Y) — X as in (princ)y. The
first equality holds by Theorem 7.2, and the second equality by assumptions (a), (b), and
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Lemma 11.2. Thus it remains to prove the colimit on the right is constant. Let 7 : Y — X
be a morphism as in (princ)y and set D’ := 7~ 1(D),eq. In this case the pullback

T* - HZ(XleaF(X7D)) — Hi(?NiS7F(}~/7D/))
is an isomorphism by [Sai21, Theorem 5.2], hence the statement. ]

Ezample 11.4. The following reciprocity sheaves satisfy the assumptions (a) and (b) of
Theorem 11.3:
e (G a smooth unipotent commutative k-group, as in this case wCIG(f/’ Dyed)
as follows from [RS21, Theorem 5.2];
o (Y J1» as follows from the description of QCIQ% in [RS21, Corollary 6.8] (if char(k) =
0) and in [RS22, Corollary 6.8] (if char(k) > 0);
o W,09, if char(k) = p > 0, as follows from the description of wCTW, Q?Y Deud) in
[Mer25, Theorem 4.4] or [RR24, Theorem 5.4]; N
e B, = F*1qW, 0% and Z,Q4 = F "Wpn+1027 as follows from [RR24, Corollary
6.16] (still assuming char(k) = p > 0).
Note that by [CR11, Theorem 3.2.8] the cohomology RI'(X, ) is a birational invariant
and hence so is RT'(X,W,,0%) (using [BRS22, Proposition 9.10]). Thus in this case the
direct limit in (11.3.1) for general modifications ) — X stabilizes as soon as the following
condition is satisfied for d = dim X:

= GY’

(res)y For Y an integral and separated finite type k-scheme of dimension d with a dense
smooth open subscheme Y C X, there exists a proper morphlsm f:Z—Y,such
that its restriction f~1(Y) = Y is an isomorphism and f~*(Y \ Y );eq is an SNCD.

If char(k) = 0, then (res)y holds for all d by Hironaka; if char(k) = p > 0, then (res)q
holds for 0 < d < 3. For this first take a resolution & : ¥; — Y, such that r=HY) =Y is
an isomorphism, see [CP19, Theorem 1.1], then apply [CJS20, Theorem 1.4] (with B = ()
to get a projective morphism g : Yo — Y such that g H(Y) =, Y is an isomorphism and
g (Y \Y)ted = AUE with E a simple normal crossing divisor and A smooth intersecting
FE transversally, then blow-up once more in A to get f : Z =Y asin (res)gq.

In particular for X as in Theorem 11.3 with dim X < 3 we get

RT((X, X);, W, 0') = RT(X g, W,,0),

a version of which was obtained in [Hiib21, Theorem 13.7] for n = 1 and where the left
hand side is replaced by the cohomology of a discretely ringed adic space.

12. COMPARISON WITH THE TAME SITE (X/S); FROM [HS20]
Let X — S be a morphism of schemes.

12.1. Recall that the tame site (X/S); from [HS20, Definition 2.3] has the category of
étale X-schemes as underlying category and a covering {U; — U };¢cs is an étale covering,
such that for every (x,v,e,) € Spa(U, S), there exists i € I and (y,w,ey) € Spa(U;, S)
such that (k(y),w)/(k(z),v) is tame.

Proposition 12.2. Let X3 Sa proper morphism and X — X bea quasi-compact open
immersion of qcqs schemes. Then there are adjoint functors

Shv((X, X);) £ Shv((X/S),),

with u* exzact, such that for F € Shv((X,X);) and U € (X/9): affine, u. F(U) = F(U, U)

for any choice of a Nagata compactification U < U of U — X, and for G € Shv ((X/9):),
u*G is the sheafification of the presheaf (U,U) — G(U). If (U,U) € (X, X); with U — X

separated and unwersally closed, then w*G(U,U) = G(U), in particular G = u,u*G.
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Proof. Consider the subsite (X, X)¢sue C (X, X); consisting of (U, U) such that U — X
is separated and universally closed. Consider the functor:

T: (X, X)isue = (X/S), (U,U) — U.
Then [Stal6, Tag 03A0] gives an equivalence of topoi
T*: Shv((X, X)t.suc) = Shv((X/S),): T

Indeed:

(1) T is cocontinuous. Let (U,U) € (X, X)t.suc and let {fi: Vi — U} be a covering.
Up to refining we can assume that all V; are affine, therefore V; — U are separated
and of finite type. Thus we can choose a Nagata compactification V; giving a
covering {(Vi, Vi) = (U, 0)} in (X, X)t sue-

(2) T is continuous. If {(V;,V;) — (U,U)} is a tame covering in (X, X); sue, then by
the valuative criterion for universal closedness [Stal6, Tag 01KA], {V; — U} is a
covering in (X/S);, and T respects fiber products by definition.

(3) Given maps in (X, X)¢ suc

(f7 f1)7 (fv f2) : (Ulv U/) - (Ua U)7
consider the closure U’ of U in U’. By Remark 2.5, (id, ¢): U,y — (U, U') is
a covering in (X, X )t,suc and U’ is an open dense in U’. Since U — S is separated
by assumption, the equalizer of fi. and fQL is closed in U’ by [Stal6, Tag 01KM],
and since it contains U’ we conclude that fi¢c = for.

(4) Given (U,U),(V,V) € (X, X)tsue and ¢: U — V étale, we can cover U by affine
schemes Uj, so that U; — U and U; — V are separated étale maps between qcqs
schemes (hence again of finite type). Let U; ; and U; 2 be Nagata compactifications
of U; — U and U, — V, respectively. Since the compositions U; — U; 1 — X and
Uy — U2 — X agree, this gives a map p12: U; — U;1 X ¢ U;2. The map ¢12
is quasi-finite. Indeed, it is separated of finite type since both U; — U;; and
U; — U2 are quasi-compact open immersions, and it has isolated fibers. Then
by Zariski’s Main Theorem [Stal6, Tag O5K0] the map 12 factors as a quasi-
compact open immersion U; — U; followed by a finite morphism U, — Uip X ¢
Ui 2, therefore U; — X is separated and universally closed. This gives a covering
{(fi, fi): (Ui, U;) = (U,U)} together with a map (¢;,&): (Ui, U;) — (V, V) such
that ¢; = co f;.

(5) Given V € (X/S);, we can cover V by affine schemes V;, so that V; — X is a
separated étale map between qcgs schemes. By taking a Nagata compactification
V; of V; = X we obtain a covering {V; = Y(V;,V;) = V} in (X/S);.

In particular, for every G € Shv((X/S);) and F € Shv((X, X)suc), there are unique
sheaves G := T.G € Shv((X, X); suc) and F := T*F € Shv((X/S);) such that G(U,U) =
G(U), for (U,U) € (X,X)sue, and F(U) = F(U,U), for U € (X/S), affine and any
Nagata compactification U of U — X. Consider the inclusion u': (X, X )t,sue = (X, X )t
which is continuous by definition. We obtain the adjoint functors

(u)*: Shv((X, X)t.suc) S Shv((X, X)): (u)s.

The functors in the statement are defined as u, := Y*(u')« and u* := (¢/)*Y.. Since Y*
is both left and right adjoint of Y, we obtain immediately that v* is left adjoint to wu,
We compute them. Let F € Shv((X,X);) and let U € (X/S); be affine, then by
definition u, F(U) = ((«').F)(U,U) = F(U,U) for any choice of a Nagata compactification
UofU— X — X, and for G € Shv((X/S),), u*G = (u/)*T,G is the sheafification of the
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presheaf (v/)PG on (X, X); defined by the rule
(12.2.1) (uPG: (U,U) € (X, X); lim G(V).
(U 0)—(V,V)

V%Xsep univ. closed
Let (V,V) € (X, X)t.sue and let (g,§) : (U,U) = (V, V) be a morphism in (X, X);.
Claim 12.3. There is an affine open covering U = U;U; and quasi-compact open immer-
sions U; — U, such that (Ui :=UnN U, U) € (X, X),gsuC and the composition (U;, UZ)
(U,U) — (V, V) factors via a morphism (U;, U;) — (V, V) in (X, X)t.sue, for all i.

Indeed, the statement is Zariski local on X and as U IN V is ift, we may assume that
U is affine and §: U — V factors as U 25 V' %, N ‘with V' affine, §, integral, and go of

finite type. Considering a Nagata compactification W — V of this latter morphism, we
see that U — V factors as a composition

ohwiwhv,
with h an integral morphism, j a quasi-compact open immersion, and f a proper morphism.
By Lemma 1.6, we find U, a quasi-compact open immersion U — U — U andU — W — V
a composition of an integral and a proper morphism, so separated and universally closed.
Therefore (U, U) € (X, X)t suc and this proves the claim.
We conclude as follows. Consider the presheaf

G (UU) e (X,X) — GU).

By construction, there exists a map (u )pé — G'. By what we observed before, for all
(U,U ) — (V, V) with V' — X separated and universally closed there exists a covering
(Us, U;) of (U, U) such that the following diagram commutes:

G(V) —— W )YGU,U) —— G'(U,U)
GU;) —— (W)PGU;, U;) —— G'(U;, T;).

v

Let a € (u/)?G(U,U) and let (U,f]) — (V, V) as in (12.2.1) such that there exists b € G(V)
that maps to a, and let {(U;,U;)} be a covering such that a diagram as above exists.
Assume that a +— 0 in G'(U,U), then we conclude that by, = 0, so a7, = 0, which

implies that the map (v/)?G — G’ is injective after sheafification. Let now b € G(U) =
G'(U,U). By applying the above diagram with (V,V) = (X, X), there exists a covering
{(U;,U;)} such that by, is in the image of («/)?G(Us,U;) — G'(U;, Us). Hence the map
(u’)pé — G’ is surjective after sheafification. Moreover, if U — X is separated and
universally closed, then G’ satisfies descent on (U,U). Indeed, if {(V;,V;) — (U,U)} is a
covering in (X, X); , then {V; — U} is a tame covering in (X/S);, as we have bijections
Spa(U,U) « Spa(U, X) « Spa(U, S) given by the valuative criterion for separatedness
and universal closedness [Stal6, Tag 01KA and Tag 01KY]. Therefore in this case we
have w*G(U,U) = G'(U,U) = G(U). Finally, for U € (X/S); affine, the map U — X
is separated of finite type so it always admits a Nagata compactification U, and we have
uu*G(U) = w*G(U,U) = G(U). This implies G = u,u*G. O

Remark 12.4. (1) Notice that for G € Shv((X/S);) the presheaf (U,U) — G(U) on
(X, X); does not necessarily have descent if U — X is not proper and G is not an
étale sheaf on X. Indeed, let S be a scheme with pOg = 0 and consider (A}, AY)
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in (AL, PL):. Then, writing A} = Spec Og[z], the Artin-Schreier cover C — A}
defined by t? — ¢t = x gives a covering (C,C) — (AL, Al) in (AL, PL);, but it is
not a tame covering in (AL/S);.

(2) Consider the sheaf O € Shv((X, X);) from Lemma 8.5. Then,

wOLU) = O U, T) = OT) = O(T) for U € X,

where U — U is the integral closure in U of a Nagata compactification of U — X,
and U — T — X is the Stein factorization of the universally closed morphism
U— X.

(3) For F € Shv((X,X);), the map u*u,F — F is not an isomorphism in general.

—_—

If that was the case, then for (U,U) = hm(U)\, Uy) € (X, X); tamely acyclic, the
above computation gives that

W u, OY (U, U) = uPu, OHU,U) = QO(T,\)

where Ty — X is integral coming from the Stein factorization of Uy as above.
Therefore, this would imply that the map O(X) — O(U) is integral, which does
not hold in general. This implies that there is no object G € Shv((X/S);) such
that u*G = O!. Else we would have by Proposition 12.2 that G = u,u*G = u, O,
hence O = u*G = u*u, OL.

Theorem 12.5. Let S be an affine scheme, let X — S be a proper morphism and X < X
be a quasi-compact open immersion. Consider the adjoint functors u* 4 u, of Proposition

12.2. Then for all G € Shv((X/S):) we have
RT((X/8):, G) ~ RT((X, X)s, u* Q).

Proof. We need to show that Riu,u*G = 0 for ¢ > 0. Indeed, if this holds, we have that
the map G — Ru,u*G is an equivalence, therefore

RT((X/S):,G) ~ RT((X/S)s, Ru,u*G) ~ RT((X, X)s, u*G).
Let (Z,v) be a tame point of X in the sense of [HS20, Definition 2.7], then
(R G) gy = lim HY((U,0),u*G),
U—X
where the colimit on the right hand side is indexed along all étale neighborhoods U — X
of T which are tame at (Z,v), and U — X a choice of a Nagata compactification of U — X.
We can always suppose that U is affine, therefore the map U — §' is quasi-projective. By
Chow’s lemma and the control of the birational locus of Raynaud and Gruson (see [Con07,
Corollary 2.6]), we can choose U quasi-projective over S. Hence U satisfies the property
that every finite set of points is contained in an affine open. Thus by Theorem 6.5
lig HY(U,U),u*G) = hgl HI((U,U), u*Q),
U—X U—X

Recall that u*G is the sheafification of the presheaf (V,V) — G(V). Since Cech coho-
mology of presheaves is invariant under taking sheafification by Theorem 6.5, we have
that

lim HY((U,0)pu*G) = lim  li;g 7 G(V*®),

U—X (V,V)=(U,0)U—=X
where we can suppose that (V,V) — (U,U) ranges over all coverings in
Lemma 2.9, and moreover by Claim 12.3 that factors through (V, V) — (U
Since m_,G(V **) does not depend on V, we can in fact suppose that
we have that B

g BY(U,0),u'G) > Ly lim 7 GV*®),

U=X (VW)= (U,0) U=X
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where (V,V) — (U,U) ranges over all coverings in (X, X)sues with V affine. By the
valuative criterion (as in the proof of Proposition 12.2) this implies that V' — U is a
covering in (X/S)¢, and every covering V' — U in (X/S); with V' affine induces a covering
(V,V) = (U,U) in (X, X)suct by the choice of a Nagata compactification, therefore
lm  lim 7 GOV®) 2 Ll 7 G(V**),
(VV)=(U,0)U—=X VaUU—X
where on the right {V — U} is the cofiltered set of coverings in (X/S); and {U — X} is
the cofiltered set of tame neighborhoods of (Z,v), therefore by [HS20, Theorem 7.16] it is

limy H((U/S):, G) = HI((Spec(Ol (57))/S):.G) = 0.
U—X

Remark 12.6. We observe that for F' € Shv((X, X);), the cohomology groups
H((X,X), F) and H'((X/S)s,usF) = H'((X, X)s, u*us F))

are in general not equal, even if X — S is proper and F is constructed as in (8.1). Indeed,
assume S = Spec(k) with k an algebraically closed field of characteristic p > 0 and assume
dim X < 3. Take F = O'. We get from Remark 12.4 that u,O! agrees with the constant
sheaf k on (X/S), so we have by Theorem 7.2

HI(X/8)1u.0") = limy H' (Var, 1wk,
)%

where the direct limit is over all smooth compactifications of X. By construction, jiy’y)u*k

agrees with the constant étale sheaf k on Y. Furthermore we have
(12.6.1) H'(Yy, k) = H' (Yer, Z/p) ®@r, k-

For this we observe, that for any étale sheaf G on Y, the presheaf U — G(U) ®r, k is
already a sheaf, since we can identify its sections as an abelian group with a direct sum
over a basis of k/IF,, which is a sheaf as the site Yi is noetherian. It also follows that
the functor — ® k : Shv(Yy,F,) — Shv(Yg, k) is exact and maps I-acyclic sheaves to
[-acyclic sheaves. This gives (12.6.1). Furthermore, we remark that Z — H(Zg,Z/p) is
a birational invariant on smooth proper schemes. Indeed this follows from the fact that

proper correspondences act on

H'(Ze, Z./p) = H (Zzar, [0 22229 04)),

by [BRS22, 9.11] and the fact that the action of the closure of a graph of a birational

(maybe not everywhere defined) map Z --» Z' induces an isomorphism H (Z,07) =
H'(Z',Oz), by [CR11, Theorem 1]. Thus altogether we find

(12.6.2) HY(X/S)1, u0") = H (Xe,Z/p) @, k,

where X is some smooth compactification of X. On the other hand by Remark 8.7 and
the birational invariance of O-cohomology on smooth proper schemes we have
(12.6.3) H((X,X);,0") = H(X,05),

The groups (12.6.2) and (12.6.3) are equal for all i if and only if the Frobenius acts
bijectively on Hi(X,OX). This is, e.g., not the case if X is a supersingular abelian
variety.

We conclude the section with a computation of the cohomology of “*Fﬁfc?g“ for F' a
reciprocity sheaf, see (11.1) for notation.
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Lemma 12.7. Let k, X C X, D, and F be as in Lemma 11.2 above. Assume additionally
that X has dimension d and that (ves)q holds (e.g. d < 3). Denote by hS\,(F) the mazimal
Al-invariant subsheaf with transfers of F, which is a Nisnevich sheaf (e.g. [RS21, 4.30]),
and by hg’tl (F) the presheaf on (X/k); given by V — hS ,(F)(V). Then

07
we(Fpgee) = Wy (F),

where u, : Shv((X, X)) — Shv((X/k);) is the functor from Proposition 12.2. In partic-
ular, hg’tl(F) is a sheaf on (X/k)¢ and if X is additionally proper, we get

RT((X/k)s, we(Fgyee)) = RU((X/k)e, Wiy (F)) = RE((X, X)s, w*hiy' (F)).

Proof. The second statement follows directly from the first and Theorem 12.5. As h, (F)
is a Zariski sheaf it suffices to show the equality of the first statement when evaluated on
an affine étale X-scheme V. By (res)y we find a smooth compactification V of V with
simple normal crossing complement Dy = (V' \ V).eq. By Proposition 12.2 together with
Lemma 11.2 we have

(12.7.1) us(Fgpee) (V) = Fapee(V,V) = wC'F(V, Dy).

log

By [Sai21, Theorem 4.2] for each map Spec O — V, with O" a henselian discrete val-
uation ring of geometric type over k, we get an induced morphism wC'F(V, Dy) —
wCIF(OF m;1). Therefore, the right hand side of (12.7.1) is precisely the subset of F(V)
consisting of the sections with all the motivic conductors < 1. Thus by [RS21, Corollary
4.32],

(12.7.2) WO E(V, Dy) = B3 (F)(V),
which yields the statement. O

Remark 12.8. Let X, X and F be as above. If h%:(F) happens to be an étale sheaf
on X, then the presheaf (V,V) h%. (F)(V) is also a sheaf on (X, X); and is equal to
u*h?&’t1 (F), by Proposition 12.2.

Note however that hoAl(F ) will in positive characteristic p in general not be an étale
sheaf even if F' is. For example consider F' = 7 and assume (res)q, with d = dim X. By
[RS21, (4) on p. 5] and (12.7.2) the Nisnevich sheaf A%, (F) on X is given by

V= HY(V, qu/k(log D)),

where (V, D) is a normal crossing compactification of V. It is well known that this is
not an étale sheaf. Indeed, consider any form « € Q,lc(x’y), which has not only log-poles,
e.g. a = dx/y. By [Mum61, I, Theorem| and resolution of singularities in dimension 2,
there is a dense open V C P? and a projective morphism f : X — P? from a smooth
k-scheme X, such that o € H(V,Q}), the induced map f~1(V) — V is finite étale,
D = f7YP?\ V)yeq is an SNCD, and f*a € H(X, Q) € HY(X, Q% (log D)). In this case
clearly the pullbacks of f*a to any normal crossing model of f~*(U) xy f~1(U) along the
maps induced by the two projections agree, but it does not descent to a logarithmic form
on a normal crossing model of U by our choice of «.
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