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Abstract. In this article, we consider an algebraic version of the tame site of a pair
(X, X̃). With this definition, we provide a general machinery to construct a tame sheaf
from the data of an étale sheaf on X and a family of local tame sections. We apply
this construction to the big de Rham–Witt sheaves with tame sections defined by log
poles and, over a field, to reciprocity sheaves, and deduce some consequences. As an
application, we compare tame syntomic cohomology with the Nygaard filtration on the
tame de Rham–Witt complex.
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Introduction

Let k be a field and Smk be the category of smooth schemes separated and of finite
type over k. If ch(k) = 0, a well behaved cohomology theory on Smk is given by:

(0.0.1) X 7→ RΓ(X,Ω•
X
(log(X −X))),

where X is a smooth compactification of X with X − X a divisor with simple normal
crossing and Ω•

X
(log(X −X))) is the associated log de Rham complex. It is known that

this is independent of the choice of X (see e.g. [Del71] and [Del74]). An important feature
of (0.0.1) is that it satisfies étale descent: For example, this follows from the comparison
with singular cohomology assuming k = C by the Lefschetz principle.

One would be tempted to construct an integral p-adic cohomology theory on Smk when
ch(k) = p > 0 following the above construction and using the de Rham–Witt complex
instead of the de Rham complex (see e.g. [ESS21]) and to ask if it satisfies the étale
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descent. But the answert turns out to be No: Even assuming the existence of good
compactifications, the cohomology theory

(0.0.2) X 7→ R lim←−
m

RΓ(X,WmΩ
•
X
(log(X −X)))

compares with rigid cohomology while the cohomology groups are finitely generatedW (k)-
modules. Therefore, by [AC21] it cannot have étale descent. A counterexample is given
by an Artin–Schreier covering so this discrepancy is due to wild ramification. On the
other hand, in [Mer25], it has been shown that (under the assumption of resolutions of
singularities) the cohomology theory (0.0.2) satisfies the tame descent in the sense of
[HS20], using tools from motivic homotopy theory of logarithmic schemes. This suggests
that in order to construct integral models of p-adic cohomologies of (not necessarily proper)
schemes, one needs to take into account this weaker descent instead of étale descent.

The main goal of this paper is to introduce a variant of the tame topology of [HS20]
and establish its foundational results, which enable us to construct various cohomology

theories which satisfy the tame descent: For a quasi-compact open immersion S ↪→ S̃1, we
consider a tame site Sch

(S,S̃),t
whose underlying category is a category of quasi-compact

open immersions X ↪→ X̃ over S ↪→ S̃ with X of finite type over S and X̃ → S̃ satisfying a
certain finiteness condition. For (X, X̃) ∈ Sch

(S,S̃),t
, we also consider the tame site (X, X̃)t

over the category of the objects (U, Ũ) over (X, X̃) with U → X étale endowed with the
induced topology of Sch

(S,S̃),t
. A useful property of tame cohomology is the independence

of compactifications: For two objects (X, X̃), (X, X̃ ′) of Sch
(S,S̃),t

such that X̃, X̃ ′ are

both Nagata compactifications of X over S̃, there is a natural equivalence

RΓ((X, X̃)t, F ) ≃ RΓ((X, X̃ ′)t, F )

for any sheaf F on Sch
(S,S̃),t

(see Lemma 2.7) so that the formation X → RΓ((X, X̃)t, F )

with a choice of a compactification X̃ gives a well-defined cohomology theory on the
category of schemes of finite type over S. Another useful fact is that we can provide a
general machinery to construct sheaves on (X, X̃)t providing several examples of tame
sheaves and cohomology theories satisfying the tame descent. The construction which we
call the β-construction, takes as an input an étale sheaf F on Xét equipped with a local
datum β of “tame sections” on every valuation ring of a residue field of X centered on
X̃, and then gives as an output a tame sheaf Fβ on (X, X̃)t (see Proposition 8.2). In the
circumstances where resolution of singularities holds, it turns out that the cohomology
theories (0.0.1) and (0.0.2) are obtained as special instances of the β-construction, giving
another proof that these cohomology theories satisfy tame descent (see Theorem 10.3 and
11.3).

The construction of the tame site (X, X̃)t is similar in spirit to that of the site of [Hüba]

constructed on the adic space Spa(X, X̃). A difference here is that since the objects of
our site are schemes (rather than adic spaces), it is much easier to construct sheaves on

(X, X̃)t.

Now we state the main result on a computation of tame cohomology on (X, X̃)t.

Theorem 1. (see Theorem 7.2): Let F be a tame sheaf of abelian groups on (X, X̃)t such
that the following condition is satisfied:

(p) for every (U, Ũ)→ (X, X̃) in (X, X̃)t, the stalk of the Zariski sheaf on Ũ given by

W̃ ⊂ Ũ 7→ F (W̃ ∩ U, W̃ ) at any point x ∈ Ũ is a Z(px)-module, where px is the
exponential characteristic of κ(x).

1For example, S = S̃ = Spec(k) or (S, S̃) = (Spec(Frac(R)), Spec(R)) for a discrete valuation ring R.
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Then, we have a natural equivalence

RΓ((X, X̃)t, F ) ≃ lim−→
W→(X,X̃)

RΓ(W̃ét, j
W
∗ F ),

where the colimit runs along all admissible blow-ups W = (W, W̃ ) → (X, X̃) and jW∗ F is

the étale sheaf on W̃ét given by Ṽ /W̃ 7→ F (Ṽ ×W̃ W, Ṽ ).

An analogous result for torsion sheaves on adic spaces is obtained by combining [Hüba,
Proposition 8.5] and [Hübb, Corollary 5.7] by a different method. The above theorem plays
a fundamental role in [?] where we construct a functorial integral structure on cohomology
of the structure sheaf over a non archimedian field.

As an application, over a perfect field k of positive characteristics p, we define the
tame de Rham–Witt complex W•Ω•,t, a complex of tame sheaves obtained from the de
Rham-Witt complex using the β-construction mentioned above, and get the complexes

Z/p•(r)t = Cone(Fr − ιr : N rW•Ω•,t →W•Ω•,t)[−1],

where N rW•Ω•,t is a Nygaard filtration on W•Ω•,t defined following [LZ04] (see Definition
10.6). Then, the rth tame syntomic complex is defined as

Zp(r)t = R lim←−Z/p•(r)t.

We then show that the tame syntomic complex recovers the tame motivic cohomology
considered in [Lüd24] and [Mer25]:

Theorem 2 (Theorem 10.8). Assume X̃ is separated and of finite type over k and X ⊂ X̃
is a smooth open subscheme. We have an isomorphism of pro-complexes (X, X̃)t

Z/p•(r)t =W•Ω
r,t
log[−r].

where WnΩ
r,t
log is the sheaf on (X, X̃)t whose section over an object (V, Ṽ ) of (X, X̃)t is

given by

WnΩ
r,t
log(V, Ṽ ) := Γ(V,WnΩ

r
X,log).

Using the above result we obtain a cycle map to tame de Rham-Witt cohomology.

Theorem 3 (Theorem 10.3 and Corollary 10.9). Assume X̃ is smooth and proper over k

and X ⊂ X̃ is a dense open subscheme. There is a functorial cycle map cyct to tame de
Rham-Witt cohomology which factors via tame syntomic cohomology and is compatible with
the usual crystalline cycle map cyccrys in the sense that the following diagram commutes

CHr(X̃)
cyccrys //

��

Hr
crys(X̃/W (k))

��
CHr(X)

cyct // Hr((X, X̃)t,WΩ•,t).

Moreover, if resolution of singularities in a strong sense hold in dimension d = dim X̃
(this is the case for d ≤ 2), and if D = X̃ \X is a divisor with simple normal crossings,
then there is a canonical equivalence

RΓ((X, X̃)t,WΩ•,t) = RΓlog−crys((X̃,D)/W (k)),

where the right hand side denotes log-crystalline cohomology.

In fact using the β-construction and [Hes15] we define the tame big de Rham-Witt

complex WTΩ
•,t on (X, X̃)t, where X ↪→ X̃ is any quasi-compact open immersion between

qcqs schemes and T is any truncation set. One of the main structure results is Proposition
9.12 which together with Theorem 1 yields the proof of the second part of Theorem 3. We
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remark that with the same arguments and [Del71] one deduces in case X is smooth and

separated over C with some compactification X̃ the equivalence

RΓ((X, X̃),Ω•,t) ≃ RΓBetti(X(C),C).

The following is an algebraic version of the comparison of the tame cohomology with
tame adic cohomology, in [HS20, 14.8] (there for Fp-schemes).

Theorem 4 (Proposition 12.2 and Theorem 12.5). Let S be an affine scheme and X an

S-scheme with a quasi-compact open immersion X ↪→ X̃ into a proper S-scheme X̃. Then
there are adjoint functors

Shv((X, X̃)t) Shv((X/S)t),u∗

u∗

with u∗ exact, and for all G ∈ Shv((X/S)t) we have an equivalence

RΓ((X/S)t, G) ≃ RΓ((X, X̃)t, u
∗G).

As we can easily construct sheaves on (X, X̃)t one might wonder how the cohomology

of a sheaf F on (X, X̃)t compares to the cohomology of u∗F on (X/S)t. These do not
coincide in general and in fact can be rather different. For example, if S = k is an
algebraically closed field of positive characteristic p, X is a smooth separated k-scheme
of dimension d ≤ 3, X ↪→ X̃ is a smooth compactification, and Ot is the tame structure
sheaf on (X, X̃)t, then

H i((X, X̃)t,Ot) = H i(X̃,OX̃) and H i((X/k)t, u∗Ot) = H i(X̃ét,Z/p)⊗Fp k.

These two cohomology groups only coincide if the Frobenius acts bijectively on the co-
homology of the structure sheaf. If X̃ is a supersingular elliptic curve and X is any
non-empty open, then the left hand side is a one dimensional k-vector space whereas the
right hand side vanishes, see Remark 12.6.

In fact a similar phenomena also appears in characteristic zero. Assume ch(k) = 0, X̃

is smooth and proper over k, and X̃ \X has simple normal crossings. Then we have by
Theorem 3 and Lemma 12.7

Hj((X, X̃)t,Ω
q,t) = Hj(X̃,Ωq

X̃
(log X̃ \X))

whereas

Hj((X/k)t, u∗Ω
q,t) = Hj(X,h0A1(Ω

q)),

where h0A1(Ω
q) is the maximal A1-invariant subsheaf of Ωq. Here we use that h0A1(Ω

q) is
in fact an étale sheaf on X, by [Voe00, Proposition 5.24]. Note however that in positive
characteristic it is not an étale sheaf, see Remark 12.8 for details.

Here is an outline of the paper:

(1) In Section 1, we give some preliminary results on not necessarily Noetherian com-
pactifications that will be used later. This uses the notion of ift morphisms due
to Temkin (see [Tem13]).

(2) Sections 2-7 are devoted to the definition and properties of the tame and vét site.
These definitions and computations are very much inspired by the definition of
the étale and tame site of a Huber pair (see [Hüba] and [Hüb21]), but with some
technical difficulties in the proofs to be addressed, therefore everything needed to
be rewritten:
(a) In Section 2 and 3, we define the tame and vét topos and prove some imme-

diate results.
(b) In Section 4 and 5 we show the existence of acyclic schemes and compute the

local schemes for the tame and vét topology. The proof of Proposition 5.2 is
very technical and requires many inputs to deal with extensions of valuations
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(c) In Section 6, we use the existence of such acyclic objects to show that Čech
cohomology agrees with sheaf cohomology: this is very close to [HS20, Theo-
rem 11.1 and Corollary 11.7], with again some technicalities that need to be
address.

(d) Section 7 is then devoted to a comparison between tame and vét cohomology
in the case of p-adic coefficients, which is important for computations.

(3) In Sections 8-11, we give the construction of tame sheaves and provide examples:
(a) In Section 8 we construct the general machinery
(b) In Section 9 we prove the most general results on the big de Rham–Witt

complex
(c) In Section 10, we restrict to the case of positive characteristic and compute

the cohomology of the tame p-typical de Rham–Witt sheaves, and we deduce
some results on tame syntomic cohomology.

(d) In Section 11, we consider the case of reciprocity sheaves over a perfect field
k.

(4) Finally, in Section 12 we write a comparison with the tame site of [HS20], and
we remark that the cohomology theories constructed in the previous sections have
tame descent (even though they do not come from cohomologies of sheaves over the

site (X/S)t). This implies that passing from the site (X, X̃)t to the site (X/S)t,
a lot of information is lost (which is precisely the local information that the site
(X/S)t lacks).

Future work. In subsequent papers, we hope to use the construction and properties
of tame sheaves developed here to construct integral models of cohomology theories in
positive and mixed characteristics. In particular, for X smooth over a non-archimedean
field K, the constructions above give OK-models of coherent and de Rham cohomology.
According to the various result on failure of existence of integral structures on crystalline
cohomology (see e.g. [AC21]), the tame descent is remarkable, as étale descent indeed
cannot be fulfilled.

Acknowledgments. We thank Katharina Hübner for useful discussions and Hugo Zock
for pointing out a mistake in an earlier version.

1. Ift morphisms

We recall a notion inspired by [Hub96], and hinted in [Tem13, Remark 2.2.4 (iii)].

Definition 1.1. (1) Let R be a ring. A map R → A is ift (integral over finite type)
if there exists a factorization R→ A′ → A with R→ A′ of finite type and A′ → A
integral.

(2) A morphism f : X → S is ift at x ∈ X if there exists an affine open neighborhood
Spec(A) = U ⊆ X of x and an affine open Spec(R) = V ⊆ S with V ⊆ f(U) such
that the induced map R→ A is ift.

(3) A morphism f : X → S is locally ift if it is ift at all x ∈ X and it is ift if it is
locally ift and quasi-compact.

Remark 1.2. As remarked in the proof of [Tem13, Proposition 2.2.5], for R→ R′ integral
and R′ → A of finite type, the composition R → A is ift. Hence, being (locally) ift is
stable under compositions and if X → Y is a morphism of quasi-compact quasi-separated
schemes over a base S with X locally ift over S, then X → Y is locally ift. Moreover, it is
clear that the property is stable under base change and, as observed in [Tem13, Remark
2.2.4], it is a local property on the source,

In our context, we will consider ift morphisms that are of finite presentation on a fixed
open. These morphisms will then be nft in the sense of [Tem13, Definition 2.2.2 and
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Lemma 2.2.7], but as we will need to keep track of the fixed open, we will not use this
notion. We prove the following lemma, which generalizes [Tem13, Proposition 2.3.8]:

Lemma 1.3. Let φ : R̃→ R and ψ : Ã→ A be maps of rings and (f, f̃) : (R, R̃)→ (A, Ã)
be a pair of maps of rings compatible with φ and ψ such that f is of finite presentation
and f̃ is ift. Let {(Bi, B̃i)}i∈I be a filtered system of pairs of rings such that B̃i ⊆ Bi are

integrally closed and (gi, g̃i)i∈I : (R, R̃) → {(Bi, B̃i)}i∈I be a system of pairs of maps of

rings. Let B = lim−→Bi and B̃ = lim−→ B̃i and (g, g̃) = lim−→(gi, g̃i) : (R, R̃) → (B, B̃). Then,

for all (h, h̃) : (A, Ã)→ (B, B̃) compatible with (f, f̃) and (g, g̃), there is i ∈ I and (hi, h̃i)
fitting into the following commutative squares of pairs of rings:

(R, R̃) (A, Ã)

(Bi, B̃i) (B, B̃).

(f,f̃)

(gi,g̃i) (h,h̃)(hi
,̃hi

)

If g̃i are ift, then so is h̃i.

Proof. As f : R → A is of finite presentation, h : A → B factors through hi : A → Bi

for some i by [Sta16, Tag 00QO]. We need to show that the composition Ã → A
hi−→ Bi

factors via B̃i ↪→ Bi for i large enough.By definition, f̃ : R̃ → Ã factors as a composition

R̃→ R̃[t1 . . . tn] ↠ E
φ−→ Ã with φ integral. As R̃→ R̃[t1, . . . , tn] is of finite presentation,

for i large enough, there is a map ν : R̃[t1, . . . tn]→ B̃i fitting in the following commutative
diagram

R̃[t1, . . . , tn] //

ν
$$

Ã // A

hi

��
B̃i // Bi

Since the composite R̃[t1, . . . , tn] → A factors through E, the kernel of R̃[x1, . . . xn] ↠ E

maps to zero in Bi via this composition. Since B̃i → Bi is injective, ν induces a map
E → B̃i. As Ã is integral over E, the image of Ã in Bi is integral over B̃i. Since B̃i is
integrally closed in Bi, we conclude that the map (hi)|Ã : Ã→ Bi factors via h̃i : Ã→ B̃i.

If g̃i is ift, so is h̃i by [Tem13, Proposition 2.2.5] □

Remark 1.4. In the situation of Lemma 1.3, if gi is of finite presentation, so is hi by [Sta16,
Tag 00F4]. If both f and gi are étale, then hi is étale by [Sta16, Tag 02GW].

Lemma 1.5. Let f : X → S be a morphism of schemes. Assume that

(1) f is ift
(2) X is qcqs
(3) S is quasi-separated

Then there exists f ′ : X ′ → S of finite presentation and X → X ′ integral that factor f . If
X → S is separated, then X ′ → S is separated.

Proof. This is a version of [Sta16, Tag 01ZG] and we follow its proof. By [Sta16, Tag
01ZA] we can write X = lim←−i∈I Xi with I a directed set, Xi of finite presentation over

Spec(Z), and with affine transition maps Xi′ → Xi. Then, take an affine open covering
X = V1 ∪ . . .∪Vn such that each Vj maps to an affine open Uj ⊆ S and the corresponding
map of rings is ift, i.e. it factors as O(Uj) → R → O(Vj) with O(Uj) → R of finite type
and R → O(Vj) integral. By [Sta16, Tag 01Z4], and [Sta16, Tag 01Z6], we can write
Vj = lim←−i∈I Vij for 1 ≤ j ≤ n, such that Vij are of finite presentation over Spec(Z), we
have Vj = Vij ×Xi X, and Xi = Vi1 ∪ · · · ∪ Vin is an affine open covering for each i ∈ I.

https://stacks.math.columbia.edu/tag/00QO
https://stacks.math.columbia.edu/tag/00F4
https://stacks.math.columbia.edu/tag/02GW
https://stacks.math.columbia.edu/tag/01ZG
https://stacks.math.columbia.edu/tag/01ZA
https://stacks.math.columbia.edu/tag/01ZA
https://stacks.math.columbia.edu/tag/01Z4
https://stacks.math.columbia.edu/tag/01Z6
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For each j, choose finitely many hja ∈ R that generate R as a O(Uj)-algebra and consider
their image kja in O(Vj). Choose i0 such that the kja come from O(Vi0j), for all j and a.
In particular, this implies that the map Vj → Vi0j ×Spec(Z)Uj =:Wj is integral. Moreover,
X ′ := ∪nj=1Wj is an open subscheme of Xi0,S = Xi0 ×SpecZ S, which contains the image

of X → Xi0,S . Thus f factors as X → X ′ → S with X → X ′ integral. As Xi0 and S are
quasi-separated 2 so is Xi0,S . Recall that if T is quasi-separated and T ′ ⊆ T is an affine
open, then the open immersion T ′ → T is quasicompact by [Sta16, Tag 01K4 and Tag
01KO]. Thus Wj → Xi0,S is a quasi-compact open immersion and hence so is X ′ → Xi0,S .
It follows that X ′ → Xi0,S is of finite presentation, and therefore also X ′ → S.

□

Lemma 1.6. Let f : X → Y be an integral morphism and j : Y → Y a quasi-compact
open immersion. Then there exists a cartesian diagram with g an integral morphism

X //

f

��

X

g
��

Y
j // Y .

Proof. We may take X to be the integral closure of Y in X. More precisely, by assumption
the composition j◦f is quasi-compact and quasi separated and hence (j◦f)∗OX is a quasi-
coherent OY -module. Let A be the subsheaf which over an open V ⊂ Y is given by

A(V ) = {s ∈ OX((j ◦ f)−1V ) | s is integral over OY (V )}.

Then A is a quasi-coherent OY -algebra and j ◦ f factors as X
u−→ X := SpecA g−→ Y with

g integral. As f is integral we have g−1(Y ) = X by construction. □

The following result will be used in Section 3. An analogous result for proper morphisms
instead of ift morphisms is [KS24, Lemma 4.14.(2)]

Theorem 1.7. Let f : X → Y be a morphism between quasi-compact quasi-separated
schemes, which is ift, separated, and universally closed, and let U ⊂ Y be a quasi-compact
open such that the base change XU = X×Y U → U is an isomorphism. Then X = lim←−iXi

is a directed limit with finite Y -morphisms τ : Xj → Xi (j ≥ i) as transition maps inducing
injections τ∗ : OXi ↪→ τ∗OXj , such that each Xi → Y is proper and an isomorphism over
U .

Proof. By Lemma 1.5 we can factor f as X
h−→ X ′ g−→ Y with h integral and g separated

and of finite type. Let Z ⊂ X ′ denote the scheme-theoretic image of h. As f is universally

closed [Sta16, Tag 0AH6] yields that f factors as X
h1−→ Z

g1−→ Y with g1 proper and
h1 integral and surjective. Now consider A = h1∗OX . It is an integral quasi-coherent
OZ-algebra and can hence be written as a directed colimit A = lim−→Ai of its finite quasi-
coherent OZ-subalgebras. Thus X = lim←−Xi is a directed limit with Xi = SpecAi finite
over Z and hence also finite transition maps τ : Xj → Xi which by construction are
induced by the inclusions OXi ↪→ τ∗OXj inside A. Clearly, the composition Xi → Z → Y
is proper. It remains to show that the projection (Xi)U → U is an isomorphism, for all i.

The question is local on U and we can therefore assume U = SpecR is affine. Hence
XU is affine as well and the projection induces an isomorphism

R
≃−→ A := OX(XU ).

By [Sta16, Tag 01Z6], the scheme (Xi)U is affine for i big enough, so by [Con07, Corollary
A.2], (Xi)U is affine for all i, therefore the map XU → (Xi)U is induced by an integral

ring extension Ai ↪→ A. Moreover, the section σi : U
≃−→ XU → (Xi)U of the projection

2Note that morphisms of finite presentation are quasi-separated by definition.

https://stacks.math.columbia.edu/tag/01K4
https://stacks.math.columbia.edu/tag/01KO
https://stacks.math.columbia.edu/tag/01KO
https://stacks.math.columbia.edu/tag/0AH6
https://stacks.math.columbia.edu/tag/01Z6
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corresponds to a surjection of rings Ai →→ R which factors via the isomorphism A
≃−→ R

and is therefore injective as well. This shows that σi is an isomorphism inverse to the
projection. □

2. Tame topos of pairs

We fix some notations and recall definitions from, e.g., [GR03, 6.2], [HS20, 2].

Let (K, v) be a valuation field with valuation ring Ov and maximal ideal mv. Fix an
embedding into (K̄, v̄), where K̄ is a separable closure of K and v̄ is an extension of v
to K̄. We denote by (Ksh

v , v
sh) the strict henselization of (K, v) (inside (K̄, v̄)). A finite

separable extension (L,w)/(K, v) of valuation fields is called unramified (resp. tame), if
Ksh
v = Lshw (resp. ([Lshw : Ksh

v ], p) = 1, where p is the exponential characteristic of the
residue field of K). The tame closure (Kt, vt) of (K, v) is the union of all finite tame
Galois extensions of (Ksh, vsh). The field Kt is also the fixed field of K̄ under the tame
ramification group

Rv̄/v := {σ ∈ Gal(K̄/K) | σ(Ov̄) ⊂ Ov̄ and σ(x)/x− 1 ∈ mv̄ for all x ∈ K̄×}.
We record the following well-known lemma for later reference.

Lemma 2.1. (1) Let (L,w)/(K, v) be a finite separable extension of valuation fields.
Let N/K be a Galois hull of L/K and let w̃ be an extension of w to N . Then
(L,w)/(K, v) is tame if and only if (N, w̃)/(K, v) is tame.

In particular (L,w)/(K, v) is tame if and only if (L,w) is a subextension of
(Kt, vt)/(K, v).

(2) Let (L,w)/(K, v) be a tame extension and let (K ′, v′)/(K, v) be any algebraic ex-
tension of valuation fields. Let L·K ′ be the composition field in an algebraic closure
of K and let w′ be a valuation extending v′. Then (L ·K ′, w′)/(K ′, v′) is tame.

Proof. (1). Note that N sh
w̃ is a Galois hull of Lshw /K

sh
v . Therefore we may assume K,L,N

are strictly henselian valuation fields of characteristic p > 0. Thus if (N, w̃)/(K, v) is tame
then [N : K] = [N : L] · [L : K] is prime to p and hence (L,w)/(K, v) is tame as well. Now
assume (L,w)/(K, v) is tame. Denote by GK ⊃ GL ⊃ GN the absolute Galois groups with
respect to a fixed separable closure K̄ of K, and by P the pro-p-Sylow subgroup of GK ,
which is a normal subgroup. The indices satisfy the following equality (of supernatural
numbers)

[GK : GL] · [GL : P ∩GL] = [GK : P ] · [P : P ∩GL].
As P is a normal subgroup of GK , the intersection P ∩ GL is a normal subgroup of GL
and we have an inclusion of profinite groups GL/GL ∩ P ↪→ GK/P . Hence [GK : P ] and
[GL : P ∩ GL] are prime to p. By assumption [GK : GL] = [L : K] is prime to p as well.
Thus [P : P ∩GL] = 1, i.e., P = P ∩GL. The Galois hull of L/K is the composition field
(inside K̄) of all the σ(L), where σ runs through all the embeddings L ↪→ K̄. Extending
these σ’s to K-automorphisms of K̄, we find Gσ(L) = σGLσ

−1. Hence GN = ∩σσGLσ−1.
As P is a normal subgroup of GK it follows that P is contained in GN as well. Thus
[GK : P ] = [GK : GN ] · [GN : P ] is prime to p and hence so is [N : K] = [GK : GN ].

(2) follows from (1) and the fact that K ′t = K ′ ·Kt, see [GR03, 6.2.18]. □

Recall that for any morphism of schemes X → X̃, Spa(X, X̃) is the topological space
whose underlying set is the set of triples (x, v, ε) such that x ∈ X is a point, v is a valuation

on k(x) and ε : Spec(Ov)→ X̃ is a map compatible with Spec(k(x))→ X.

Definition 2.2. Let S → S̃ be a morphism of schemes.

(1) Let Sch
(S,S̃)

be the category of pairs (X, X̃), where X → X̃ is a map of qcqs

S̃-schemes such that X → S̃ factors through S. Morphisms (X, X̃) → (Y, Ỹ ) are

pairs of morphisms f : X → Y and f̃ : X̃ → Ỹ satisfying the obvious compatibility.
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(2) A morphism (f, f̃) : (X, X̃) → (Y, Ỹ ) in Sch
(S,S̃)

is a modification if f is an

isomorphism and f̃ is proper, and integral birational if f is an isomorphism and f̃
is integral. We say that (f, f̃) is a quasi-modification if f is an isomorphism and

f̃ is ift, separated and universally closed.
(3) A morphism (f, f̃) : (V, Ṽ ) → (U, Ũ) in Sch

(S,S̃)
is strict étale if f̃ is étale, V =

Ṽ ×Ũ U and f = f̃ ×Ũ Id.

(4) A morphism (f, f̃) : (V, Ṽ )→ (U, Ũ) in Sch
(S,S̃)

is tame over (x, v, εv) ∈ Spa(U, Ũ)

if f is étale over a neighborhood of x and there is (y, w, εw) ∈ Spa(V, Ṽ ) such that
f(y) = x, w|k(x) = v, and w/v is tamely ramified and the following diagram
commutes:

Spec(Ow) Ṽ

Spec(Ov) Ũ .

εw

(f)|y,w≥0 f̃

εv

A morphism (f, f̃) : (V, Ṽ )→ (U, Ũ) is a tame covering if it is tame over all points

of Spa(U, Ũ).

Remark 2.3. (1) By Raynaud–Gruson [Sta16, Tag 081T], every modification (f, f̃) :

(V, Ṽ ) → (U, Ũ) is dominated by an admissible blow-up, i.e. a blow-up πA :

BlA(Ũ) → Ũ in a quasi-coherent ideal A ⊂ OX̃ of finite type such that the

support of OX̃/A is contained in Ũ \ U .

(2) Note that by the valuative criterion, if f̃ : Ũ ′ → Ũ is separated and universally

closed and U → Ũ ′ is any map, we have a bijection Spa(U, Ũ) ∼= Spa(U, Ũ ′).

(3) By Theorem 1.7, every quasi-modification (f, f̃) : (X, X̃) → (Y, Ỹ ) is a cofiltered

limit of modifications (fi, f̃i) : (Xi, X̃i) → (Y, Ỹ ) such that for every i the maps

(X, X̃)→ (Xi, X̃i) are integral birational.

The two sites below are very much inspired by the definition of the étale and tame site
of a Huber pair (see [Hüb21] and [HS20]).

Definition 2.4. Let X ↪→ X̃ be a quasi-compact open immersion of qcqs schemes. Let
(X, X̃)τ be the full subcategory of Sch(X,X̃) consisting of objects (f, f̃) : (U, Ũ)→ (X, X̃)

with f étale and f̃ ift, and U ↪→ Ũ a quasi-compact open immersion. This category has
fiber products given by

(V1, Ṽ1)×(U,Ũ) (V2, Ṽ2) = (V1 ×U V2, Ṽ1 ×Ũ Ṽ2),

and terminal object (X, X̃), so for I an indexing diagram and {(Ui, Ũi)}i∈I ⊆ (X, X̃)τ ,

the limit (if it exists) is computed as (lim←−i Ui, lim←− Ũi). On this category, we will consider
the following three topologies:

(1) The strict étale topology which is generated by strict étale coverings
(2) The v-étale topology which is generated by strict étale coverings and quasi-modi-

fications.
(3) The tame topology which is generated by tame coverings, where a family {(fi, f̃i) :

(Vi, Ṽi) → (U, Ũ)}i of maps in (X, X̃)τ is a tame covering if for every (x, v, εv) ∈
Spa(U, Ũ), there is i ∈ I such that (Vi, Ṽi)→ (U, Ũ) is tame over (x, v, εv).

We let (X, X̃)sét, (X, X̃)vét and (X, X̃)t denote the strict étale, the v-étale and the tame

site on (X, X̃)τ , respectively. We have morphisms of sites:

(2.4.1) (X, X̃)t
ν−→ (X, X̃)vét

µ−→ (X, X̃)sét

corresponding to the inclusion functors.

https://stacks.math.columbia.edu/tag/081T
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Remark 2.5. (1) The tame topology is finitary, i.e., any covering can be refined by a

covering of the form g : (V, Ṽ ) → (U, Ũ) for (V, Ṽ ) and (U, Ũ) in (X, X̃)t. This

follows from the fact that Spa(X, X̃) is a quasi-compact topological space by [HS20,
Lemma 4.3] with the topology defined there.

(2) Let (U, Ũ) ∈ (X, X̃)t and let U be the closure of U in Ũ . Then (U,U)→ (U, Ũ) is
a quasi-modification, hence it is a v-étale covering and a tame covering.

(3) Note that for any (U, Ũ) ∈ (X, X̃)t, there exists a quasi-coherent ideal sheaf I ⊂
OŨ of finite type such that the support of OŨ/I is equal to Ũ \U . This uses that

U ↪→ Ũ is a quasi-compact open immersion and that Ũ is qcqs. In particular,
blowing up Ũ in such an ideal we obtain a modification (U, Ū)→ (U, Ũ) such that
the complement Ū \ U is the support of an effective Cartier divisor.

Example 2.6. Consider the presheaf Ot on Sch
(S,S̃)

given by Ot(U, Ũ) = O(Ũ int) for

(U, Ũ) ∈ Sch
(S,S̃)

, where Ũ int denotes the integral closure of Ũ in U . We will see in

Lemma 8.5 that this defines a tame sheaf.

Lemma 2.7. Let (X, X̃ ′) → (X, X̃) be a quasi-modification. Then, for any sheaf F ∈
Shv((X, X̃)vét) and (U, Ũ) ∈ (X, X̃)τ , we have an isomorphism

F (U, Ũ) ∼= F (U, Ũ ×X̃ X̃ ′).

In particular, the restriction functors along the inclusion (X, X̃ ′)τ → (X, X̃)τ

Shv((X, X̃)vét)→ Shv((X, X̃ ′)vét) and Shv((X, X̃)t)→ Shv((X, X̃ ′)t)

are equivalences of topoi so that for a presheaf F of abelian groups, we have equivalences

RΓ((X, X̃)vét, avétF ) ∼= RΓ((X, X̃ ′)vét, avétF )

and

RΓ((X, X̃)t, atF ) ∼= RΓ((X, X̃ ′)t, atF ),

where at and avét denote the respective sheafification functor.

Proof. We prove it for vét. The proof for t is the same. Let F be a sheaf of sets on
(X, X̃)vét. For (U, Ũ) ∈ (X, X̃)τ and Ũ ′ = Ũ ×X̃ X̃ ′, the map induced by projection

(U, Ũ ′) → (U, Ũ) and the map induced by the diagonal δ : (U, Ũ ′) → (U, Ũ ′ ×Ũ Ũ
′) are

modifications and thus are coverings in (X, X̃)vét. Hence,

δ∗ : F (U, Ũ ′ ×Ũ Ũ
′)→ F (U, Ũ ′)

is injective and we find

F (U, Ũ) ∼= eq

(
F (U, Ũ ′)

pr∗1
⇒
pr∗2

F (U, Ũ ′ ×Ũ Ũ
′)

)
∼= eq

(
F (U, Ũ ′)

id
⇒
id
F (U, Ũ ′)

)
= F (U, Ũ ′).

Hence, the functor

Shv((X, X̃ ′)vét)→ Shv((X, X̃)vét), G 7→
(
(U, Ũ) 7→ G(U, Ũ ×X̃ X̃ ′)

)
gives a quasi-inverse of the restiction functor Shv((X, X̃)vét)→ Shv((X, X̃ ′)vét). □

Definition 2.8. Let (X, X̃)affine,τ be the subcategory of (X, X̃)τ whose objects are pairs

(U, Ũ), with U and Ũ affine, equipped with the vét and tame topologies by restriction.

Let (X, X̃)int,τ be the full subcategory of (X, X̃)affine,τ whose objects are pairs (U, Ũ)

with O(Ũ)→ O(U) injective and integrally closed, equipped with v-étale and tame topolo-
gies by restriction.
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Lemma 2.9. The inclusion functors (X, X̃)affine,vét → (X, X̃)vét and (X, X̃)affine,t →
(X, X̃)t induce equivalences on the associated topoi.

Proof. It is straightforward to check the properties (1)-(5) of [Sta16, Tag 03A0]. □

3. Computation of the v-étale topology

In this section we study some properties of the v-étale topology.

Lemma 3.1. For every composition V φ1−→ U φ2−→ Y in Sch
(S,S̃)

with φ2 strict étale and φ1

a quasi-modification, there is a quasi-modification T → Y such that U ×Y T → Y factors
through a quasi-modification U ×Y T → V.

Proof. First, we show that the result holds for φ1 a modification. This is classical (see

[MVW06, Proposition 12.27]): let U = (U, Ũ), V = (V, Ṽ ), and Y = (Y, Ỹ ). As observed

in Remark 2.5(2), we can assume that Y dense in Ỹ . By Raynaud-Gruson [Sta16, Tag

081R], there exists a Y -admissible blow-up T̃ → Ỹ such that the strict transform Ṽ ′ of

Ṽ over T̃ is flat of finite presentation over T̃ . Note that the map Ṽ ′ → T̃ factors as

Ṽ ′ α−→ Ũ ×Ỹ T̃
β−→ T̃ , where β is étale and α is proper inducing an isomorphism over the

dense open U = Ũ ×Ỹ T̃ ×Ỹ Y . Moreover, α is flat by [KS24, Lemma 4.15] and thus an

isomorphism by [KS24, Lemma 4.16]. Hence, we get a morphism Ũ ×Ỹ T̃ → Ṽ , which is
proper and an isomorphism over U .

Let now φ1 be a quasi-modification. By Remark 2.3 (3), there exists V0 = (U, Ṽ0)
such that φ1 factors as a composition of an integral birational morphism V → V0 and
a modification V0 → U . By the previous paragraph, there exists a modification T ′ =
(Y, T̃ ′) → Y such that for Ũ ′ := Ũ ×Ỹ T̃

′, the map U ′ = (U, Ũ ′) → U factors through V0,
hence we have a commutative diagram

V ×V0 U ′ U ′ T ′

V V0 U Y

φ′
1

q0

φ′
2

ψ0

with φ′
1 integral birational, φ′

2 strict étale and q0 and ψ0 modifications.

Let T̃ be the integral closure of T̃ ′ in Y and put W̃ := Ũ ′ ×T̃ ′ T̃ ∼= Ũ ×Ỹ T̃ . Then,

W̃ is the integral closure of Ũ ′ in U by [Sta16, Tag 03GE] since Ũ ′ → T̃ ′ is étale and

U = Ũ ′×T̃ ′ Y . As φ′
1 is integral birational, the Ũ ′-scheme W̃ is isomorphic to the integral

closure of Ṽ ×Ṽ0 Ũ
′ in U . Hence W̃ → Ũ ′ factors via W̃ = (Ṽ ×Ṽ0 Ũ

′)int → Ṽ ×Ṽ0 Ũ
′.

Therefore we can take T = (Y, T̃ ) and this completes the proof of the lemma. □

Lemma 3.2. For F ∈ Shv((X, X̃)sét) and U ∈ (X, X̃)τ , we have

(3.2.1) avét(F )(U) = lim−→
V→U

F (Ṽ ) = lim−→
W→U

F (W̃ )

where the first colimit runs along all quasi-modifications V → U with V = (V, Ṽ ) and Ṽ
integrally closed in V , and the second colimit runs along all admissible blow-ups W → U .

Proof. Let αF be the presheaf defined by

U ∈ (X, X̃)τ 7→ lim−→
U ′→U

F (Ũ ′),

where the colimit runs through all quasi-modifications. By taking the integral closure,
every quasi-modification is dominated by a quasi-modification V = (V, Ṽ ) → U with Ṽ
integrally closed in V , and by Theorem 1.7, every quasi-modification is a cofiltered limit of
modifications, and by Raynaud–Gruson [Sta16, Tag 081T], any modification is dominated
by an admissible blow-up. Therefore the two colimits in (3.2.1) are isomorphic to αF (U).

https://stacks.math.columbia.edu/tag/03A0
https://stacks.math.columbia.edu/tag/081R
https://stacks.math.columbia.edu/tag/081R
https://stacks.math.columbia.edu/tag/03GE
https://stacks.math.columbia.edu/tag/081T
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First, we claim that αF ∈ Shv((X, X̃)vét). Indeed, by construction αF sends quasi-
modifications to isomorphisms, so it has descent for those coverings. It remains to prove
that αF has descent for every strict étale covering {Ui → U}i∈I . By a standard reduction,

we may assume I = {1, 2}. Using F ∈ Shv((X, X̃)sét), for any quasi-modification V → U ,
we have

F (V) = F (V ×U U1)×F (V×UU12) F (V ×U U2),
where U12 = U1 ×U U2. Taking the colimit over V and using Lemma 3.1 and the fact that
filtered colimits commute with fiber products, we get

αF (U) = αF (U1)×αF (U12) αF (U2).

Thus, we get a functor α : Shv((X, X̃)sét) → Shv((X, X̃)vét). It suffices to show that

it is a left adjoint of the inclusion i : Shv((X, X̃)vét)→ Shv((X, X̃)sét). By construction
we have a natural transformation id→ iα and by Lemma 2.7 also a natural isomorphism

αi
≃−→ id. The statement thus follows from [Mac71, IV, §1, Theorem 2(v)]. □

Lemma 3.3. Let I be a sheaf of abelian groups on (X, X̃)sét. If I is flabby, that is

H i(Vsét, F ) = 0, for any i > 0 and V ∈ (X, X̃)τ , then avétI is flabby as a vét sheaf.

Proof. By [Mil80, III, Proposition 2.12], I is flabby as a sét sheaf if and only if for any

U ∈ (X, X̃)τ and a strict étale covering U ′ → U , the Čech complex

0→ I(U)→ I(U ′)→ I(U ′ ×U U ′)→ · · ·
is exact. This implies that for any modification V → U , the Čech complex

0→ I(V)→ I(V ×U U ′)→ I(V ×U U ′ ×U U ′)→ · · ·
is also exact. Noting that filtered colimits are exact, Lemma 3.2 together with Lemma 3.1
implies

0→ avétI(U)→ avétI(U ′)→ avétI(U ′ ×U U ′)→ · · ·
is exact. Noting avétI(U) ≃ avétI(V) for any modification V → U , this implies that avétI

is flabby on (X, X̃)vét again by [Mil80, III, Proposition 2.12]. □

Definition 3.4. For U = (U, Ũ) ∈ (X, X̃)vét, let λ
U : (U, Ũ)vét → Ũét be the morphism of

sites defined by the functor

Ũét → (U, Ũ)vét, Ṽ 7→ (Ṽ ×Ũ U, Ṽ ).

It is clear by construction

Hq((U, Ũ)sét, F ) = Hq(Ũét, λ
U
∗ F ).

We can now compare the vét cohomology with the étale cohomologies of the sheaves
λU∗ F . This result should be compared with [Hübb, Corollary 5.7], as well as [BPØ22,
Theorem 5.1.2] and [KMSY21, Theorem 2], where analogous results were obtained.

Lemma 3.5. For a sheaf of abelian groups F on (X, X̃)vét and U = (U, Ũ), there is a
natural isomorphism

H i(Uvét, F ) = lim−→
V→U

H i(Ṽét, λ
V
∗ F ) = lim−→

W→U
H i(W̃ét, λ

W
∗ F ),

where the first colimit runs along all quasi-modifications V → U with V = (V, Ṽ ) and Ṽ
integrally closed in V , and the second colimit runs along all admissible blow-ups W → U .
Proof. This is very similar to [BPØ22, Theorem 5.1.2]. Let F|(X,X̃)sét

→ I• be a flabby

resolution of the restriction of F to (X, X̃)sét. By Lemma 3.3, this gives a flabby resolution

F → avétI
• on (X, X̃)vét. Therefore, by Lemma 3.2

H i(Uvét, F ) = π−i(avétI
•(U)) = π−i( lim−→

V→U
I•(V)) = lim−→

V→U
H i(Vsét, F ) = lim−→

V→U
H i(Ṽét, λ

V
∗ F ).

□



A CONSTRUCTION OF TAME SHEAVES AND TAME DE RHAM–WITT COHOMOLOGY 13

4. Acyclic objects

In this section, we show the existence of acyclic pro-covers, Lemma 4.4, which will be
used in the comparison of the tame cohomology with Čech cohomology (see Lemma 6.4).

Definition 4.1. We let ˜(X, X̃)τ be the full subcategory of Sch(X,X̃) consisting of affine

pairs (U, Ũ) such that there exists a cofiltered system {(Ui, Ũi)}i∈I in (X, X̃)affine,τ such

that U = lim←−Ui and Ũ = lim←− Ũi as schemes. Notice that in this case the map U → X is

no longer in general étale (but rather, pro-étale), the map U → Ũ is no longer in general

a quasi-compact open immersion and the map Ũ → X̃ is no longer ift.

We also consider the full subcategory ˜(X, X̃)int,τ of ˜(X, X̃)τ whose objects are limits of

(Ui, Ũi) ∈ (X, X̃)int,τ (cf. Definition 2.8).

Remark 4.2. For Y = (Spec(A), Spec(Ã)) ∈ ˜(X, X̃)int,τ , we observe that:

(1) Ã → A is injective and integrally closed, as filtered colimits are exact and the
integral closure commutes with filtered colimits.

(2) If A = A1×A2 is a product of rings and Ãi are the integral closures of Ã in Ai for

i = 1, 2, we have Y = Y1 ⊔ Y2 with Yi = (Spec(Ai),Spec(Ãi)).

Definition 4.3. We say that (T, T̃ ) ∈ ˜(X, X̃)τ is v-étale (resp. tamely) acyclic if for every

v-étale (resp. tame) covering (V, Ṽ ) → (U, Ũ) in (X, X̃)τ and a map ψ : (T, T̃ ) → (U, Ũ)

in ˜(X, X̃)τ , there exists a map (T, T̃ )→ (V, Ṽ ) which lifts ψ.

Lemma 4.4. For every Y ∈ (X, X̃)τ , there is W ∈ ˜(X, X̃)τ v-étale (resp. tamely) acyclic
such that W → Y is a cofiltered limit of v-étale (resp. tame) coverings Wi → Y in

(X, X̃)affine,τ with Wi ∈ (X, X̃)int,τ .

Proof. We prove the lemma only for the tame topology. The proof for the v-étale topology
is the same. We can suppose Y := (Spec(A),Spec(Ã)) ∈ (X, X̃)affine,t. We use the
same strategy of [BS15, Lemma 2.2.7] (see [HS20, Proposition 7.12]). Let I be the set

of isomorphism classes of coverings U → Y in (X, X̃)affine,t. For each i ∈ I, pick a

representative (Spec(Bi),Spec(B̃i))→ Y and set

(4.4.1) A1 := lim−→
J⊂I finite

⊗
j∈J

Bj Ã1 := lim−→
J⊂I finite

⊗
j∈J

B̃j ,

where the tensor products are over A and Ã, respectively. By construction, we can write

Y1 := (Spec(A1),Spec(Ã1)) = lim←−
λ1∈Λ1

Yλ1 with Yλ1 = (Spec(Aλ1),Spec(Ãλ1))

as a cofiltered limit of coverings Yλ1 → Y in (X, X̃)affine,t such that for every covering

U → Y in (X, X̃)t, the map Y1 → Y factors through U . For each λ1 ∈ Λ1, let Iλ1
be the set of isomorphism classes of coverings U → Yλ1 in (X, X̃)affine,t and apply the

same construction as (4.4.1) to (Yλ1 , Iλ1) instead of (Y, I) to get (A2,λ1 , Ã2,λ1) instead of

(A1, Ã1) and put Y2,λ1 = (Spec(A2,λ1),Spec(Ã2,λ1)). Then, for every covering U → Yλ1 ,
the map Y2,λ1 → Yλ1 factors through U . Put

(4.4.2) A2 := lim−→
J⊂Λ1 finite

⊗
λ1∈J

(A2,λ1 ⊗Aλ1
A1), Ã2 := lim−→

J⊂Λ1 finite

⊗
λ1∈J

(Ã2,λ1 ⊗Ãλ1
Ã1),

where the tensor products are over A1 and Ã1, respectively. Noting Y2,λ1 → Yλ1 and
Y1 → Y are cofiltered limits of coverings, we can write

Y2 := (Spec(A2),Spec(Ã2)) = lim←−
λ2∈Λ2

Yλ2
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as a cofiltered limit of coverings Yλ2 → Y in (X, X̃)affine,t such that for every λ1 ∈ Λ1 and

covering U → Yλ1 in (X, X̃)t, the map Y2 → Y1 → Yλ1 factors through U . Iterating the

construction, we get a sequence in ˜(X, X̃)τ

· · · → Y3 → Y2 → Y1 → Y with Yn = lim←−
λn∈Λn

Yλn

such that for every λn ∈ Λn, Yλn → Y is a covering in (X, X̃)affine,t and for every covering

U → Yλn in (X, X̃)t, the map Yn+1 → Yn → Yλn factors through U . Set W = lim←−n Yn ∈
˜(X, X̃)τ . By the construction,W is a cofiltered limit of tame coverings of Y. It remains to

show thatW is tamely acyclic. Let V → U be a covering in (X, X̃)affine,t and φ :W → U be

a map in ˜(X, X̃)τ . By Lemma 1.3 (with (f, f̃) induced by U → X ), φ factors through Yλn
for some λn. Since Yλn ×U V → Yλn is a covering in (X, X̃)t, the map Yn+1 → Yn → Yλn
factors through Yλn ×U V so that φ lifts to a map W → V. This completes the proof. □

5. Fiber functors

In this section, we characterize fiber functors of the topoi of the sheaves of sets on
(X, X̃)vét and (X, X̃)t (see Proposition 5.2). First, we recall the following.

Definition 5.1. Let (C, γ) be a site admitting finite limits. Recall that a fiber functor of
a topos Shv(C, γ) of sheaves of sets, is a functor φ : Shv(C, γ) → Set which preserves
colimits and finite limits. Let Fib(Shv(C, γ)) denote the category of fiber functors of
Shv(C, γ).

In what follows, let γ denote either the v-étale topology or the tame topology on (X, X̃)τ .
By Lemma 2.9, there is an equivalence of categories of fiber functors

Fib(Shv((X, X̃)affine,γ)) ≃ Fib(Shv((X, X̃)γ)).

Hence, by [Joh77, Pro.7.13] and Remark 2.5(1), there is a bijection between fiber functors

of Shv((X, X̃)γ) and cofiltered pro-objects

(5.1.1) P• = “ lim←− ”
λ∈Λ

Pλ with Pλ = (P, P̃ ) ∈ (X, X̃)affine,γ

indexed by a cofiltered category Λ, which satisfies the γ-locality condition: For every

γ-covering V u−→ U , the morphism of sets

lim−→
λ∈Λ

Hom(X,X̃)τ
(Pλ,V)→ lim−→

λ∈Λ
Hom(X,X̃)τ

(Pλ,U)

is surjective. By Lemma 1.3, the latter condition is equivalent to that T = lim←−λ∈Λ P ∈
˜(X, X̃)τ is γ-acyclic in the sense of Definition 4.3 and the corresponding fiber functor is

given by

(5.1.2) φT : Shv((X, X̃)γ)→ Set ; F → F (T ) := lim−→
λ

F (Pλ).

Proposition 5.2. A pair T = lim←−i∈I Ti ∈
˜(X, X̃)τ is v-étale local (resp. tame local) if and

only if T is a coproduct of objects of the form (Spec(S),Spec(S̃)) such that S̃ is strictly

henselian local and S is henselian local and that S̃ = S ×k Ov, where k is the residue
field of S equipped with a valuation v such that (k, v) is strictly henselian (resp. (k, v)
is tamely closed), and Ov ⊆ k is the valuation ring. Moreover, in both cases we have

(T, T̃ ) ∈ ˜(X, X̃)int,τ .
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Remark 5.3. With the terminology from [HS20, Definition 10.8] the pair (S, S̃) appearing
in Proposition 5.2 is a strictly henselian (resp. tamely henselian) local Huber pair.

The analogous result for local Huber pairs is [HS20, Proposition 10.15]. Our context is

different in the following sense: on a discretely ringed adic space Spa(X, X̃), going “local”
means looking at neighborhoods of a point (x, v, ε) for a fixed valuation rign Ov ⊆ k(x),

while in the case of the site (X, X̃)t, then one considers neighborhoods of a point x ∈ X
and their compactifications mapping to to X̃, which means that we need to consider
all the possible valuation rings Ov ⊆ k(x) with a map Spec(Ov) → X̃. This was the
same philosophy used in the construction of local modulus pairs of [KM, Corollary 3.5],
therefore our proof will follow their arguments. For this reason, in order to keep the proof
self-contained and more readable, we will write it in details.

We need the following preliminary result:

Lemma 5.4. Let (Y, Ỹ ) = lim←−i∈I(Yi, Ỹi) in ˜(X, X̃)τ . Let (f, f̃) : (U, Ũ) → (Y, Ỹ ) in

˜(X, X̃)τ with f an étale covering. Then there exists a cofiltered category J and a system

of maps (fij , f̃ij) : (Uij , Ũij)→ (Yi, Ỹi) indexed over I×J such that for all (i, j), (Uij , Ũij) ∈
(X, X̃)int,τ and fij is an étale covering, and lim←−(i,j)∈I×J(Uij , Ũij) → (Y, Ỹ ) refines (f, f̃).

Moreover, if (f, f̃) is a tame covering in the sense of Definition 2.2, then we find such

system that (fij , f̃ij) are tame coverings for all i, j.

Proof. By definition, (U, Ũ) is a limit of (Uj , Ũj) ∈ (X, X̃)affine,t with j ∈ J a cofiltered

set, Let (U ′, Ũ ′) = lim←−(Uj , Ũ
int
j ). Then (U ′, Ũ ′)→ (Y, Ỹ ) is a covering that refines (U, Ũ),

so we can suppose that (Uj , Ũj) ∈ (X, X̃)int,t. Fix i ∈ I. We need to show that (U, Ũ)→
(Y, Ỹ )→ (X, X̃) factors through (Uji , Ũji), for some ji ∈ J . To this end, we may assume

that X and X̃ are affine, and Lemma 1.3 gives such factorization. In particular, we find
a commutative diagram:

Uji Ũji

Yi Ỹi,

uji

fiji f̃iji

gi

in which fiji is étale by Remark 1.4 and f̃iji are ift, hence it gives a map (fiji , f̃iji) in

(X, X̃)t. Moreover, since all the indexing sets are cofiltered, for every i ∈ I, and every

j ∈ J as before, there exists (Uj′ , Ũj′) that maps to both (Uj , Ũj) and (Uji , Ũji), hence we
find a commutative diagram:

Uj′ Ũj

Yi Ỹi,

uj′

fij′ f̃ij′

gi

with fij′ étale (since Uj′ → Uji and fiji are étale) and f̃ij′ ift (since Ũj′ → Ũji are ift by
[Tem13, Proposition 2.2.5] and fiji are étale), then up to replacing J by a cofinal set we

can suppose that for every (Uj , Ũj) there exist i ∈ I, and a map (Uj , Ũj) → (Yi, Ỹi) as in

the statement with (Uj , Ũj) ∈ (X, X̃)int,t.

Now, assume that (f, f̃) is a tame covering and prove that (fij , f̃ij) as constructed above
is a tame covering for a sufficiently large i, j. We proceed as the proof of [HS20, Theorem

4.6]. Let Zi ⊆ Spa(Yi, Ỹi) be the set of triples (yi, wi, εwi) such that there is no (xi, vi, εvi) in

Spa(Uij , Ũij) tame over (yi, wi, εwi). Since (f, f̃) is tame, we have lim←−i Zi = ∅. By [Hüb21,

Cor.4.4], Zi is closed, which implies that it is compact in the constructible topology by

[Sta16, Tag 0901] since Spa(Yi, Ỹi) is spectral. Since the inverse limit of nonempty compact

https://stacks.math.columbia.edu/tag/08KQ
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spaces is nonempty, we must have Zi = ∅ for a sufficiently large i, which completes the
proof. □

Proof of Proposition 5.2: First of all, we observe that T → T̃ is dense by Remark 2.5(2),

hence T and T̃ have the same number of connected components. Let T̃ =
∐
i∈I T̃i and

T =
∐
i∈I Ti be the decomposition into the connected components. We claim that T =

(T, T̃ ) is acyclic if and only if Ti = (Ti, T̃i) are acyclic for all i. Indeed, assume that T
is acyclic and take coverings Vi → Ui in (X, X̃)τ and maps φi : Ti → Ui in ˜(X, X̃)τ for
i ∈ I. Fixing i ∈ I, it gives rise to a covering V := ⊔j ̸=iUj ⊔ Vi → U = ⊔j∈IUj and a map
φ : T → U in an obvious way. By the assumption, φ factors through V and the image of
the map Ti → T → V lands in Vi since Ti and T̃i are connected. Thus, φi factors through
Vi showing that Ti is acyclic. On the other hand, assume that Ti are acyclic for all i ∈ I.
Let V → U be a covering in (X, X̃)τ and φ : T → U be a map in ˜(X, X̃)τ . For each i ∈ I,
the map Ti → T → U factors through a map ψi : Ti → V since Ti are acyclic. Then,
ψ = ⊔i∈Iψi : T → V gives a lift of φ showing that T is acyclic. For the rest of the proof,
we assume that (T, T̃ ) is connected.

⇒: Assume T is v-étale local (resp. tame local). Recall that every v-étale covering is

also a tame covering. Let T = (T, T̃ ) = (Spec(S), Spec(S̃)) and write

T = lim←−
α∈A
Tα with Tα = (Spec(Sα),Spec(S̃α)) ∈ (X, X̃)affine,t

so S = lim−→α
Sα and S̃ = lim−→α

S̃α. Let (S̃)
int (resp. (S̃α)

int) be the integral closure of S̃ in

S (resp. S̃α in Sα). We have (S̃)int = lim−→α
(S̃α)

int so we have

(Spec(S), Spec((S̃)int)) = lim←−
α∈A

(Tα)int

with T int
α = (Spec(Sα), Spec((S̃α)

int)) ∈ (X, X̃)int,t. Since (Tα)int → Tα is a quasi-

modification and T is acyclic, the projection T → Tα factors through (Tα)int, i.e., S̃α → S̃

factors through (S̃α)
int. This implies S̃ = (S̃)int and T = lim←−α∈A(Tα)

int so we may assume

S̃α = (S̃α)
int for all α ∈ A.

Noting that the restriction of the v-étale topology on X̃ is finer than the étale topology,

S̃ must be strictly henselian.

Next, we show that S is a local ring (see [KM, Proposition 3.3, “⇒ 2”]) Let x1 and x2
be closed points in T . Take open covers {Spec(S[1/gν,j ])}j∈Jν of T −{xν}, ν = 1, 2. As S

is a localization of S̃ we may assume

(5.4.1) gν,j ∈ S̃ \ S̃ ∩ S×, for all ν, j.

If x1 ̸= x2, then the ideal (g1,i, g2,j)i∈J1,j∈J2 of S̃ maps to the unit ideal in S. As T is
quasi-compact, there exist finite subsets Kν ⊂ Jν such that⊔

i∈K1

Spec(S[1/g1,i]) ⊔
⊔
j∈K2

Spec(S[1/g2,j ])→ T

is an open covering. In particular the finitely generated ideal I := (g1,i, g2,j)i∈K1,j∈K2 of S̃

maps to the unit ideal in S. There exists α such that g1,i, g2,j come from gα,1,i, gα,2,j ∈ S̃α
and the ideal Iα := (gα,1,i, gα,2,j)i∈K1,j∈K2 of S̃α maps to the unit ideal in Sα.

Hence, we get the v-étale covering:⊔
i∈K1

Uα,1,i ⊔
⊔
j∈K2

Uα,2,j → Tα,
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where

Uα,ν,i = (Spec(Sα[1/gα,ν,i]), Spec(S̃α[
Iα
gα,ν,i

])), for ν = 1, 2 and i ∈ Kν .

Since T is acyclic, the projection T → Tα factors through Uα,ν,i for ν = 1 or 2 and some
i ∈ Kν , which implies that g1,i or g2,i is a unit in S, contradicting (5.4.1). Therefore
x1 = x2 and S is local.

Let p ⊆ S̃ be the prime ideal such that pS is the maximal ideal of S. We show that

S̃/p is a valuation ring (see [KM, Proposition 3.3, “⇒ 3”]). Let a, b ∈ S̃ \ p. Since pS
is maximal, a and b are invertible in S. There exists α ∈ A such that a, b come from

aα, bα ∈ S̃α. Then, we have the v-étale covering Uα,a ⊔ Uα,b → Tα with

Uα,a = (Spec(Sα), Spec(S̃α

[ bα
aα

]
)), Uα,b = (Spec(Sα),Spec(S̃α

[aα
bα

]
)).

Since T is acyclic and connected, the projection T → Tα factors through Uα,a or Uα,b, so
S̃α → S̃ factors through either S̃α

[
bα/aα

]
or S̃α

[
aα/bα

]
. Hence, either b = ha or a = hb

for the image h ∈ S̃ of bα/aα or aα/bα, which implies that S̃/p is a valuation ring.

Next, we show S̃ ≃ S×k(p) S̃/p, where k(p) = S/p is the fraction field of S̃/p (see [KM,

Proposition 3.3, “⇒ 4”]). Since S is local and pS is its maximal ideal, we have S = S̃p.

Then, it is enough to check that the map p→ pS is an isomorphism. The map S̃ → S is
injective by Remark 4.2(1), therefore p → pS is injective. Let x/h in pS, with x ∈ p and

h ∈ S̃ \ p. There exists α ∈ A such that x, h come from xα, hα ∈ S̃α and hα is a unit in
Sα. Then, we have the v-étale covering Uα,f ⊔ Uα,x → T with

Uα,f = (Spec(Sα),Spec(S̃α

[xα
hα

]
)), Uα,x = (Spec(Sα[1/xα]), Spec(S̃α

[hα
xα

]
)).

As before, this implies that S̃α → S̃ factors through either S̃[xα/hα] or S̃[hα/xα]. In the

latter case, there is y ∈ S̃ such that yx = h, but this is impossible since h ̸∈ p. In the

former case, there is y ∈ S̃ such that yh = x, hence x/h = y ∈ p, which implies that
p→ pS is surjective.

Next, we show that S is henselian (see [KM, Proposition 3.4]). We follow the argument
in [HS20, Lemma 10.7]. Let S → B be finite with Spec(B) connected. Then, B is
semilocal, and to show that S is henselian, it is enough to show that B/pB is local.
Since it is a finite algebra over the field S/pS, it is enough to check that Spec(B/pB) is

connected. Let B̃ be the integral closure of S̃ in B. We claim

(1) B̃ is local;

(2) pB ⊂ B̃;

(3) B̃/pB is the integral closure of S̃/pS̃ in B/pB.

Then B̃/pB is local by (1), (2) and hence Spec(B̃/pB) is connected. We conclude by
[Sta16, Tag 03GO] that Spec(B/pB) is connected. Indeed, if B/pB = R1 × R2, then

B̃/pB = R̃1 × R̃2, with R̃i the integral closure of S̃/p in Ri.

Thus it remains to show the three claims above. For (1) we note that S̃ → B̃ is integral

and hence B̃ is a filtered union of its subrings B̃i finite over S̃. Since B̃i → B̃ → B
are injective the maps Spec(B) → Spec(B̃) → Spec(B̃i) have dense images. Therefore,

as Spec(B) is connected so are Spec(B̃) and Spec(B̃i). Since S̃ is henselian, B̃i is local

henselian for all i. Since the maps B̃i → B̃j are finite, they are local maps of henselian

local rings. Hence, B̃ is local. (2). Take y ∈ B and m ∈ p. Since B is integral over S, we

https://stacks.math.columbia.edu/tag/03GO
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can write yn =
∑n−1

i=0 aiy
i, for ai ∈ S, so that

(my)n =
n−1∑
i=0

aim
n−i(my)i.

As aim
n−i ∈ pS = p ⊆ S̃, for i ∈ [0, n − 1], we get my ∈ B̃. (3). If x ∈ B/pB and

g ∈ S̃/p[T ] is monic such that g(x) = 0, then let x ∈ B and g ∈ S̃[T ] be lifts of x and g.

Then g(x) ∈ pB ⊂ B̃, in particular f(x) is integral over S̃, so there exists h(T ) ∈ S̃[T ]
such that h(g(x)) = 0, therefore x is integral over S̃ hence it lies in B̃, hence x lies in

B̃/pB̃. Thus we have shown that S is henselian.

To conclude the proof of the implication ⇒, it is enough to further check that (k, v)
is strictly henselian in case of the v-étale-topology and tamely closed in case of the tame

topology, where k = S/pS and v is the valuation associated to S̃/p. The former case

holds since S̃ is strictly henselian. To show the latter case, take a finite extension k′/k
and a valuation v′ on k′ over v such that v′/v is tame. We want to prove k = k′. Since
it is separable, there exists ω ∈ Ov′ such that k′ = k[ω] and Ov′ is the integral closure
of Ov[ω]. Let p ∈ Ov[T ] be the monic minimal polynomial of ω over k. Since S is

henselian and S̃ = S ×k Ov, there is p ∈ S̃[T ] that maps to p in k[T ] giving a finite étale
extension S ↪→ S′ = S[T ]/(p), with S′ henselian local with residue field k′ = S′/pS′. Let

S̃′ := S′ ×k′ Ov′ .

Claim 5.5. S̃′ is the integral closure of S̃[T ]/(p) in S′.

Indeed, let R = S̃[T ]/(p). Note that S̃′ is integrally closed in S′ by definition. Further-

more, the image of T in S′ lies in S̃′ since its image ω in k′ = S′/pS′ lies in Ov′ . Thus the
natural map R → S′ factors via S̃′ and it remains to show that S̃′ is integral over R. To

this end we observe that pS′ lies in R and in S̃′ and that the induced map on the quotients

R/pS′ → S̃′/pS′ is the integral extension Ov[ω] ↪→ Ov′ . Hence S̃′ is integral over R.

Recall T = (Spec(S), Spec(S̃)) = lim←−α Tα with Tα = (Spec(Sα),Spec(S̃α)). We show

T ′ := (Spec(S′),Spec(S̃′)) ∈ ˜(X, X̃)τ . Since S̃ = lim−→ S̃α, there exists α0 ∈ A and pα0 ∈
S̃α0 [T ] mapping to p. Letting pα be the image of pα0 in S̃α[T ], we have S′ = lim−→α≥α0

S′
α

with S′
α = Sα[T ]/(pα). By construction, S′

α = S′
α0
⊗Sα0

Sα. By [Sta16, Tag 01SR],

Sα → S′
α is étale for α≫ α0, so Spec(S̃′

α) is étale over X since Spec(Sα) is étale over X.

Let S̃′
α be the integral closure of S̃α[T ]/(pα) in S

′
α. Since Spec(S̃α) is ift over X̃, Spec(S̃′

α)

is ift over X̃. By Claim 5.5, we have lim−→α
S̃′
α = S̃′ noting that taking integral closures

commutes with filtered colimits. By construction, T ′
α := (Spec(S′

α), Spec(S̃
′
α)) ∈ (X, X̃)τ

and we have T ′ = lim←−α T
′
α. By Lemma 5.4, T ′

α → Tα is a tame covering for α≫ α0. Since

T is tame acyclic, this implies that for α ≫ α0, the map Sα → S factors through S′
α,

which implies k = k′ as desired.

⇐ Take T = (Spec(S),Spec(S̃)) with S̃ = S ×k Ov as in Proposition 5.2. We want to

show that for any covering h : V = (V, Ṽ )→ U = (U, Ũ) in (X, X̃)γ with γ = vét or γ = t,

(5.5.1) Hom ˜(X,X̃)τ
(T ,V)→ Hom ˜(X,X̃)τ

(T ,U)

is surjective. Clearly, it suffices to consider the generator coverings so we may assume that
h is either a quasi-modification or strict étale covering in case γ = vét and a tame covering

in case γ = t. Write T = Spec(S), T̃ = Spec(S̃) and take (f, f̃) : (T, T̃ )→ (U, Ũ).

If h is a strict étale covering so that Ṽ → Ũ is an étale covering and V = Ṽ ×Ũ U , f̃

admits a lift g̃ : T̃ → Ṽ since S̃ is strictly henselian. Moreover, the composite T → T̃
g̃−→ Ṽ

and f : T → U induce g : T → V = Ṽ ×Ũ U so that (g, g̃) gives a lift of (f, f̃).

https://stacks.math.columbia.edu/tag/07RP
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Assume that h is a quasi-modification. Then, f : T → U lifts to g : T → V because V →
U is an isomorphism. By the valuative criterion for universal closedness, the composite

Spec(k) ↪→ T
g−→ V → Ṽ extends to a morphism q : Spec(Ov) → Ṽ . These morphisms

factor through some open affine of Ṽ , so q and T
g−→ V → Ṽ glue to give a morphism

g̃ : T̃ = Spec(S̃) → Ṽ since T̃ = Spec(Ov ×k S) = Spec(Ov) ⊔Spec(k) T is the categorical

pushout in the category of affine schemes. Thus, we get a lifting (g, g̃) of (f, f̃).
Finally, assume that h is a tame covering and (k, v) is tamely closed. Let x ∈ U be the

image of Spec(k) ↪→ T
f−→ U and let vx be the restriction of v to the residue field κ(x).

Note, as f is pro-étale, the field extension k/κ(x) is separable algebraic. By assumption,
there is a point y ∈ V and a valuation vy on its residue field κ(y) extending vx such that
the extension (κ(y), vy)/(κ(x), vx) is tame. Since (k, v) is tamely closed, there exists a
map of valued fields (κ(y), vy) → (k, v) which factors (κ(x), vx) → (k, v). Since V → U
is an étale covering and S is henselian, this implies that f : T = Spec(S) → U admits a
lift g : T → V . By the same argument as in the case of quasi-modifications, g extends to
g̃ : T̃ → Ṽ so that we get a lifting (g, g̃) of (f, f̃). This completes the proof.

Remark 5.6. By Remark 2.5(1) and Deligne’s completeness theorem, [AGV72b, Proposi-
tion VI.9.0] or [Joh77, Theorem 7.44, Corollary 7.17], the fiber functors φT from (5.1.2) for
T satisfying the condition of Proposition 5.2 form a conservative family, i.e., a morphism
f in Shv((X, X̃)γ) is an isomorphism if and only if φT (f) is an isomorphism of sets for

all γ-acyclic T . Equivalently, a morphism V → U in (X, X̃)τ is a γ-covering if and only if

Hom ˜(X,X̃)τ
(T ,V)→ Hom ˜(X,X̃)τ

(T ,U)

is surjective for all such T , [AGV72a, Proposition IV.6.5(a)].

Remark 5.7. If the valuation ring Ov has finite height, then there exists a ∈ Ov such that
k = Ov[1/a] (see [FK18, Proposition 0.6.7.2 and Exercise 0.6.4]). In this case, it is closer
to the modulus pairs of [KM].

Remark 5.8. Let (Spec(A), Spec(A ×k Ov)) be vét acyclic. Let (Spec(B),Spec(B̃)) →
(Spec(A), Spec(A ×k Ov)) be a tame covering in the sense of Definition 2.2(3). Since
A is henselian local, we can refine it so that B → A is finite étale asssociated to a
finite separable extension of k ↪→ k′. By tameness, there exists a valuation w on k′

extending v such that B̃ → B → k′ factors through Ow. This implies that the map
B̃ → B factors through B×k′ Ow, therefore the covering (Spec(B),Spec(B̃)) is refined by
(Spec(B),Spec(B ×k Ow)). Moreover, by Lemma 2.1(1) we can further refine it so that
we have that k′/k is Galois.

6. Čech comparison

In this section, we prove a comparison theorem of tame cohomology with Čech coho-
mology (see Proposition 6.5).

We fix a quasi-compact open immersion X → X̃ of qcqs schemes.

Definition 6.1. Let U = (U, Ũ) ∈ (X, X̃)t, let x ∈ U and let Uhx = Spec(OhU,x) be the

henselization at x. An x-local object over U is T := (Spec(B), Spec(B̃)) ∈ ˜(X, X̃)t with a
map T → U such that

(1) B is henselian local with residue field k, Spec(B)→ U factors through Uhx and the
map OhU,x → B is local and ind-étale;

(2) There is a valuation v on k such that (k, v) is tamely closed and Spec k → U

restricts to SpecOv → Ũ ;
(3) B̃ = B ×k Ov.
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Example 6.2. Let U = (U, Ũ) ∈ (X, X̃)t, let x ∈ U and k(x) be its residue field. Let

(x, v, εv) ∈ Spa(U, Ũ) and choose an extension v to a separable closure k(x) of k(x)
and k(x) ↪→ k(x)tv be the tame closure of k(x) with respect to the valuation v. Let
OhU,x → OtU,x be the ind-étale map corresponding to the field extension k(x) ↪→ k(x)tv
and let Otv ⊆ k(x)tv be the valuation ring of the restriction of v to k(x)tv. Then, U(x,v) :=
(Spec(OtU,x), Spec(OtU,x ×k(x)tv O

t
v)) is an x-local object over U . Moreover, U(x,v) → U is a

cofiltered limit of maps Ui → U in (X, X̃)t which is tame over (x, v, εv).

The following Lemma is a tame version of [Art71, Theorem 3.4]. The statement and
the proof are close to [HS20, Corollary 11.7], which is a version for discretely ringed adic
spaces.

Lemma 6.3. Let Y = (Y, Ỹ ) ∈ (X, X̃)t such that Ỹ satisfies the property that every finite
set of points is contained in an affine open. For 1 ≤ i ≤ n, let xi ∈ Y and let Pi be xi-local
objects over Ỹ . Then T = P1 ×Y . . .×Y Pn ∈ ˜(X, X̃)τ is affine and is a disjoint union of
x-local objects, where either x = xi for some i or x is a generization of all xi, i.e., the xi
lie in the closure of x.

Proof. Let Pi = (Spec(Ai), Spec(Ãi)) with Ãi = Ai ×ki Vi, where ki is the residue field

of Ai and Vi is a valuation field on ki. Let Spec(Vi) → Ỹ be the induced map on the

valuation rings, and let ỹi be the respective images of the closed points. Let Spec(Ã) ⊆ Ỹ
be an affine open containing xi and ỹi for all i. As ỹi is a specialization of xi, we have
natural maps

Ã→ OỸ ,ỹi → OỸ ,xi → Ai → ki,

and by the definition of ỹi its composition factors via Vi ↪→ ki. Therefore all the maps
Spec(Vi)→ Ỹ above factor through Spec(Ã), therefore

Spec(Ã1)×Ỹ . . .×Ỹ Spec(Ãn) = Spec(Ã1 ⊗Ã . . .⊗Ã Ãn).

As Spec(Ã)∩ Y is quasi-affine we find an open Spec(A) ⊆ Spec(Ã)∩ Y which contains all
the xi. Then all maps Spec(Ai)→ Y factor through Spec(A) hence

P1 ×Y . . .×Y Pn = P1 ×(Spec(A),Spec(Ã)) . . .×(Spec(A),Spec(Ã)) Pn.

Therefore we are reduced to the case Y = (Spec(A),Spec(Ã)), and now the general case
follows from the case where n = 2.

Thus it suffices to consider the following situation. Let p and q be prime ideals of A.
Let P = (Spec(B),Spec(B̃)) and Q = (Spec(C), Spec(C̃)) be p-local and q-local objects,

respectively, with B̃ = B ×kB VB and C̃ = C ×kC VC as in Definition 6.1. Denote by
mB ⊂ B and mC ⊂ C the maximal ideals. By [HS20, Theorem 6.3 and Theorem 6.4],
B ⊗A C is a product of henselian local A-algebras and the following holds: let D be a
factor of B ⊗A C and denote by m its maximal ideal and L = D/m its residue field.

(1) If the maps B → D and C → D are not local, then L is separably closed;
(2) if φ : B → D is local, then the residue field extension kB → L is a separable

algebraic extension.

In case (1) the natural map B̃ ⊗Ã C̃ → D is surjective. Indeed, we have mB ⊂ B̃ and

mC ⊂ C̃ and as B → D and C → D are not local we have mB · mC ·D = D. Thus D is
integral over B̃ ⊗Ã C̃ and is strictly henselian by [Art71, Th.3.4(ii)]. Hence (D,D) is an
r-local object, for r = mD ∩ A ⊂ p, q, where we consider the trivial valuation on kD, and
(Spec(D),Spec(D)) is a component of P ×Y Q.

We consider case (2). Denote by m its maximal ideal of D and by L = D/m its residue
field. Let w be the unique valuation on L that extends the valuation v on kB. Thus (L,w)
is a henselian valuation field and its valuation ring Ow is equal to the integral closure
of VB in L, see, e.g., [Bou98, VI, §8, Proposition 6]. As (kB, v) is tamely closed so is
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(L,w). Let D̃ be the integral closure of B̃⊗Ã C̃ in D, and let W be the image of the map

D̃ → D → L, so that we have the following commutative diagram

(6.3.1)
B̃ D̃ D

VB W L.

We claim

(6.3.2) m ⊂ D̃.

Assuming (6.3.2) we directly get D̃ = D×LW . MoreoverW contains Ow. Indeed, if a ∈ L
is integral over VB and ã ∈ D is a lift of a, then we find a monic polynomial f ∈ B̃[X]

with f(ã) ∈ m which by the claim is integral over B̃ ⊗Ã C̃, hence so is ã, hence a ∈ W .
Thus W is a henselian valuation ring by [HS20, Lemma 11.4] and its valuation w′ is a

generization of w, therefore (L,w′) is tamely closed. Hence (SpecD,Spec D̃) is a x1-local
object over Y. It remains to prove the claim (6.3.2).

Let m ∈ m. As φ : B → D is integral, we find a monic polynomial f(X) = Xn +
a1X

n−1+ . . . an in B[X] such that fφ(m) = 0, where fφ = Xn+φ(a1)X
n−1+ . . . φ(an) ∈

D[X]. Denote by f̄ ∈ kB[X] the reduction of f modulo the maximal ideal mB. As
0 = fφ(m) ≡ φ(an) mod m, we have an ∈ φ−1(m) = mB. Thus

f̄ = Xe · ḡ,
for some e ≥ 1 and g ∈ kB[X] monic with g(0) ̸= 0. As B is henselian, there exist monic
polynomials h, g ∈ B[X] with

f = hg, h ≡ Xe mod mB, g ≡ ḡ mod mB.

It follows that the constant term of gφ is a unit in D and hence so is gφ(m). Thus

hφ(m) = 0 in D. As h ∈ Xe + mB[X] ⊂ B̃[X] we find that m is integral over B̃, hence

m ∈ D̃. This yields claim (6.3.2) and completes the proof of the lemma. □

The following theorem is analogous to [Art71, Theorem 4.1] while its proof is closer to
the arguments given in the proof of [HS20, Proposition 7.14 and Theorem 7.16].

Lemma 6.4. Let Y = (Y, Ỹ ) ∈ (X, X̃)t such that Ỹ satisfies the property that every

finite set of points is contained in an affine open. Let U = (U, Ũ)
(φ,φ̃)−−−→ Y be a tame

covering. Then, for a tame covering V → U×Yn, there is a tame covering U ′ → U such
that U ′×Yn → U×Yn factors through V.

Proof. Since Ũ is quasi-compact and the open immersion U ↪→ Ũ is quasi-compact we find
finitely many affine pairs Uj = (Uj , Ũj) ∈ (X, X̃)affine,t such that U = ∪jUj and Ũ = ∪jŨj
are open coverings. Thus the disjoint union ⊔jUj is an affine pair which tamely covers

U . By Lemma 4.4 applied to this disjoint union, we find a morphism W = (W, W̃ ) → U
in ˜(X, X̃)t, which is a limit of tame coverings Wi = (Wi, W̃i) → U in (X, X̃)affine,t with

Wi ∈ (X, X̃)int,t, such that W is tamely acyclic. Note that every connected component P
of W is an x-local object over Y, for some points x ∈ Y . Indeed, by Proposition 5.2, P
satisfies the conditions (2) and (3) of Definition 6.1, and it suffices to check that P satisfies
(1). Denote by x the image in Y of the closed point of P = SpecS. Then we get a natural
local morphism OhY,x → S. It is ind-étale as S is a component of lim−→i

O(Wi) and Wi → U
and U → Y are étale.

Thus, Wn (product over Y) is a disjoint union of P1 ×Y ... ×Y Pn, where Pj are xj-
local objects for some xj ∈ Y . Hence, by Lemma 6.3 and Proposition 5.2, Wn is tamely
acyclic. Thus, for any tame covering V → Un the map Wn → Un factors via V. Noting
Wn
i ∈ (X, X̃)int,t, Lemma 1.3 and Remark 1.4 imply that there is i0 and a map Wn

i0
→ V
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in (X, X̃)affine,t that factors Wn
i0
→ Un, hence by choosing U ′ = Wi0 we conclude the

proof. □

We are now ready to prove the comparison with Čech cohomology, analogously to [HS20,

Theorem 7.16] and [Art71, Corollary 4.2]. Let us fix the notations: for Y ∈ (X, X̃)t, we
consider the Čech complex

Č•(Yt,−) : PSh((X, X̃)t,Ab)→ Cpx(Ab) F 7→ lim−→
U→Y

F (U×Y•),

where the colimit runs over all the tame coverings U → Y. This is an exact functor, and
its cohomology is the Čech cohomology Ȟq(Yt,−)

Theorem 6.5. Let F and G be presheaves of abelian groups on (X, X̃)t such that atF ∼=
atG, and let Y = (Y, Ỹ ) ∈ (X, X̃)t such that Ỹ satisfies the property that every finite set
of points is contained in an affine open. Then there is an isomorphism of complexes

Č•(Yt, F ) ∼= Č•(Yt, G)

In particular, for F a sheaf of abelian groups on (X, X̃)t and Y as above, the map com-
paring tame Čech cohomology with the cohomology of the tame site

Ȟq(Yt, F )→ Hq
t (Y, F )

is an isomorphism.

Proof. Let ι : Shv((X, X̃)t,Ab) ↪→ PSh((X, X̃)t,Ab) be the inclusion. It is enough to
show that the map Č•(Yt, F ) → Č•(Yt, ιatF ) is an isomorphism. Let K and K ′ be the
kernel and cokernel respectively of F → ιatF : we have exact sequences of presheaves

0→ K → F → F/K → 0 0→ F/K → ιatF → K ′ → 0.

Thus, it is enough to show that if atF = 0, then Čqt (Y, F ) = 0 for all q. Let α ∈ F (U×Yq)
for a tame covering U → Y. Then there is a tame covering V → U×Yq such that α 7→ 0 in
F (V). By Lemma 6.4, there is a tame covering U ′ → U such that U ′×Yq → U×Yq factors

through V. Hence, α 7→ 0 in F (U ′×Yq), which implies that it is zero in Čq(Y, F ). The
second part follows from the first: indeed let Hq(F ) be the presheaf U → Hq(Ut, F ) on

(X, X̃)t: since atHq(F ) = 0 for q > 0, by the previous part we have that Ȟp(Yt,Hq(F )) = 0
for q > 0, so the Čech-to-cohomology spectral sequence

Ep,q2 = Ȟp(Yt,Hq(F ))⇒ Hp+q(Yt, F )
degenerates.

□

7. Computation of tame cohomology

We fix a quasi-compact open immersion X → X̃ of qcqs schemes.

Proposition 7.1. Let p be a prime and let F be a sheaf of Z(p)-modules on (X, X̃)t.

Let (U, Ũ) ∈ (̃X, X̃)τ connected and v-étale acyclic. By Proposition 5.2, U = (U, Ũ) =

(SpecA,Spec Ã) where A is a henselian local ring with residue field K and Ã = A×K Ov
for a strictly henselian valuation v . Write U as the limit of a cofiltered system {Uλ}λ∈Λ
in (X, X̃)τ with Uλ = (SpecAλ, Spec Ãλ). If the residue characteristic of Ov is p, then

lim−→
λ∈Λ

H i((Uλ)t, F ) = 0, for i ≥ 1.

Proof. By Theorem 6.5, we have that

lim−→
λ∈Λ

H i((Uλ)t, F ) = lim−→
λ∈Λ

lim−→
Vλ→Uλ

π−iF (V
×Uλ

•
λ ),
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where the colimit is indexed over tame covers of Uλ. By Lemma 5.4, this is equal to

(7.1.1) lim−→
V→U

π−iF (V×U•),

where the colimit is indexed over tame covers of U in the sense of Definition 2.2 and F

is left Kan extended to (̃X, X̃)τ . By Remark 5.8, we can further suppose that V are of

the form (V, Ṽ ) = (Spec(B), Spec(B̃)) with A→ B is a finite étale map of henselian local
rings associated to the residue field extension L/K which is Galois and tame with respect

to v and B̃ = B ×L Ow with w the valuation on L extending v. Set

Bn := B⊗An, Vn := SpecBn and B̃n := B̃⊗Ãn, Ṽn := Spec B̃n.

Let Bint
n be the integral closure of B̃n in Bn and set Ṽ int

n = Spec B̃int
n . As (Vn, Ṽ

int
n ) →

(Vn, Ṽn) is a quasi-modification, see Remark 4.2, the desired vanishing holds once we know
that the following complex is exact

(7.1.2) 0→ F (U, Ũ)→ F (V, Ṽ int)→ F (V2, Ṽ
int
2 )→ F (V3, Ṽ

int
3 )→ · · · .

By [Bou98, VI, §8, No. 6, Proposition 6] the ring Ow is also the integral closure of Ov in
L. Hence the Galois group Gal(L/K) is equal to the decomposition group Aut(Ow/Ov).
Moreover, as the category of finite separable field extensions of K is equivalent to the
category of finite local étale A-algebras, we can identify the A-algebra automorphisms
of B with Gal(L/K). Hence G := Gal(L/K) = Aut(B/A) = Aut(B̃/Ã). As in [Mil80,
Example 2.6] the isomorphism B2 →

∏
σ∈GB, b0 ⊗ b1 7→ (σ(b0)b1)σ and induction give

the isomorphism for n ≥ 2

φn : Bn →
∏

(σ0,...,σn−2)∈Gn−1

B

with

φn(b0 ⊗ . . .⊗ bn−1)(σ0,...,σn−2) = (σn−2 · · ·σ0)(b0) · (σn−2 · · ·σ1)(b1) · · ·σn−2(bn−2) · bn−1.

As B̃ is integral over Ã, so is B̃n, hence B̃
int
n is the integral closure of Ã in Bn and thus

φn restricts to an isomorphism

B̃int
n →

∏
(σ0,...,σn−2)

B̃.

We thus find isomorphisms

(Vn, Ṽ
int
n ) ∼= (V, Ṽ )×Gn−1

as in [Mil80, III, Example 2.6] and can therefore identify the cohomology of (7.1.2) with
Galois cohomology

π−iF (V
×Uλ

•
λ ) = H i(G,F (V, Ṽ )).

This vanishes as F (V, Ṽ ) is a Z(p)-module and the order of G is invertible in Z(p) by
tameness. □

A version of the following theorem for discretely ringed adic spaces with p-torsion coef-
ficients holds by [Hüb21, Proposition 8.5] and [Hübb, Corollary 5.7]. The method of proof
presented below differs from the one in loc. cit.

Theorem 7.2. Let X ↪→ X̃ be a quasi-compact open immersion of qcqs schemes. For
V := (V, Ṽ ) ∈ (X, X̃)t, let jV : (V, Ṽ )t → Ṽét be the morphisms of sites induced by the

functor Ṽét → (V, Ṽ )t sending (W̃ → Ṽ ) to (V ×Ṽ W̃ , W̃ ). Let F be a sheaf of abelian

groups on (X, X̃)t such that the following condition is satisfied:

(p) for every (U, Ũ) → (X, X̃) in (X, X̃)t, the stalk of the Zariski sheaf on Ũ given

by W 7→ F (W ∩ U,W ) at any point x ∈ Ũ is a Z(px)-module, where px is the
exponential characteristic of κ(x).
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Then, for U = (U, Ũ) in (X, X̃)t, we have canonical isomorphisms

H i(Ut, F ) ∼= H i(Uvét, ν∗F ) ∼= lim−→
V→U

H i(Ṽét, j
W
∗ F ) ∼= lim−→

W→U
H i(Ṽét, j

V
∗ F ), i ≥ 0,

where the first colimit runs along all quasi-modifications V → U with V integral, and the
second colimit runs along all admissible blow-ups W → U .

Proof. Note that jV is the composition of the morphism of sites

ν : (V, Ṽ )t → (V, Ṽ )vét

corresponding to the inclusion functor and the morphism of sites

λV : (V, Ṽ )vét → Ṽét

defined by the functor Ṽét → (V, Ṽ )vét : W̃/Ṽ 7→ (W̃ ×Ṽ V, W̃ ). By Lemma 3.5, we have

H i(Ut, F ) = H i(Uvét, Rν∗F ) = lim−→
V→U

H i(Ṽét, λ
V
∗Rν∗F ) = lim−→

W→U
H i(Ṽét, λ

W
∗ Rν∗F ).

Hence, it suffices to show Riν∗F = 0 for i ≥ 1. By Remark 5.6, this follows from Proposi-
tion 7.1 and the fact that the assumptions of loc. cit. are satisfied by condition (p). This
completes the proof. □

Remark 7.3. Note that the condition (p) of Theorem 7.2 is satisfied if F = Ωq,t, see 8.4(4),

or F = WSΩ
q,t (see Definition 9.5 below). Also it holds if X̃ is a Z(p)-scheme and F is

any tame sheaf of Z(p)-modules.

8. Construction of tame sheaves

Let X ↪→ X̃ be a quasi-compact open immersion of qcqs schemes. We give a method
to extend étale sheaves defined over Xét to sheaves on (X, X̃)t.

8.1. For X = (X, X̃), we let ValsX be the category whose objects are triples (L,w, ε),
where L is a finite separable field extension of a residue field k(x) of a point of X, w is a

valuation on L, and ε : Spec(Ow)→ X̃ is a morphism, which restricts to the map SpecL→
Spec k(x)→ X, and morphisms (L,w, ε)→ (L′, w′, ε′) are given by valued extensions (the

compatibility with ε is automatic). Note that for any (x, v, ε) ∈ Spa(X, X̃) and any finite
separable extension of valuation fields (L,w)/(k(x), v) uniquely determines an element

(L,w, ε′) ∈ ValsX with ε′ equal to the composition ε′ : SpecOw → SpecOv
ε−→ X̃.

For (L,w, ε) ∈ ValsX we set

(8.1.1) OhX,L = lim−→
SpecL→U→X

O(U) and Oh
X̃,L,w

= OhX,L ×L Ow,

where the direct limit is over all étale maps U → X which factor SpecL→ X. Note that
OhX,L is the unique henselian local ring with residue field L which is finite étale over OhX,x,
corresponding to the field extension L/k(x). In particular the association (L,w, ε) 7→ OhX,L
defines a functor from ValsX to the category of henselian local rings which are ind-étale
over X.

Let F be a sheaf on Xét. We write F (OhX,L) := lim−→SpecL→U→X
F (U). Let

β = {Fw ⊂ F (OhX,L)}(L,w,ε)∈ValsX ,

be a collection of subsets satisfying the following condition

(β1) for any (L,w, ε) → (L1, w1, ε1) in ValsX , the pullback map F (OhX,L) → F (OhX,L1
)

restricts to Fw → Fw1 .
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For (U, Ũ) ∈ (X, X̃)t we define

Fβ(U, Ũ) :=

a ∈ F (U)

∣∣∣∣∣∣
for all (x, v, ε) ∈ Spa(U, Ũ) there exists
a finite tame extension (L,w)/(k(x), v),
such that aL ∈ Fw

 ,

where aL denotes the pullback of a ∈ F (U) along SpecOhX,L → U .

Note that by Lemma 2.1 and (β1) it suffices to consider in the definition of Fβ(U, Ũ)
only the finite tame Galois extensions (L,w)/(k(x), v).

Proposition 8.2. Assumptions as in 8.1 above. The assignment (U, Ũ) 7→ Fβ(U, Ũ)

defines a sheaf on (X, X̃)t.

Proof. We start by showing that Fβ is a presheaf. Let (u, ũ) : (U ′, Ũ ′) → (U, Ũ) be

a morphism in (X, X̃)t and take a ∈ Fβ(U, Ũ). Let (y, v, ε) ∈ Spa(U ′, Ũ ′). Set x :=
u(y) ∈ U and denote by vx the restriction of v to k(x). Note that Ovx = Ov ∩ k(x),
the intersection taken inside k(y). Hence ε : SpecOv → Ũ ′ → Ũ factors uniquely via

a map εx : SpecOvx → Ũ . We obtain a point (x, vx, εx) ∈ Spa(U, Ũ). By definition
there exists a finite tame extension (L,w)/(k(x), vx) such that aL ∈ Fw. Denote by L1

the composition field of L and k(y) in a separable closure of k(x) and choose a valuation
v1 on L1 extending v. Then the extension (L1, v1)/(k(y), v) is tame, by Lemma 2.1(2).
Now u∗(a)L1 , the image of u∗(a) under F (U ′) → F (OhU ′,L1

), is equal to the image of the

pullback of aL under F (OhU,L) → F (OhU ′,L1
). As aL ∈ Fw we find u∗(a)L1 ∈ Fw1 by (β1)

in 8.1. This shows u∗(a) ∈ Fβ(U ′, Ũ ′). Hence Fβ is a presheaf.

As F is an étale sheaf on X, Fβ will be a sheaf on (X, X̃)t if we show the following: Let

{(Ui, Ũi)→ (U, Ũ)}i∈I be a tame covering in (X, X̃)t and let a ∈ F (U), then

(8.2.1) a|Ui
∈ Fβ(Ui, Ũi), for all i =⇒ a ∈ Fβ(U, Ũ).

Let (x, v, ε) ∈ Spa(U, Ũ). By definition of tame covering we find an index i and a point

(y, w, ε′) ∈ Spa(Ui, Ũi) over (x, v, ε) such that (k(y), w)/(k(x), v) is a finite tame extension.

As a|Ui
∈ Fβ(Ui, Ũi) we find a finite tame extension (L,w1)/(k(y), w) such that (a|Ui

)L ∈
Fw1 . Hence, we get (8.2.1). □

Remark 8.3. By definition, for all F , β as in 8.1 above we have a pullback diagram

Fβ(U, Ũ)
∏

lim−→Fw

F (U)
∏

lim−→F (OhU,L)

where:

• the product ranges over all elements (x, v, ε) of Spa(U, Ũ)
• the colimit ranges over all (k(x), v) ⊆ (L,w) finite tame.

This implies that if φ : F → G is a map of sheaves onXét and F and G are equipped with
β-families βF := {Fw} and βG := {Gw} such that for every (U, Ũ) ∈ (X, X̃)t and every

(x, v, ε) ∈ Spa(U, Ũ) there is a cofinal system of tame extensions S(x,v,ε) := {(k(x), v) ⊆
(L,w)} such that the map φ : F (OhX,L)→ G(OhX,L) restricts to a map φw : Fw → Gw for

all (L,w) ∈ Sx,v,ε, then φ induces a map FβF → GβG of sheaves on (X, X̃)t, denoted by φ
as well.

Example 8.4. In the following (L,w, ε) is always in ValsX . We set AL = OhX,L and AL,w =

Oh
X̃,L,w

, see (8.1.1) for notation
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(1) Let F be a sheaf on Xét. Set Fw,0 = F (AL), if (L,w, ε) ∈ Vals(X,X), and Fw,0 = 0,

else. Set Fw,triv = F (AL), for all (L,w, ε). Then β0 = {Fw,0}(L,w,ε) and βtriv =
{Fw,triv} are families as in 8.1 and we have

ı∗Fβ0 = j!F and ı∗Fβtriv = j∗F,

where j : X → X̃ is the open immersion and ı : (X, X̃)t → X̃ét is the morphism of

sites induced by the functor Ũ 7→ (Ũ ×X̃ X, Ũ).

(2) Let F be as above and assume there is a presheaf F̃ on SchX̃ extending F . Then

we can define β
F̃

= {F̃ (AL,w) ⊂ F (AL)}(L,w,ε). We get a sheaf Fβ
F̃
on (X, X̃)t.

Notice that the resulting sheaf ι∗Fβ
F̃
may be different from F̃|X̃ét

, e.g., for F̃ = O,
the structure sheaf on SchX̃ , the sheaf O|X̃ét

is different from ι∗Oβ
F̃
= ι∗Ot, where

Ot is defined in (4), see Lemma 8.5 below.
(3) Given a collection β as in (8.1) on a sheaf F , we can define a new family

βdiv = {F divw ⊂ F (AL)}(L,w,ε)∈ValsX
by setting

F divw :=

Fw if SpecL maps to a generic point of X
and w is a discrete valuation,

F (AL) else.

If β satisfies (β1), then so does βdiv. Here note that if (L,w, ε) → (L′, w′, ε′) is
a morphism in ValsX and w is discrete, then w′ is discrete as well. We denote by

F divβ := Fβdiv the corresponding tame sheaf. For sections in F divβ (U, Ũ) we only
put conditions induced by β along tame extensions of discrete valuations on the
generic points of U with center in Ũ , hence Fβ ⊂ F divβ .

(4) Let F = Ωq be the étale sheaf of qth absolute differential forms on Xét. Denote
by Ω∗

AL,w
(log) the graded Ω∗

AL,w
-subalgebra of Ω∗

AL
generated by dlog(A×

L ). Note

ΩqAL,w
⊂ ΩqAL,w

(log). Set

βlog := {ΩqAL,w
(log) ⊂ ΩqAL

}(L,w,ε).

Then βlog satisfies (β1) in 8.1 and we get a sheaf

(8.4.1) Ωq,t := Ωqβlog on (X, X̃)t.

Note for q = 0, we write Ot = Ω0,t. This is a special case of (2), where we take

F̃ to be the structure sheaf O on SchX̃ . Note also that the differential of the de

Rham complex induces a well-defined differential d : Ωq,t → Ωq+1,t giving rise to a
complex of sheaves Ω•,t on (X, X̃)t. Using (3) above we get an inlcusion of sheaves

on (X, X̃)t
Ωq,t ⊂ Ωq,div := (Ωqβlog)

div.

Furthermore, given a morphism X̃ → S we can similarly define the complex Ω•,t
/S =

Ω•
/S,βlog /S

, where βlog /S = {ΩqAL,w/S
(log) ⊂ ΩqAL/S

}(L,w,ε).
(5) Let WnΩ

• denote the p-typical de Rham-Witt complex, it is defined as an étale
sheaf on all schemes, by [Hes15]. Denote by WnΩ

∗
AL,w

(log) the graded WnΩ
∗
AL,w

-

subalgebra of WnΩ
∗
AL

generated by dlog[a], a ∈ AL×, where [−] : AL → Wn(AL)

denotes the multiplicative lift. Note WnΩ
q
AL,w

⊂ WnΩ
q
AL,w

(log). Then βlog,n =

{WnΩ
q
AL,w

(log) ⊂ WnΩ
q
AL
}(L,w,ε) satisfies the assumption from 8.1 and we get

sheaves

WnΩ
q,t :=WnΩ

q
βlog,n

⊂WnΩ
q,div := (WnΩ

q
βlog,n

)div on (X, X̃)t.
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Note that the differential, the restriction map, as well as Frobenius and Ver-
schiebung on the de Rham-Witt complex induce well-defined maps on WnΩ

q,t

and WnΩ
q,div. In particular W•Ω

•,t and WnΩ
•,div are Witt complexes in the sense

of [Hes15, Definition 4].

Lemma 8.5. Let Ot = Ω0,t and Odiv = Ω0,div in the notation from 8.4(4). For all

(U, Ũ) ∈ (X, X̃)t we have

Ot(U, Ũ) = O(Ũ int),

where Ũ int denotes the integral closure of Ũ in U . Moreover, if Ũ is a Nagata scheme and
U is normal, then we have

Ot(U, Ũ) = Odiv(U, Ũ).

Proof. By Lemma 2.7 we can assume Ũ = Ũ int. We notice that both sides of the first
equality in the statement are contained in O(U) and that this ”⊃” inclusion holds by

definition of the left hand side. As both sides are sheaves on Ũ it suffices to check the
other inclusion for Ũ affine. As an affine open cover U = ∪iUi induces an affine open cover
Ũ = ∪iŨ int

i we can assume (U, Ũ) = (SpecA, Spec Ã) with Ã integrally closed in A. Let

x ∈ A \ Ã.

Claim 8.6. There exist a prime ideal p in A and a valuation v on K = Frac(A/p) such

that Ã→ A→ K factors through Ov and v(x) < 0.

Admitting the claim, we also have w(x) < 0 for all (tame) extensions (L,w)/(K, v) of

valuation fields and x cannot lie in Ot(U, Ũ), which completes the proof of the lemma.

We prove the claim. Denote by C = Ã[1/x] the subring of Ax generated by the image

of Ã and 1/x. As x is not integral over Ã it follows from [Bou98, VI, §1, no. 2, Lemma 1],
that Ax is not the zero-ring and that there exists a maximal ideal m ⊂ C such that 1/x ∈ m

and m∩Ã is a maximal ideal of Ã. Consider the localization Cm of C. By the flatness of Cm

over C, the inclusion C ↪→ Ax induces an injection of rings Cm = C ⊗C Cm ↪→ Ax ⊗C Cm.
As Cm is not the zero ring, the ring Ax ⊗C Cm is not zero and hence has a prime ideal; it
corresponds to a prime ideal p of A, which does not contain x and has empty intersection
with C \m. Set p0 := C ∩pAx. By construction we have p0 ⊂ m, and in fact this inclusion
is strict as else we would have 1/x ∈ pAx since 1/x ∈ m. Thus, C/p0 is not a field. Set
K0 := Frac(C/p0) ⊂ K := Frac(Ax/pAx) = Frac(A/p). Let v0 be a valuation on K0 such
that C/p0 ⊂ Ov0 ⊂ K0 and that mv0∩C/p0 is the image of m in C/p0. Let v be a valuation
on K extending v0. Thus we obtain a commutative diagram

Ã C/p0 Ov0 Ov

A Ax/pAx K.

Note v(x) = v0(x) < 0 since 1/x ∈ m so that its image in C/p0 is in mv0 . This completes
the proof of the claim.

For the last statement, we observe that as Ũ is Nagata and U is normal the integral
closure Ũ int is finite over Ũ and hence is locally noetherian again. As U is normal so is
Ũ int. We may therefore assume that Ũ int is noetherian, integral and normal. Hence

Ot(U, Ũ) = O(Ũ int) =
⋂

x∈Ũ int,(1)

OŨ int,x = Odiv(U, Ũ),

where Ũ int,(1) is the set of 1-codimensional points in U int and where the last equality
follows from Odiv(U, Ũ) = Odiv(U, Ũ int) and the definition of Odiv, see (3). □
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Remark 8.7. Combining Lemma 8.5 and Theorem 7.2, we conclude that for S a qcqs
scheme and X a normal separated S-scheme of finite type and X̃ any S-compactification,
the following isomorphism holds for all i ≥ 0:

H i((X, X̃)t,Ot) ∼= lim−→̃
Y

H i(ỸZar,OỸ ),

where the colimit is over all quasi-modifications (X, Ỹ ) → (X, X̃) with Ỹ normal. An
analogous result for certain adic spaces was obtained in [Hüb21, Corollary 13.6].

9. Tame big de Rham-Witt complex

In this section we define the tame big de Rham-Witt complex for any quasi-compact
open immersion X ⊂ X̃ of qcqs schemes, see Definition 9.5, generalizing the tame sheaves
Ω•,t
−/Z and WnΩ

•,t introduced in 8.4. We compute the big de Rham-Witt complex for local

rings in the tame site, see Proposition 9.13 below. In the next section we will use these
results to analyse the tame cohomology of the tame p-typical de Rham-Witt complex in
positive characteristic.

9.1. We denote by WSΩ
q
A the degree q-part of the big de Rham-Witt complex of a ring

A at the truncation set S, defined by Hesselholt in [Hes15, Theorem B]. If X is a scheme,
then we denote by WSΩ

q
X the étale sheaf on (Sch/X)ét associated to the presheaf

(T → X) 7→WSΩ
q
Γ(T,OT ).

For S a finite truncation set, it follows from the fact that WS(A) → WS(B) is étale if
A → B is (see [vdK86, Theorem 2.4] or [Bor11, Theorem B], cf. also [Hes15, Theorem
1.25]), étale base change [Hes15, Theorem C], and descent that

Γ(SpecA,WSΩ
q
X) = WSΩ

q
A, for any SpecA→ X.

In particular W{1}Ω
q
X is the usual sheaf of absolute Kähler differentials of degree q. Note

however, that WSΩ
∗
A is not a complex in general as dd(a) = dlog[−1]da, for a ∈ WSΩ

∗
A

and dlog[−1] does not vanish in general. If X is an Fp-scheme, then

W{1,p,...,pn−1}Ω
q
X =WnΩ

q
X

is the degree q and length n part of the p-typical de Rham-Witt complex of Bloch-Deligne-
Illusie [Ill79], see [Hes15, Remark 4.2(c)]. Furthermore, in this case the big de Rham-Witt
complex at a general truncation set decomposes as a product of p-typical ones, see [HM01,
Corollary 1.2.6].

Lemma 9.2. Let A be a ring and I ⊂ A an ideal. Then the kernel of the natural surjection
WSΩ

∗
A →WSΩ

∗
A/I is the graded ideal J∗

S which in degree q is given by

JqS := WS(I) ·WSΩ
q
A + d(WS(I) ·WSΩ

q−1
A ),

where WS(I) := Ker(WS(A)→WS(A/I)).

Proof. This is a version of [GH06, Lemma 2.4] for the big de Rham-Witt complex. Note
that by the Leibniz rule [Hes15, Definition 4.1 (i)] we have

(9.2.1) JqS = WS(I) ·WSΩ
q
A + d(WS(I)) ·WSΩ

q−1
A

We use this presentation of JqS in the following. We get a functor from truncation sets to
anticommutative graded rings S 7→ WSΩ

∗
A/J

∗
S and as in loc. cit. it suffices to show that

the differential d, Frobenius Fn, and Verschiebung Vn on W−Ω
∗
A induce well-defined maps

on W−Ω
∗
A/J

∗
−. Indeed, in this case the natural surjection of Witt complexes W−Ω

∗
A →

W−Ω
∗
A/I induces a surjection of Witt-complexes W−Ω

∗
A/J

∗
− →W−Ω

∗
A/I and the universal

property of the de Rham-Witt complex yields the inverse map.
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Every element in J∗
S can be written as a sum of elements

Vn([a]) · β and dVn([a]) · β,
where β ∈WSΩ

∗
A, a ∈ I, [a] ∈WS/n(I) denotes the multiplicative lift of a, and Vn is the

nth Verschiebung. By [Hes15, Definition 4.1 (i)] we have

(9.2.2) d(Vn([a])β) = dVn([a])β + Vn([a])dβ

and

d(dVn([a])β) = dlog[−1]dVn([a])β − dVn([a])dβ = −dVn([a])(dlog[−1]β + dβ).

Hence d(J∗
S) ⊂ J∗+1

S . As Fm : WSΩ
∗
A → WS/mΩ

∗
A (m ≥ 1) is a ring map which restricts

to a map WS(I)→WS/m(I) the containment Fm(J
∗
S) ⊂ J∗

S/m follows from

FmdVn([a]) = idFm1Vn1([a]) + jFm1Vn1d([a]) + (c− 1)dlog[−1]Fm1Vn1([a])

(9.2.3)

= idVn1([a
m1 ]) + jVn1([a]

m1−1d[a]) + (c− 1)Vn1([a]
m1)dlog[−1]

= idVn1([a
m1 ]) + jVn1([a]

m1−1)dVn1([a]) + (c− 1− jn1 + j)Vn1([a]
m1)dlog[−1],

where c = gcd(m,n), m = cm1, n = cn1, and i, j ∈ Z satisfy im + nj = c. Here
the first equality is the third equation in [Hes15, Lemma 4.3], the second equality uses
VrFs = FsVr, for (r, s) = 1, Fs([a]) = [a]s, and Fs(d[a]) = [a]s−1d[a], and the third equality
uses FrdVr([a]) = d[a] + (r − 1)dlog[−1] · [a], Fr(dlog[−1]) = dlog[−1], and Vr(Fr(x)y) =
xVr(y), see [Hes15, Definition 4.1, Lemma 4.3]. (If m1 = 1 we can choose i = 1 and j = 0
and deduce from the second equality that FmdVn([a]) lies in J1

S/m.) It remains to show

Vm(J
∗
S) ⊂ J∗

T for any truncation set T with T/m = S. From (9.2.2) and Vmd = mdVm we
see that it suffices to show Vm(aβ) ∈ J∗

T , for any a ∈WS(I). As by construction of the big
de Rham-Witt complex a form β is a sum of elements b0db1 · · · dbq with bi ∈ WS(A) and
since ab0 ∈ WS(I) it suffices to consider elements β = db1 · · · dbq. As dbi = FmdVm(bi) −
(m− 1)bidlog[−1] and dlog[−1] · dlog[−1] = 0 [Hes15, Lemma 4.3] we find

adb1 · · · dbq = aFm (dVm(b1) · · · dVm(bq))

− (m− 1)

q∑
i=1

abiFm

dVm(b1) · · · dlog[−1]︸ ︷︷ ︸
ith spot

· · · dVm(bq)

 .

Thus Vm(adb1 · · · dbq) ∈ J∗
T follows from the formula Vm(xFm(y)) = Vm(x)y. This com-

pletes the proof of the lemma. □

In the following, the truncation set S is always finite.

9.3. Let (A,mA) be a local ring with residue field K = A/mA. Let v be a valuation

on K with valuation ring Ov and set Ã = A ×K Ov. Note that mA is a prime ideal of
Ã. In this situation, we define WSΩ

q

Ã
(log) to be the degree q-part of the graded WSΩ

∗
Ã
-

subalgebra of WSΩ
∗
A generated by forms dlog[a], with a ∈ A×, where [a] ∈WS(A) denotes

the multiplicative lift.
This extends the definition of Ωq

Ã
(log) from 8.4(4). Note that WSΩ

0
Ã
(log) = WS(Ã).

Moreover, d, Fn, and Vn restrict to maps on W−Ω
∗
Ã
(log). Indeed for Fn this follows from

the fact that Fn is a ring map and the formula Fndlog[a] = dlog[a]; for Vn this follows
from the latter formula and the Fn-linearity of Vn; for d this follows from the Leibniz rule
and the formula

(9.3.1) ddlog[a] = −dlog[a]dlog[a] + dlog[−1]dlog[a] = 2dlog[−1]dlog[a] = 0,

where the first equality uses Leibniz rule and dd[a] = dlog[−1]d[a] and the second equality
uses d[a]d[a] = −dlog[−1]F2d[a] = −[a]dlog[−1]d[a].
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Lemma 9.4. Let A,mA,K = A/mA, v, Ã be as in 9.3 above. Let Ã→ B̃ be an étale local

homomorphism of local rings. Then B̃/mAB̃ is a valuation ring Ow, which is unramified

over Ov and B̃ = B ×L Ow, where B = B̃ ⊗Ã A is a local ring with maximal ideal mAB

and residue field L = Frac(Ow). Moreover, WS(B̃) is a faithfully flat étale WS(Ã)-algebra
and multiplication induces a canonical isomorphism

(9.4.1) WS(B̃)⊗WS(Ã)
WSΩ

q

Ã
(log)

≃−→WSΩ
q

B̃
(log).

Proof. By assumption Ov = Ã/mA → B̃/mAB̃ is an étale local homomorphism and it

follows from the arguments in [GR03, Remark 6.1.12(vi)] that B̃/mAB̃ = Ow is a valuation
ring, which is unramified overOv by [GR03, Lemma 6.2.5]. In particular, Ow is the integral

closure of Ov in L and hence L = K⊗Ov Ow = A⊗Ã B̃/mAB̃. It follows that B = A⊗Ã B̃
is a local ring with maximal ideal A⊗Ã mAB̃ = mAB, where we use for the last equality

that A = ÃmA is a localization of Ã. On the other hand as B̃ is flat over Ã and mA is

an ideal of Ã we have mA ⊗Ã B̃ = mAB̃. Thus mAB = mAB̃. The commutative diagram
with exact rows

0 // mAB̃ // B̃ //

��

B̃/mAB̃ // 0

0 // mAB // B ×L Ow // Ow // 0

therefore yields B̃ = B ×L Ow.
As already noted in 9.1, the ring WS(B̃) is an étale WS(Ã) algebra. It is also faithfully

flat if we show that SpecWS(B̃) → SpecWS(Ã) is surjective. Let p = char(Ov/mv).

Then Ã is a Z(p)-algebra and hence it suffices to show that SpecWn(B̃) → SpecWn(Ã)
is surjective for all n ≥ 1, e.g., [Hes15, Proposition 1.10]. By [Bor11, 8.1 Proposition]

there is an integral ring map Wn(Ã) → Wn−1(Ã) × Ã with nilpotent kernel and which is

functorial in Ã. Thus the induced map Spec(Wn−1(Ã)× Ã)→ Spec Wn(Ã) is surjective,

and similarly with B̃ instead of Ã. As Spec(Wn−1(B̃) × B̃) → Spec(Wn−1(Ã) × Ã) is

surjective by induction, we see that SpecWn(B̃)→ SpecWn(Ã) is surjective as well.
Finally, we show that (9.4.1) is an isomorphism. Consider the composition

WS(B̃)⊗WS(Ã)
WSΩ

q

Ã
(log)→WS(B̃)⊗WS(Ã)

WSΩ
q
A

≃−→WS(B)⊗WS(A) WSΩ
q
A

≃−→WSΩ
q
B

where the first map is injective as WS(B̃) is flat over WS(Ã), the second map is an iso-

morphism as WS(B) = WS(B̃⊗ÃA) = WS(B̃)⊗WS(Ã)
WS(A), see [Bor11, 9.4 Corollary],

and the last map is an isomorphism by étale base change, see [Hes15, Theorem C]. Hence

(9.4.1) is injective and by étale base change for B̃/Ã it remains to show that the elements
dlog[b], for b ∈ B×, are in the image of (9.4.1) for q = 1. Let b̄ be the image of b in Ow. As
Ow/OV is unramified we find a ∈ A× and u ∈ B̃× such that b̄ = āū. Thus b = au(1 + c),
for some c ∈ mB. Hence

dlog[b] = dlog[a] + dlog[u(1 + c)].

Clearly the first summand lies in the image of (9.4.1) and as u(1 + c) ∈ B̃× the second
summand lies in WSΩ

1
B̃
and therefore also in the image of (9.4.1) by étale base change for

B̃/Ã. This completes the proof. □

Definition 9.5. Let X ↪→ X̃ be a quasi-compact open immersion between qcqs schemes.
We denote by WSΩ

q,t the tame sheaf on (X, X̃)t associated by 8.1 and Proposition 8.2 to

β = {WSΩ
q

Oh
X̃,L,w

(log) ⊂WSΩ
q

Oh
X,L

}(L,w,ε)∈ValsX .

Considering only the tame extensions over the generic points of X and discrete valuations
yields the tame sheaf WSΩ

q,div, see 8.1(3). Note WSΩ
q,t ⊂WSΩ

q,div.
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If S = {1}, these sheaves are equal to the sheaves Ωq,t and Ωq,div defined in 8.4(4) and
if S = {1, p, . . . , pn−1} these sheaves are equal to the sheaves WnΩ

q,t and WnΩ
q,div defined

in 8.4(5). By the above W−Ω
•,t(U, Ũ) and W−Ω

•,div(U, Ũ) are Witt complexes over O(Ũ),

in the sense of [Hes15, Definition 4.1], for all (U, Ũ) ∈ (X, X̃)t.

We aim to give a more explicit description of WSΩ
q,t and WSΩ

q,div in various situations
of geometric and arithmetic interest. This requires some preliminary work.

Lemma 9.6. In the situation of 9.3, let JqS be the kernel of WSΩ
q
A → WSΩ

q
K . Then the

diagram with vertical maps the natural inclusions

0 // JqS
//WSΩ

q
A

//WSΩ
q
K

// 0

0 // JqS
//WSΩ

q

Ã
(log) //

OO

WSΩ
q
Ov

(log) //

OO

0

is commutative with exact rows and cartesian square on the right. Moreover,

(9.6.1) JqS = WS(mA) ·WSΩ
q

Ã
(log) + d(WS(mA) ·WSΩ

q−1

Ã
(log)).

Proof. For the first statement it suffices to show JqS ⊂ WSΩ
q

Ã
(log). Thus it remains to

show (9.6.1). This ”⊃” inclusion follows immediately from Lemma 9.2. As the right hand
side in (9.6.1) is closed under d (by the Leibniz rule and the formula dda = dlog[−1]da) it
remains by Lemma 9.2 to show

(9.6.2) WS(mA) ·WSΩ
q
A ⊂WS(mA) ·WSΩ

q

Ã
(log) + d(WS(mA) ·WSΩ

q−1

Ã
(log)) =: IqS .

We prove this by induction over q, the case q = 0 being trivial. For q = 1, we prove for
later use the stronger statement

(9.6.3) WS(mA) ·WSΩ
1
A ⊂WS(mA) ·WSΩ

1
Ã
(log) + dW0

S(mA) =: H1
S ⊂ I1S ,

where W0
S(mA) = ker(WS(mA) → mA) is the kernel of the restriction map. It suffices to

show that any element of the form Vm([a])dVn([b]) with a ∈ mA, b ∈ A, and n,m ∈ S, lies
in H1

S . As mA ⊂ Ã, we may assume b ∈ A \mA = A×. We have

Vm([a])dVn([b]) = Vm([a]FmdVn([b]))

= iVm([a]dVn1([b]
m1)) + jVm([a]Vn1([b]

m1−1d[b]))

+ (c− 1)Vm([a]Vn1([b]
m1)dlog[−1]),

where c = gcd(m,n), m = cm1, n = cn1, and i, j ∈ Z satisfy im+nj = c. Here the second
equality follows from the second equality in (9.2.3) (with a there replaced by b here). The
third summand

(c− 1)Vm([a]Vn1([b]
m1)dlog[−1]) = (c− 1)Vmn1([a

n1bm1 ])dlog[−1]

clearly is contained in H1
S , as is the second summand

jVm([a]Vn1([b]
m1−1d[b])) = jVmn1([a

n1bm1 ])dlog[b].

If n1 = 1, then we can take j = 1 and i = 0 and hence when considering the first summand
we can assume n1 ≥ 2. Using the Leibniz rule and Vmd = mdVm we can rewrite the first
summand as

iVm([a]dVn1([b]
m1)) = imdVmn1([a

n1bm1 ])− iVm(Vn1([b]
m1)d[a])

and it remains to show that Vm(Vn1([b]
m1)d[a]) (n1 ≥ 2) is contained in H1

S . We can write

[a] = [a+ 1]− [1] + Vr(α),
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for some r > 1 in S and α ∈WS/r(mA). (Note that α lies in WS/r(mA) as [a]+ [1]− [a+1]
maps to zero in WS(A/mA).) Thus

Vm(Vn1([b]
m1)d[a]) = Vmn1([b]

m1 [a]n1−1d[a])

(9.6.4)

= Vmn1([b]
m1 [a]n1−1[a+ 1])dlog[a+ 1] + Vmn1([b]

m1 [a]n1−1dVr(α)).

As n1 ≥ 2, the first summand in this last equality is contained in H1
S . Using

dVr(α) = Fmn1dVmn1r(α)− (mn1 − 1)dlog[−1]Vr(α),
see [Hes15, Definition 4.1(iv)], we rewrite the second summand of the last equality in
(9.6.4) as follows

Vmn1([b]
m1 [a]n1−1dVr(α))

= Vmn1([b
m1an1−1])dVmn1r(α)− (mn1 − 1)Vmn1r

(
[bm1ra(n1−1)r]α

)
dlog[−1],

which hence lies in H1
S as well. This completes the proof of claim (9.6.3).

Now we show (9.6.2) for q ≥ 1, i.e., for a ∈WS(m) and β ∈WSΩ
q
A

aβ ∈ IqS .
We may assume that β = β1βq−1 with β1 ∈WSΩ

1
A and βq−1 = db1 · · · dbq−1, bi ∈WS(A).

By (9.6.3) we find ai, a
′
i ∈WS(mA), and γi ∈WSΩ

1
Ã
(log) such that

aβ = aβ1βq−1 =
∑
i

a′iγiβq−1 +
∑
i

d(ai)βq−1.

Thus by induction it remains to show dadb1 · · · dbq−1 ∈ IqS , for a ∈ WS(mA). By the

Leibniz rule and the formula ddx = dlog[−1]dx we find an element γ ∈WSΩ
q−1
A such that

dadb1 · · · dbq−1 = d (adb1 · · · dbq−1) + aγdlog[−1],
which lies in IqS by induction. This completes the proof of the lemma. □

Lemma 9.7. Let (L,w)/(K, v) be a finite tame Galois extension of strictly henselian
valuation fields. Then we have the following equality of WS(Ow)-submodules of WSΩ

q
L

(9.7.1) WSΩ
q
Ow

(log) = WS(Ow) ·WSΩ
q
Ov

(log) + d(WS(Ow)) ·WSΩ
q−1
Ov

(log).

Proof. First note that by étale base change WSΩ
q
K → WSΩ

q
L is injective. Hence both

sides of the statement are contained in WSΩ
q
L and clearly the right-hand side is contained

in the left-hand side. The statement is trivially true for q = 0.
We consider the case q = 1. Let p be the characteristic exponent of the residue

field Ov/mv. As (L,w)/(K, v) is a tame extension, [GR03, Corollary 6.2.14] yields:
L = K[b1, . . . , bk] with brii = ai ∈ K×, ri ≥ 1 and (p, ri) = 1, and there is an iso-
morphism of the quotient of the valuation groups ΓL/ΓK onto Z/r1Z⊕ . . .⊕Z/rkZ, which
sends w(bi) to (0, . . . , 0, 1, 0, . . . , 0) with 1 sitting at position i. Up to replacing bi and ai
by their inverse we can assume bi ∈ Ow and ai ∈ Ov. Set Λ :=

∏k
j=1{0, 1, . . . , rj}. We can

write any z ∈ L as z =
∑

I xIb
I , where I = (i1, . . . , ik) ∈ Λ, xI ∈ K, and bI = bi11 · · · b

ik
k .

If z ∈ Ow, then cI := xIb
I ∈ Ow, for all I. Indeed, we have w(cI) = v(xI) +

∑
j ijw(bj) in

ΓL which maps to the residue class of (i1, . . . , ik) under ΓL → ΓL/ΓK ∼=
⊕

j Z/rjZ. Hence
all w(cI), for I as above, are pairwise different and therefore 0 ≤ w(z) = minI{w(cI)}.
Thus any element in Ow can be written as a sum of elements of the form xbI , with x ∈ K
and I ∈ Λ such that xbI ∈ Ow. By induction over the length of S we see that any element
in WS(Ow) can be written as a sum of elements Vn([xb

I ]) with xbI as above.
Hence to prove the statement in the case q = 1 it suffices to show that the elements

(1) Vm([xb
I ])dVn([yb

J ]), for x, y ∈ K×, I, J ∈ Λ with xbI , ybJ ∈ Ow, n,m ∈ S, and
(2) α · dlog[c], for c ∈ L×, α ∈WS(Ow),
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are contained in

(9.7.2) WS(Ow) ·WSΩ
1
Ov

(log) + dWS(Ow).

We start by considering the elements of type (1). Set α = xbI , β = ybJ and e = gcd(m,n)
and write m = em1, n = en1, and let i, j ∈ Z with im+ jn = e. We have

Vm([α])dVn([β]) = Vm([α]FmdVn([β])).

Using the second equality in (9.2.3) to rewrite FmdVn([β]) and using further the relations
Vmd = mdVm, Fn(d[a]) = [a]ndlog[a], Vn(a)b = Vn(aFn(b)) and the Leibniz rule we find
that the above element is equal to the following element in WSΩ

1
L

imdVmn1([γ])− iVmn1([γ])dlog[α] + jVmn1([γ])dlog[β] + (e− 1)Vmn1([γ])dlog[−1],
where γ = αn1βm1 ∈ Ow. As rj is invertible in K we have moreover

dlog[α] = dlog[x] +
k∑
j=1

ijdlog[bj ] = dlog[x] +
k∑
j=1

ij
rj
dlog[aj ] ∈WSΩ

1
Ov

(log)

and similarly with dlog[β]. Thus the elements of type (1) are contained in (9.7.2). Let
α · dlog[c] be an element of type (2). Let r = r1 · · · rk, which is invertible in K. Then

w(cr) is mapped to zero in ΓL/ΓK =
⊕k

j=1 Z/rjZ and thus we find a unit u ∈ O×
w and an

element x ∈ K× with cr = ux. Thus

(9.7.3) α · dlog[c] = 1
rα · dlog[u] +

1
rα · dlog[x].

Here the second summand clearly is contained in (9.7.2) and the first summand is contained
in WSΩ

1
Ow

, hence is a sum of elements of type (1) and therefore lies in (9.7.2) as well.
This completes the proof in the case q = 1.

For the case q ≥ 1, we denote by RqS the right hand side of (9.7.1). Note RqS ⊂
WSΩ

q
Ow

(log) and dRq−1
S ⊂ RqS , as follows from the Leibniz rule and the formula ddx =

dlog[−1]dx. From this latter formula and (9.3.1) it also follows that any element in

WSΩ
q−1
Ow

(log), which is a product of elements of the form db, with b ∈ WS(Ow), and

dlog[c], with c ∈ L×, can be written as d(β)+β′dlog[−1] with β, β′ ∈WSΩ
q−2
Ow

(log). Thus

any element in WSΩ
q
Ow

(log) is a sum of elements

αdβ and αβ′dlog[−1] with α ∈WSΩ
1
Ow

(log), β, β′ ∈WSΩ
q−2
Ow

(log).

We show by induction over q that these elements are in RqS . By induction we have

αβ′ ∈ Rq−1
S , hence αβ′dlog[−1] ∈ RqS . By the Leibniz rule αdβ = −d(αβ) + d(α)β

and as d(αβ) ∈ dRq−1
S by induction, we are left to consider the element d(α)β. By the

case q = 1 we know that α is contained in (9.7.2) and hence is a sum of elements bγ+ db′,
with b, b′ ∈WS(Ow) and γ ∈WSΩ

1
Ov

(log). Thus d(α)β is a sum of elements

d(γ)bβ − γd(b)β + dlog[−1]d(b′)β.

By induction bβ ∈ Rq−2
S and d(b)β, d(b′)β ∈ Rq−1

S . Hence d(α)β is contained in RqS . □

For S = {1} we get a stronger statement:

Lemma 9.8. Let (L,w)/(K, v) be as in Lemma 9.7 above. Then

(9.8.1) ΩqOw
(log) = Ow ⊗Ov Ω

q
Ov

(log).

Proof. As Ow/Ov is flat, by [Bou98, VI, §3, no. 6, Lemme 1], the map

Ow ⊗Ov Ω
q
Ov

(log)→ Ow ⊗Ov Ω
q
K = L⊗K ΩqK = ΩqL

is injective, hence it suffices to show ΩqOw
(log) ⊂ Ow · ΩqOv

(log). To this end we show

db, dlog c ∈ Ow · ΩqOv
(log), for all b ∈ Ow and c ∈ L×. Concerning the elements of

type db note that as explained in the beginning of the proof of Lemma 9.7 (and with the
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notation from there) it suffices to consider elements b = xbi11 · · · b
ik
k ∈ Ow, with x ∈ K and

ri
√
bi = ai ∈ K×. In this case

db = b · dlog b = b · dlog x+
∑
j

ij
rj
b · dlog aj

clearly lies in Ow · ΩqOv
(log). For dlog c the argument around (9.7.3) applies. □

Proposition 9.9. Let Ã = A ×K Ov be as in 9.3 and assume additionally that Ov is
strictly henselian. Let A → B be a finite étale map of henselian local rings associated to
the residue field extension L/K, which we assume to be Galois and tame with respect to v.

Let w be the extension of v to L and Ow its valuation ring and set B̃ = B ×L Ow. Then
we have the following equality of WS(B̃)-submodules of WSΩ

q
B

WSΩ
q

B̃
(log) = WS(B̃)WSΩ

q

Ã
(log) + d(WS(B̃))WSΩ

q−1

Ã
(log).

Proof. Denote by RqS the right-hand side of the equality in the statement. The image of
WSΩ

q

B̃
(log) under the natural map WSΩ

q
B →WSΩ

q
L is by definition equal to WSΩ

q
Ow

(log),

which by Lemma 9.7 and our assumption is also equal to the image of RqS in WSΩ
q
L. By

Lemma 9.6 it suffices to show that the group

WS(mB) ·WSΩ
q
B + d(WS(mB) ·WSΩ

q−1
B )

is contained in RqS , where mB = mAB is the maximal ideal of B. As RqS is closed under
the differential d it suffices to show

(9.9.1) WS(mB) ·WSΩ
q
B ⊂ R

q
S .

As we have a surjection WS(mA ⊗A B)→WS(mB), [Bor11, Corollary 9.4] yields

(9.9.2) WS(mB) = WS(mA) ·WS(B).

By étale base change [Hes15, Theorem C]

WSΩ
q
B = WS(B)⊗WS(A) WSΩ

q
A.

Thus

WS(mB) ·WSΩ
q
B = WS(B) ·WS(mA) ·WSΩ

q
A

⊂WS(B) ·
(
WS(mA) ·WSΩ

q

Ã
(log) + d(WS(mA) ·WSΩ

q−1

Ã
(log))

)
⊂WS(mB) ·WSΩ

q

Ã
(log) +WS(B) · d(WS(mA) ·WSΩ

q−1

Ã
(log))

⊂ RqS +WS(mA) · d(WS(B)) ·WSΩ
q−1

Ã
(log),

where we use (9.9.2) for the equality, (9.6.1) for the first inclusion, (9.9.2) for the second
inclusion, and an application of the Leibniz rule together with (9.9.2) for the last inclusion.
It remains to show

(9.9.3) WS(mA) ·WSΩ
1
B ⊂ R1

S .

We prove this by induction over the cardinality of S. For S = {1} this amounts by étale
base change to show that for a ∈ mA, a0 ∈ A and b ∈ B the element α := abda0 is
in mB · Ω1

Ã
(log). But this is immediate if a0 ∈ mA ⊂ Ã and if a0 ∈ A×, this follows

from α = aba0dloga0. Now we assume (9.9.3) is proven for all truncation sets of smaller
cardinality than S. First observe that Vn : WS/nΩ

1
B̃
(log)→WSΩ

1
B̃
(log), n ∈ S, induces a

map
Vn : R1

S/n → R1
S .

Indeed, any element in R1
S/n can be written as sum of elements

b0da0 + b1dlog[a1] + db2

= b0FndVn(a0)− (n− 1)b0a0Fn(dlog[−1]) + b1Fn(dlog[a1]) + db2,
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where bi ∈WS/n(B̃), a0 ∈WS/n(Ã), a1 ∈ A×, see [Hes15, Definition 4.1, (iv), (v)] for the
equality. By [Hes15, Definition 4.1 (iii) and Lemma 4.3] this is under Vn mapped to

Vn(b0)dVn(a0)− (n− 1)Vn(b0a0)dlog[−1] + Vn(b1)dlog[a1] + ndVn(b2),

which lies in R1
S . We show the inclusion (9.9.3). By étale base change, (9.6.3), and (9.9.2)

it remains to show
WS(B) · dW0

S(mA) ⊂ R1
S ,

where W0
S(mA) = Ker(WS(mA) → mA). An element in the left hand side can be written

as a sum of elements
bdVn(a) = dVn(Fn(b)a)− Vn(aFndb),

for b ∈ WS(B), a ∈ WS/n(mA), and 1 < n ∈ S. As Fn(b)a ∈ WS/n(mB), we find

dVn(Fn(b)a) ∈ R1
S . By induction aFndb ∈ WS/n(mA) · WS/nΩ

1
B ⊂ R1

S/n, and hence

Vn(aFndb) ∈ R1
S . This completes the proof of the proposition. □

For S = {1} we get the stronger statement:

Corollary 9.10. Let B̃/Ã be as in Proposition 9.9 above. Then

Ωq
B̃
(log) = B̃ · Ωq

Ã
(log).

If, additionally A is noetherian, then we also have

Ωq
B̃
(log) = B̃ ⊗Ã Ωq

Ã
(log).

Proof. In case A is noetherian the ring B̃ is a flat Ã-module as follows from the argument
in [Hüb21, Proposition 11.8] and the fact that in the situation at hand we have B = B̃⊗ÃA
and B̃ is Ã-torsion free. In the same way as in the beginning of the proof of Lemma 9.8
we see that the natural maps B̃ ⊗Ã Ωq

Ã
(log) → Ωq

B̃
(log) is injective. Thus it remains to

show the first statement in which we allow A also to be non-noetherian.
By Proposition 9.9 it suffices to show d(B̃) ⊂ Ω1

B̃
(log) ⊂ B̃ · Ω1

Ã
(log). By Lemmas 9.8

and 9.6 and since mB = mA ·B it remains to show that the group

mA · Ω1
B̃
(log) + d(mA · B̃) = mAΩ

1
B̃
(log) + B̃ · dmA

is contained in B̃ · Ω1
Ã
(log). This is clear for B̃ · dmA. By étale base change for Ω1

B any

element in mAΩ
1
B̃
(log) is a sum of elements of the form abda0 with a ∈ mA, b ∈ B, a0 ∈ A.

If a0 ∈ mA, then abda0 ∈ B̃ ·Ω1
Ã
(log); if a0 ∈ A×, then abda0 = aba0dlog a0 ∈ B̃ ·Ω1

Ã
(log).

Hence the statement. □

9.11. Let A → B be a finite étale map between henselian local rings corresponding to
a finite Galois extension L/K of the residue fields. Assume K is a strictly henselian
valuation field with valuation v and valuation ring Ov and that L is tame over K. Denote
by w the unique extension of v to L and by Ow its valuation ring. By [Bou98, VI, §8,
No. 6, Proposition 6] the ring Ow is also the integral closure of Ov in L. Hence the
Galois group Gal(L/K) is equal to the decomposition group Aut(Ow/Ov). Moreover, as
the category of finite separable field extensions of K is equivalent to the category of finite
local étale A-algebras, we can identify the A-algebra automorphisms of B with Gal(L/K).

Hence Gal(L/K) = Aut(B/A) = Aut(B̃/Ã) and B̃Gal(L/K) = Ã. We denote the ring map

WS(B̃)→WS(B̃) induced by σ ∈ Gal(L/K) again by σ. Hence the usual trace map

Tr : WS(B)→WS(A), b→
∑

σ∈Gal(L/K)

σ(b)

restricts to
Tr : WS(B̃)→WS(Ã).

Thus the trace

WSΩ
q
B
∼= WS(B)⊗WS(A) WSΩ

q
A

Tr⊗Id−−−−→WSΩ
q
A,
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where the first isomorphism is étale base change, restricts by Proposition 9.9 to a trace

Tr : WSΩ
q

B̃
(log)→WSΩ

q

Ã
(log),

given by β 7→
∑

σ σ(β).

Proposition 9.12. Let X ⊂ X̃ be a quasi-compact open immersion between qcqs schemes.
Then

WSΩ
q,t(X, X̃) = Ker

WSΩ
q(X)→

∏
(x,v,ε)∈Spa(X,X̃)

WSΩ
q
k(x)

WSΩ
q
Ov

(log)

 ,

WSΩ
q,div(X, X̃) = Ker

WSΩ
q(X)→

∏
(η,v,ε)∈Spa(X,X̃)div

WSΩ
q
k(η)

WSΩ
q
Ov

(log)

 ,

where the map into the products is induced by restriction along Spec k(x)→ U , Ov ⊂ k(x)
is the valuation ring defined by v, and Spa(X, X̃)div denotes the subset of Spa(X, X̃)
consisting of triples (η, v, ε) with η a generic point of X and v a discrete valuation.

Proof. This ”⊃” inclusion follows in both cases directly from the definition and the equality

WSΩ
q

Oh
X̃,k(x),v

(log) = WSΩ
q

Oh
X,x

×WSΩ
q
k(x)

WSΩ
q
Ov

(log),

see Lemma 9.6. For the other inclusion, let a ∈WSΩ
q,t(X, X̃) (resp. WSΩ

q,div(X, X̃)) and

take (x, v, ε) ∈ Spa(X, X̃) (resp. Spa(X, X̃)div). By Definition 8.1 and Lemma 2.1 there
exists a finite tame Galois extension (L,w)/(K = k(x), v), such that aL, the pullback
of a along SpecOhX,L → X, lies in WSΩ

q

Oh
X̃,L,w

(log). Let Lsh and Ksh be the strict

henselizations, so that Lsh/Ksh is a finite Galois extension of degree r, which is prime to
the residue characteristic of Ksh. Thus Oh

X,Ksh → OhX,Lsh is a finite étale extension as in

9.11 and thus
aKsh = Tr(1raLsh) ∈WSΩ

q

Oh
X̃,Ksh,v

(log).

By Lemma 9.4, the map WS(OhX̃,K,v)→WS(OhX̃,Ksh,v
) is faithfully flat and we have

WSΩ
q

Oh
X̃,Ksh,v

(log) = WS(OhX̃,Ksh,v
)⊗WS(Oh

X̃,K,v
) WSΩ

q

Oh
X̃,K,v

(log),

thus descent yields aK ∈WSΩ
q

Oh
X̃,K,v

(log). As this is true for all (x, v, ε) ∈ Spa(X, X̃), the

element a is contained in the respective right hand sides of the statement. □

Proposition 9.13. Let (A,mA) be a local ring with residue field K = A/mA. Let v

be a valuation on K with valuation ring Ov and set Ã = A ×K Ov. Set (U, Ũ) =

(Spec(A),Spec(Ã)). Then for q ≥ 0

WSΩ
q,t(U, Ũ) = WSΩ

q

Ã
(log).

Proof. This ”⊂” inclusion holds by Proposition 9.12 and Lemma 9.6. For the other in-
clusion, let (x, v, ε) ∈ Spa(U, Ũ). It corresponds to ring maps A → k(x) and Ã → Ov,
which induce a morphism WSΩ

q

Ã
(log)→WSΩ

q
Ov

(log). Hence this inclusion WSΩ
q

Ã
(log) ⊂

WSΩ
q,t(U, Ũ) follows from Proposition 9.12. □

Example 9.14. Let C̃ be an integral, regular scheme of dimension 1. Let σ : C ↪→ C̃ be a
dense open subscheme and denote by j : (C, C̃)t → C̃Zar the natural morphism of sites.

(1) Assume the image of C̃ → SpecZ is a single point. Then there is a canonical exact
sequence

(9.14.1) 0→WSΩ
q

C̃
→ j∗WSΩ

q,t →
⊕

x∈C̃\C

ix∗WSΩ
q−1
k(x) → 0,
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where ix : Spec k(x)→ C̃ is the closed immersion defined by x.
Indeed, we have an exact sequence

0→WSΩ
q

C̃
→ σ∗WSΩ

q
C →

⊕
x∈C̃\C

ix∗
WSΩ

q
k(C)

WSΩ
q

C̃,x

→ 0.

As C̃ is defined over a field the big de Rham-Witt decomposes as a product of
p-typical de Rham-Witt - or classical de Rham complexes and hence this sequence
follows from the structure results in [Ill79] together with the fact that locally C̃ is a
limit of schemes, which are smooth over the prime field, by Popescu’s Theorem. By
Proposition 9.12 there is a similar sequence for j∗WSΩ

q,t, where the denominator
on the right hand side is replaced by WSΩ

q

C̃,x
(log). Here we note that it suffices to

take the product in the statement of this proposition over all (η, v, ε) ∈ Spa(C, C̃)

with η ∈ C the generic point and such that ε : SpecOv → C̃, has center in a
(closed) point of C̃\C, say x. But in this case we have inclusionsOC̃,x ⊂ Ov ⊂ k(C)
and as OC̃,x is a discrete valuation ring of rank one, it is a maximal subring of

k(C) and hence Ov = OC̃,x. Putting the two sequences together an application of

the snake lemma gives the exact sequence (9.14.1) with the right term replaced by
⊕xWSΩ

q
OC̃,x(log)

/WSΩ
q

C̃,x
. The residue map, e.g. [Rül07, Definition 2.11], gives an

isomorphism

ResqS :
WSΩ

q
OC̃,x(log)

WSΩ
q

C̃,x

≃−→WSΩ
q−1
k(x).

For this one has to identify the completion of OC̃,x with k(x)[[t]], which requires

the choice of a local parameter and a coefficient field. It is however not hard to
show that since we only consider log-poles the residue map is in fact independent
of these choices. This yields the exact sequence (9.14.1).

(2) Assume C̃ → SpecZ is finite, i.e., C̃ is the spectrum of the ring of integers in a
number field K. Then for q ≥ 1.

j∗WSΩ
q,t = σ∗WSΩ

q
C .

Indeed, in this case WSΩ
q
K = WS(K)⊗WS(Q) WSΩ

q
Q = 0, for q ≥ 1 and hence the

above equality follows directly from Proposition 9.12. If C is étale over Z, this
vanishes for q ≥ 2, by [Hes15, Theorem 6.1] and étale base change.

Proposition 9.15. Let T be a normal noetherian scheme, X̃ → T a smooth morphism,
and X ⊂ X̃ a dense open, such that X̃ \ X is the support of a simple normal crossing
divisor D over T (i.e., all intersections Di1 ∩ . . .∩Dir of the irreducible components of D

are smooth over T ). Let j : (X, X̃)t → X̃Zar be the natural morphism of sites from above.
Then

j∗Ω
q,t
/T = j∗Ω

q,div
/T = Ωq

X̃/T
(logD).

Proof. We may assume X̃ is integral. Clearly, we have the inclusions

Ωq
X̃/T

(logD) ⊂ j∗Ωq,t/T ⊂ j∗Ω
q,div
/T

and the equality

Ωq
X̃/T

(logD) = Ker

ΩqX/T →
⊕
x∈D(0)

Ωqη/T /Ω
q

X̃,x/T
(logD)

 ,

where η ∈ X̃ is the generic point. Thus it remains to show: Let R be a ring and (K, v)
a discrete valuation field, such that Ov is an R-algebra. Let α ∈ ΩqK/R and assume
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there exists a finite tame Galois extension (L,w)/(K, v) such that αL ∈ ΩqOw
(log). Then

α ∈ ΩqOv/R
(log).

To this end, we may assume by étale descent that (K, v) and (L,w) are strictly henselian.
We have a surjection ΩqOw

(log)→→ ΩqOw/R
(log) and hence by Lemma 9.8

ΩqOw/R
(log) = Ow · ΩqOv/R

(log).

Hence the trace from 9.11 for S = {1} also induces a trace for relative differentials

Tr : ΩqOw/R
(log)→ ΩqOv/R

(log).

Denoting by e = [L : K] the degree, which is prime to the residue characteristic of Ov, we
obtain α = 1

e Tr(αL) ∈ ΩqOv/R
(log). This completes the proof. □

10. Tame de Rham-Witt cohomology in positive characteristic

Throughout this section k is a perfect field of positive characteristic p, X is a smooth
k-scheme of finite type and X ↪→ X̃ is a dense open immersion into a separated and finite
type k-scheme X̃. By Definition 9.5 we can consider the tame (p-typical) de Rham-Witt

complex WnΩ
•,t and the divisorial version WnΩ

•,div on (X, X̃)t.

We set X = (X, X̃) and denote by j : (X, X̃)t → X̃Zar the morphism of sites induced

by the functor (Ṽ ⊂ X̃) 7→ (Ṽ ∩X, Ṽ ).

Proposition 10.1. Assume X̃ is smooth and the complement X̃ \X is the support of a
simple normal crossing divisor D. Then

j∗WnΩ
q,t = j∗WnΩ

q,div =WnΩ
q

X̃
(logD),

where the right hand side denotes q-forms of the logarithmic de Rham-Witt complex, as-
sociated to the smooth log scheme (X̃, j∗O×

X ∩ OX̃), see [HK94], [Mat17].

Proof. For definiteness, we set

WnΩ
q

X̃
(logD) :=WnΛ

q

(X̃,M)/(Spec k,triv)

with the notation from [Mat17, Proposition-Definition 3.10], where M = j∗O×
X ∩ OX̃ is

the log structure defined by D and we equip the base Spec k with the trivial log structure.
If U is a smooth k-scheme and x ∈ U is a 1-codimensional point such that its closure Dx

in U is smooth, and L is the fraction field of OU,x (resp. the fraction field of its strict
henselization at a geometric point x̄ over x) and w is the discrete valuation defined by x on
L, then it follows from étale base change and [Mat17, Corollary 4.4] that the Zariski stalk
at x (resp. the étale stalk at x̄) ofWnΩ

q
U (logDx) is equal toWnΩ

q
Ow

(log). Furthermore, it

follows from the explanations in [Mat17, 9.] and [Ill79, I, Corollaire 3.9] thatWnΩ
q

X̃
(logD)

is a successive extension of locally free OX̃ -modules and hence is Cohen-Macaulay. Thus

WnΩ
q

X̃
(logD) = j∗WnΩ

q,div, by Proposition 9.12 with S = {1, p, . . . , pn−1}. Thus also

j∗WnΩ
q,t ⊂ WnΩ

q

X̃
(logD). On the other hand it follows from the local description of

WnΩ
q

X̃
(logD), given by [Mat17, Corollary 4.4] and étale base change, that the pullback

of a local section α ∈ WnΩ
q

X̃
(logD) along (SpecL,SpecOw) → (X, X̃), with (L,w) a

valuation field, lies in WnΩ
q
Ow

(log). Hence the inclusion WnΩ
q

X̃
(logD) ⊂ j∗WnΩ

q,t. □

10.2. Consider the following condition:

(princ)d Assume (X̃,D) is a normal crossing pair of dimension d, i.e., X̃ is a smooth integral

k-scheme of dimension d and D is a divisor on X̃ which has simple normal cross-
ings. Assume further that Z ⊂ X̃ is a closed (possibly non-reduced) subscheme of
codimension ≥ 2 which is contained in D. Then there exists a finite sequence of
morphisms

π : Ỹ = X̃n
πn−→ X̃n−1 → . . .→ X̃1

π1−→ X̃0 = X̃,
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such that
(a) each (X̃j , Dj) is a normal crossing pair, whereD0 := D andDj = π−1

j (Dj−1)red,
j ≥ 1,

(b) each πj , 1 ≤ j ≤ n, is the blow-up in a smooth closed subscheme Cj−1 ⊂ Xj−1,
which has normal crossings with Dj−1,

(c) each Cj , 0 ≤ j ≤ n− 1 is contained in Zj , where Z0 := Z and Zj is the strict
transform of Zj−1 under πj ,

(d) π−1Z is an Cartier divisor on Ỹ .

Recall that given a normal crossing pair (X̃,D), we say that a closed subscheme
C ⊂ D has normal crossings with D, if for every point x ∈ C we find a regular
parameter sequence t1, . . . , tr ∈ OX,x such that the ideal of C at x is given by
(t1, . . . , tb) and D is at x given by div(ta · · · tc) with 1 ≤ a ≤ b ≤ c ≤ r.

It is well-known that (princ)d holds for 0 ≤ d ≤ 2, see e.g. [Sta16, Tag 0AHH]; in
characteristic zero it holds by Hironaka. Notice that (princ)d is trivially satisfied if D = ∅.

Theorem 10.3. Assume X̃ is smooth and the complement X̃ \ X is the support of a
simple normal crossing divisor D. Assume (princ)d holds for d = dimX. Then

RΓ((X, X̃)t,WnΩ
q,t) = RΓ(X̃Zar,WnΩ

q

X̃
(logD)).

Moreover, setting
WΩ•,t := R lim←−

n

WnΩ
•,t,

we get
RΓ((X, X̃)t,WΩ•,t) = RΓlog-crys((X̃,D)/W (k)),

where the right hand is logarithmic crystalline cohomology, [HK94]:

RΓlog-crys((X̃,D)/W (k)) = R lim←−
n

RΓlog-crys((X̃,D)/Wn(k)).

Proof. For the first statement, observe that by Proposition 10.1 we have a natural map

WnΩ
q

X̃
(logD) = j∗WnΩ

q,t → Rj∗WnΩ
q,t.

It remains to show that this yields an isomorphism after applying H i(X̃Zar,−). By The-
orem 7.2 we have

H i((X, X̃)t,WnΩ
q,t) = lim−→

Y→X
H i(Ỹét, j

Y
∗ WnΩ

q,t),

where the direct limit is over all modifications Y = (X, Ỹ ) → X . Under (princ)d modifi-
cations as in (princ)d are cofinal in the cofiltered category of all modifications to X , see,
e.g., the argument in the proof of [Sta16, Tag 0AHI]. Using further that étale- and Zariski
cohomology of WnΩ

q

X̃
(logD) coincide, we obtain

H i((X, X̃)t,WnΩ
q,t) = lim−→

Y→X
H i(ỸZar,WnΩ

q

Ỹ
(logD′)),

where the limit is over modifications induced by morphisms π : Ỹ → X̃ as in (princ)d and
and where D′ := π−1(D)red. The pullback

π∗ : H i(X̃Zar,WnΩ
q

X̃
(logD))→ H i(X̃Zar,WnΩ

q

Ỹ
(logD′))

is an isomorphism by [Sai21, Theorem 5.2] and the fact that with the notation from loc.
cit. the Nisnevich sheaf given by U 7→ ωCIWnΩ

q(U,D|U ) is equal to WnΩ
q

X̃
(logD). For

q = 0, this follows from [RS21, Theorem 4.15(4) and Theorem 7.20], for q ≥ 1 this holds
by [RR24, Theorem 5.4 and Remark 5.5(3)] or the proof of [Mer25, Theorem 4.4]. This
yields the first statement.

Considering the total complex of the double complex (. . . → RΓ((X, X̃)t,WnΩ
q,t)

d−→
RΓ((X, X̃)t,WnΩ

q+1,t)→ . . .) and applying R lim←− yields the second statement. □

https://stacks.math.columbia.edu/tag/0AHH
https://stacks.math.columbia.edu/tag/0AHI
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Remark 10.4. Let (X, X̃) be as at the beginning of this section withX integral of dimension
d. Assume (princ)d and assume resolution of singularities hold in dimension d, in the sense
that for any finite type and separated k-scheme Y of dimension d and every reduced closed
subset Z ⊂ Y such that Y \ Z is smooth, there exists a proper morphism f : Y1 → Y
which is an isomorphism over Y \ Z, such that Y1 is smooth over k and f−1(Z)red has
simple normal crossings. Then we have

(10.4.1) R lim←−
n

WnΩ
q,t = lim←−

n

WnΩ
q,t,

i.e., Ri lim←−nWnΩ
q,t = 0, for all i ≥ 1.

Indeed by resolution of singularities every object of (X, X̃)t has a covering consisting

of pairs (V, Ṽ ) with Ṽ smooth and affine, such that Ṽ \ V has simple normal crossing
support. For such pairs we have

H i((V, Ṽ )t,WnΩ
q,t) = 0, for all i > 0,

by the first statement of Theorem 10.3, which uses (princ)d. Moreover, the restriction

maps Wn+1Ω
q,t(V, Ṽ )→WnΩ

q,t(V, Ṽ ) are surjective by Proposition 10.1, whence (10.4.1)
holds by [Sta16, Tag 0BKY].

Remark 10.5. We remark, that if k = C, then (princ)d holds for any d and the same proof

for Theorme 10.3 together with [Del71] shows in case X̃ is proper

RΓ((X, X̃)t,Ω
•,t
/C)
∼= RΓBetti(X(C),C),

where we use Proposition 9.15 instead of Proposition 10.1.

Definition 10.6. Following [LZ07, after Definition 2.1]3 we define the rth tame Nygaard

complex of level n on (X, X̃)t (r ≥ 0) by

N rWnΩ
•,t : 0→Wn−1Ot

d−→ . . .
d−→Wn−1Ω

r−1,t dV−−→WnΩ
r,t d−→WnΩ

r+1,t → . . .

We obtain a pro-complexN rW•Ω•,t in which the transition maps are induced by restriction.
We set

N rWΩ•,t = R lim←−N
rWnΩ

•,t.

We have two morphism of pro-complexes

ιr, Fr : N rW•Ω• →W•Ω•,t,

which in degree q are given by

ιqr =

{
pr−q−1V if q ≤ r − 1

id if q ≥ r,
F qr =

{
id if q ≤ r − 1

pq−rF if q ≥ r.

It is direct to check that these define morphism of complexes, cf. [LZ07, (5)]. We define

the rth tame syntomic pro-complex on (X X̃)t as

Z/p•(r)t = Cone(Fr − ιr : N rW•Ω•,t →W•Ω•,t)[−1],
and the rth tame syntomic complex by

Zp(r)t = R lim←−Z/p•(r)t.

Definition 10.7. Let WnΩ
r
X,log

4 be the sheaf on Xét of logarithmic de Rham-Witt differ-

entials of degree r, e.g., [Ill79, I, 5.7]. We define a presheaf WnΩ
r,t
log on (X, X̃)t by

WnΩ
r,t
log(V, Ṽ ) := Γ(V,WnΩ

r
X,log).

3See also [LZ07, Proposition 4.4] for the relation with other definitions of the Nygaard complex in the
non-tame setup.

4Also denoted by νn(r) or ν
r
n in the literature.

https://stacks.math.columbia.edu/tag/0BKY
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It follows directly from the definition, thatWnΩ
r,t
log coincides with Fβ, where F =WnΩ

r
X,log

and β = {Fw ⊂ F (OhX,L)}(L,w,ε∈ValsX ) with Fw = F (OhX,L) in the notation of 8.1. Hence

WnΩ
r,t
log is a sheaf on (X, X̃)t.

Theorem 10.8. We have an isomorphism of pro-complexes (X, X̃)t

Z/p•(r)t =W•Ω
r,t
log[−r].

Proof. This is the tame version of [BMS19, Proposition 8.4]. Indeed, ιqr (resp. F qr ) is
nilpotent in degrees ≤ r1 (resp. ≥ r) and hence ιr−Fr is an isomorphism of pro-complexes
in degrees ̸= r. It remains to show that

id− F :W•Ωr,t →W•Ωr,t

is surjective on (X, X̃) with kernel WΩq,tlog. By Proposition 5.2, Remark 5.6, and Proposi-

tion 9.13 it suffices to show that the sequence

(10.8.1) 0→W•ΩrA,log →W•ΩrÃ(log)
id−F−−−→W•ΩrÃ(log)→ 0

is exact for henselian local rings (A,m) with a valuation v on the residue field K = A/m,

such that A is ind-étale over X, (K, v) is tamely closed, and Ã = A×K Ov. As (10.8.1) is
a subsequence of the sequence

0→W•ΩrA,log →W•ΩrA
id−F−−−→W•ΩrA,

which is exact by [Ill79, I, Théorème 5.7.2], we get that the sequence (10.8.1) is left exact

as well. As Ã is strictly henselian, the map W•Ωr
Ã

id−F−−−→ W•Ωr
Ã
is surjective, by loc. cit.

Thus the formula Fd log[x] = dlog[x] yields the right exactness of (10.8.1). □

Corollary 10.9. There is a natural cycle map

(10.9.1) CHr(X, 2r − i)→ H i((X, X̃)t,Zp(r)t)→ H i((X, X̃)t,WΩ•,t

), where the left hand side denotes Bloch’s higher Chow groups. This map is functorial

with respect to pullback along k-morphisms (Y, Ỹ )→ (X, X̃), with Ỹ a finite type separated

k-scheme and Y ⊂ Ỹ a dense open which is smooth. This map vanishes for r > i.
Moreover, if X̃ is smooth and proper over k and i = 2r, then this cycle map fits into a

commutative diagram

CHr(X̃) //

��

Hr
crys(X̃/W (k))

��
CHr(X) // Hr((X, X̃)t,WΩ•,t),

where the top horizontal map is the classical crystalline cycle map, the left vertical map
is restriction along the open immersion X ↪→ X̃, and the right vertical map is induced
from the identification Hr

crys(X/W (k)) = Hr((X̃, X̃)t,WΩ•,t) stemming from Theorem

10.3 and pullback along (X̃, X̃)→ (X, X̃).

Proof. We denote by Z(r)X Bloch’s complex of Zariski sheaves U 7→ zr(U, ∗)[−2r] [Blo86],
which is an avatar of the motivic complex of weight r. Let i : Y = X̃ \ X ↪→ X̃ be the

closed immersion, and denote by σ : X ↪→ X̃ the open immersion and by c = codim(Y, X̃)
the codimension. Consider the following composition of maps between pro-complexes

Z(r)X̃
i∗Z(r)Y

→ σ∗Z(r)X → σ∗Z/p•(r)X ∼= σ∗W•ΩrX,log[−r] = j∗W•Ω
r,t
log[−r]→ Rj∗Z/p•(r)t,

where the isomorphism in the middle is [GL00, Theorem 8.3], the equality holds by defini-

tion of WnΩ
q,t
log, and the last map is induced by Theorem 10.8. Applying R lim←−RΓ(X̃,−)

and using RΓ(X̃Zar,
Z(r)X̃
i∗Z(r)Y ) ∼= Γ(X,Z(r)X), which holds by [Blo86, Theorems (3.3) and
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(3.4)] together with [Blo94], we get the first map in (10.9.1). The second map is the
composition

H i((X, X̃)t,Zp(r)t)→ H i((X, X̃), R lim←−N
rWnΩ

•,t)
ιr−→ H i((X, X̃), R lim←−WnΩ

•,t).

This completes the construction of the cycle map. The other statements follow immedi-
ately from this construction. □

11. Tame sheaves associated to reciprocity sheaves

11.1. We explain how to apply the construction 8.1 to reciprocity sheaves. Let k be
a perfect field of characteristic p ≥ 0 and let X ↪→ X̃ be an open immersion between
separated finite type k-schemes such that X̃ \ X is the support of an effective Cartier

divisor and X is smooth over k. Set X = (X, X̃).
Let F be a reciprocity sheaf in the sense of [KSY22], see also [KSY16]. In particular it is

defined on Smk the category of smooth separated k-schemes. We denote by ωCIF the max-
imal cube-invariant and semipure modulus sheaf with transfers, which has M -reciprocity
and extends F , see [Sai21, (1.0.4)]. In the following we assume that F additionally defines
a sheaf on Xét.

Let (L,w, ε) ∈ ValsX . We say a discrete valuation v on L is of geometric type over k, if

there is some smooth integral k-scheme U with function field L and some point y ∈ U (1),
such that Ov = OU,y. We say such a discrete valuation v is a generalization of w, if U and

y can be chosen in such way that SpecL → X extends to U → X̃ and the image of the
closed point of SpecOw in X̃ is contained in the closure of the image of y in X̃. We denote
by Φw the set of all discrete valuations of geometric type over k on L generalizing w. For
v ∈ Φw we denote by Lhv and Ohv the henselizations. By taking colimits over geometric
models we can define

F (Lhv) and ωCIF (Ohv ,m−1
v ),

where mv denotes the maximal ideal of Ohv . In particular ωCIF (Ohv ,m−1
v ) is a colimit of

groups of the form ωCIF (Ṽ , D), where Ṽ is smooth and affine with a morphism Ṽ → X̃

and D is a smooth divisor on Ṽ .
Define logF (w) to be the subgroup of F (L) given by

(11.1.1) logF (w) = Ker

(
F (L)→

∏
v∈Φw

F (Lhv)

ωCIF (Ohv ,m−1
v )

)

and set

logFw := F (OhX,L)×F (L) logF (w).

We claim, that

βreclog := {logFw ⊂ F (OhX,L)}(L,w,ε)∈ValsX
satisfies the assumption (β1) of 8.1. To this end it suffices to show that if f : Ṽ1 → Ṽ is a

morphism and D is a smooth divisor on Ṽ , such that D1 := f−1(D)red is a smooth divisor

and Ṽ1 \ D1 → V \ D is étale, then f∗ : F (Ṽ \ D) → F (Ṽ1 \ D1) induces a morphism

ωCIF (Ṽ , D) → ωCI(Ṽ1, D1), which is a consequence of [Sai21, Theorem 4.2]. Thus we

obtain a sheaf Fβrec
log

on (X, X̃)t. This construction yields a functor

RSCXét
→ Sh((X, X̃)t), F 7→ Fβrec

log
,

where RSCXét
= RSCNis ∩ Sh(Xét) is the category of reciprocity sheaves which are also

étale sheaves on X.
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Lemma 11.2. Assume X̃ is smooth and X̃ \X is the support of a simple normal crossing
divisor D. Let F be a reciprocity sheaf which is also a sheaf of Z(p)-modules on Xét and

assume that for all η ∈ D(0) the natural map

(11.2.1) ωCIF (Oh
X̃,η

,m−1
η )

≃−→ F (Kh
η )×F (Ksh

η ) ω
CIF (Osh

X̃,η
,m−1

η )

is an isomorphism, where K
(s)h
η = Frac(O(s)h

X̃,η
).

Then with the notation from 11.1

Fβrec
log
(X, X̃) = ωCIF (X̃,D).

Proof. We start by showing this ⊃ inclusion. Let a ∈ ωCIF (X̃,D) ⊂ F (X). Let (x,w, ε) ∈
Spa(X, X̃). It suffices to show that ak(x) the pullback of a to F (k(x)) lies in logF (w) as

defined in (11.1.1). But for v ∈ Φw we have a natural map SpecOhv → X̃ and it follows from

[Sai21, Theorem 4.2], that this map induces a morphism ωCIF (X̃,D)→ ωCIF (Ohv ,m−1
v ).

Hence ak(x) ∈ logF (w). Now the other inclusion. Let a ∈ Fβrec
log
(X, X̃). By [Sai21,

Corollary 2.5] it suffices to show that for each generic point η of D the pullback of a to

F (Kh
η ), where K = k(X̃), lies in ωCIF (Oh

X̃,η
,m−1

η ). Let v be the discrete valuation on K

corresponding to η, giving rise to the point (η, v, ε) ∈ Spa(X, X̃), where ε : SpecOX̃,η → X̃

is the natural map. By definition of Fβrec
log

we find a finite tame extension (L,w)/(K, v)

such that

aL ∈ logFw = logF (w) = Ker

(
F (L)→ F (Lhw)

ωCIF (Ohw,m−1
w )

)
,

where we use that w is already a discrete valuation of geometric type over k on L and
hence Φw = {w}. We have a finite morphism of pro-modulus pairs (see [RS21, Lemma
3.8]) f : (SpecOshw , e · sw) → (SpecOsh

X̃,η
, η), where sw denotes the closed point and e is

the ramification index, which is also equal to the degree of f . The transfer structure thus
induces a pushforward

f∗ : ω
CIF (Oshw ,m−1

w ) ⊂ ωCIF (Oshw ,m−e
w )→ ωCIF (Osh

X̃,η
,m−1

η ).

By tameness, (e, p) = 1 and hence

aKsh
η

= 1
ef∗(aLsh

w
) ∈ ωCIF (Osh

X̃,η
,m−1

η ).

Thus aKh
η
∈ ωCIF (Oh

X̃,η
,m−1

η ), by (11.2.1), which completes the proof. □

Theorem 11.3. Let F be a reciprocity sheaf and fix integers i, d ≥ 0. Assume for any
normal crossing pair (Ỹ , D) with dim Ỹ = d,

(a) the assignment U/Ỹ 7→ ωCIF (U,D|U ) defines an étale sheaf of Z(p)-modules on Ỹ ,
denoted by F(Ỹ ,D),

(b) H i(Ỹét, F(Ỹ ,D)) = H i(ỸNis, F(Ỹ ,D)).

Assume X̃ is smooth of dimension d and D = X̃ \X is an SNCD. Assume 10.2, (princ)d
holds. Then

H i((X, X̃)t, Fβrec
log
) = H i(X̃Nis, F(X̃,D)).

Proof. Under (princ)d the modifications as in (princ)d are cofinal in the cofiltered category
of all modifications to X , see, e.g., the argument in the proof of [Sta16, Tag 0AHI]. Thus

(11.3.1) H i((X, X̃)t, Fβrec
log
) = lim−→

Y→X
H i(Ỹét, j

Y
∗ Fβrec

log
) = lim−→

Y→X
H i(ỸNis, F(Ỹ ,D)),

where the direct limit is over all modifications Y = (X, Ỹ ) → X as in (princ)d. The
first equality holds by Theorem 7.2, and the second equality by assumptions (a), (b), and

https://stacks.math.columbia.edu/tag/0AHI
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Lemma 11.2. Thus it remains to prove the colimit on the right is constant. Let π : Ỹ → X̃
be a morphism as in (princ)d and set D′ := π−1(D)red. In this case the pullback

π∗ : H i(X̃Nis, F(X̃,D))→ H i(ỸNis, F(Ỹ ,D′))

is an isomorphism by [Sai21, Theorem 5.2], hence the statement. □

Example 11.4. The following reciprocity sheaves satisfy the assumptions (a) and (b) of
Theorem 11.3:

• G a smooth unipotent commutative k-group, as in this case ωCIG(Ỹ ,Dred)
= GỸ ,

as follows from [RS21, Theorem 5.2];
• Ωq/k, as follows from the description of ωCIΩq/k in [RS21, Corollary 6.8] (if char(k) =

0) and in [RS22, Corollary 6.8] (if char(k) ≥ 0);
• WnΩ

q, if char(k) = p > 0, as follows from the description of ωCIWnΩ
q

(Ỹ ,Dred)
in

[Mer25, Theorem 4.4] or [RR24, Theorem 5.4];
• BnΩq = Fn−1dWnΩ

q and ZnΩ
q = FnWn+1Ω

q as follows from [RR24, Corollary
6.16] (still assuming char(k) = p > 0).

Note that by [CR11, Theorem 3.2.8] the cohomology RΓ(X̃,OX̃) is a birational invariant

and hence so is RΓ(X̃,WnOX̃) (using [BRS22, Proposition 9.10]). Thus in this case the
direct limit in (11.3.1) for general modifications Y → X stabilizes as soon as the following
condition is satisfied for d = dimX:

(res)d For Ỹ an integral and separated finite type k-scheme of dimension d with a dense

smooth open subscheme Y ⊂ X̃, there exists a proper morphism f : Z̃ → Ỹ , such

that its restriction f−1(Y )
≃−→ Y is an isomorphism and f−1(Ỹ \Y )red is an SNCD.

If char(k) = 0, then (res)d holds for all d by Hironaka; if char(k) = p > 0, then (res)d
holds for 0 ≤ d ≤ 3. For this first take a resolution h : Ỹ1 → Ỹ , such that h−1(Y )

≃−→ Y is
an isomorphism, see [CP19, Theorem 1.1], then apply [CJS20, Theorem 1.4] (with B = ∅)
to get a projective morphism g : Ỹ2 → Ỹ such that g−1(Y )

≃−→ Y is an isomorphism and

g−1(Ỹ \Y )red = A∪E with E a simple normal crossing divisor and A smooth intersecting

E transversally, then blow-up once more in A to get f : Z̃ → Ỹ as in (res)d.

In particular for X̃ as in Theorem 11.3 with dimX ≤ 3 we get

RΓ((X, X̃)t,WnOt) = RΓ(X̃Zar,WnO),
a version of which was obtained in [Hüb21, Theorem 13.7] for n = 1 and where the left
hand side is replaced by the cohomology of a discretely ringed adic space.

12. Comparison with the tame site (X/S)t from [HS20]

Let X → S be a morphism of schemes.

12.1. Recall that the tame site (X/S)t from [HS20, Definition 2.3] has the category of
étale X-schemes as underlying category and a covering {Ui → U}i∈I is an étale covering,
such that for every (x, v, εv) ∈ Spa(U, S), there exists i ∈ I and (y, w, εw) ∈ Spa(Ui, S)
such that (k(y), w)/(k(x), v) is tame.

Proposition 12.2. Let X̃ → S a proper morphism and X ↪→ X̃ be a quasi-compact open
immersion of qcqs schemes. Then there are adjoint functors

Shv((X, X̃)t) Shv((X/S)t),u∗

u∗

with u∗ exact, such that for F ∈ Shv((X, X̃)t) and U ∈ (X/S)t affine, u∗F (U) = F (U, Ũ)

for any choice of a Nagata compactification U ↪→ Ũ of U → X̃, and for G ∈ Shv((X/S)t),

u∗G is the sheafification of the presheaf (U, Ũ) 7→ G(U). If (U, Ũ) ∈ (X, X̃)t with Ũ → X̃

separated and universally closed, then u∗G(U, Ũ) = G(U), in particular G ∼= u∗u
∗G.
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Proof. Consider the subsite (X, X̃)t,suc ⊆ (X, X̃)t consisting of (U, Ũ) such that Ũ → X̃
is separated and universally closed. Consider the functor:

Υ: (X, X̃)t,suc → (X/S)t, (U, Ũ) 7→ U.

Then [Sta16, Tag 03A0] gives an equivalence of topoi

Υ∗ : Shv((X, X̃)t,suc) ∼= Shv((X/S)t) : Υ∗.

Indeed:

(1) Υ is cocontinuous. Let (U, Ũ) ∈ (X, X̃)t,suc and let {fi : Vi → U} be a covering.

Up to refining we can assume that all Vi are affine, therefore Vi → Ũ are separated
and of finite type. Thus we can choose a Nagata compactification Ṽi giving a
covering {(Vi, Ṽi)→ (U, Ũ)} in (X, X̃)t,suc.

(2) Υ is continuous. If {(Vi, Ṽi) → (U, Ũ)} is a tame covering in (X, X̃)t,suc, then by
the valuative criterion for universal closedness [Sta16, Tag 01KA], {Vi → U} is a
covering in (X/S)t, and Υ respects fiber products by definition.

(3) Given maps in (X, X̃)t,suc

(f, f̃1), (f, f̃2) : (U
′, Ũ ′)→ (U, Ũ),

consider the closure U ′ of U ′ in Ũ ′. By Remark 2.5, (id, ι) : (U ′, U ′) → (U ′, Ũ ′) is

a covering in (X, X̃)t,suc and U
′ is an open dense in U ′. Since Ũ → S is separated

by assumption, the equalizer of f̃1ι and f̃2ι is closed in U ′ by [Sta16, Tag 01KM],

and since it contains U ′ we conclude that f̃1ι = f̃2ι.
(4) Given (U, Ũ), (V, Ṽ ) ∈ (X, X̃)t,suc and c : U → V étale, we can cover U by affine

schemes Ui, so that Ui → Ũ and Ui → Ṽ are separated étale maps between qcqs
schemes (hence again of finite type). Let Ui,1 and Ui,2 be Nagata compactifications

of Ui → Ũ and Ui → Ṽ , respectively. Since the compositions Ui → Ui,1 → X̃ and

Ui → Ui,2 → X̃ agree, this gives a map φ12 : Ui → Ui,1 ×X̃ Ui,2. The map φ12

is quasi-finite. Indeed, it is separated of finite type since both Ui → Ui,1 and
Ui → Ui,2 are quasi-compact open immersions, and it has isolated fibers. Then
by Zariski’s Main Theorem [Sta16, Tag 05K0] the map φ12 factors as a quasi-

compact open immersion Ui → Ũi followed by a finite morphism Ũi → Ui,1 ×X̃
Ui,2, therefore Ũi → X̃ is separated and universally closed. This gives a covering

{(fi, f̃i) : (Ui, Ũi) → (U, Ũ)} together with a map (ci, c̃i) : (Ui, Ũi) → (V, Ṽ ) such
that ci = c ◦ fi.

(5) Given V ∈ (X/S)t, we can cover V by affine schemes Vi, so that Vi → X̃ is a
separated étale map between qcqs schemes. By taking a Nagata compactification
Ṽi of Vi → X̃ we obtain a covering {Vi = Υ(Vi, Ṽi)→ V } in (X/S)t.

In particular, for every G ∈ Shv((X/S)t) and F ∈ Shv((X, X̃)t,suc), there are unique

sheaves G̃ := Υ∗G ∈ Shv((X, X̃)t,suc) and F̃ := Υ∗F ∈ Shv((X/S)t) such that G̃(U, Ũ) =

G(U), for (U, Ũ) ∈ (X, X̃)t,suc, and F̃ (U) = F (U, Ũ), for U ∈ (X/S)t affine and any

Nagata compactification Ũ of U → X̃. Consider the inclusion u′ : (X, X̃)t,suc ↪→ (X, X̃)t,
which is continuous by definition. We obtain the adjoint functors

(u′)∗ : Shv((X, X̃)t,suc) ⇆ Shv((X, X̃)) : (u′)∗.

The functors in the statement are defined as u∗ := Υ∗(u′)∗ and u∗ := (u′)∗Υ∗. Since Υ∗

is both left and right adjoint of Υ∗, we obtain immediately that u∗ is left adjoint to u∗
We compute them. Let F ∈ Shv((X, X̃)t) and let U ∈ (X/S)t be affine, then by

definition u∗F (U) = ((u′)∗F )(U, Ũ) = F (U, Ũ) for any choice of a Nagata compactification

Ũ of U → X → X̃, and for G ∈ Shv((X/S)t), u
∗G = (u′)∗Υ∗G is the sheafification of the

https://stacks.math.columbia.edu/tag/03A0
https://stacks.math.columbia.edu/tag/01KA
https://stacks.math.columbia.edu/tag/01KM
https://stacks.math.columbia.edu/tag/05K0
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presheaf (u′)pG̃ on (X, X̃)t defined by the rule

(12.2.1) (u′)pG̃ : (U, Ũ) ∈ (X, X̃)t 7→ lim−→
(U,Ũ)→(V,Ṽ )

Ṽ→X̃sep. univ. closed

G(V ).

Let (V, Ṽ ) ∈ (X, X̃)t,suc and let (g, g̃) : (U, Ũ)→ (V, Ṽ ) be a morphism in (X, X̃)t.

Claim 12.3. There is an affine open covering Ũ = ∪iŨi and quasi-compact open immer-
sions Ũi → Ui such that (Ui := U ∩ Ũi, Ui) ∈ (X, X̃)t,suc and the composition (Ui, Ũi) →
(U, Ũ)→ (V, Ṽ ) factors via a morphism (Ui, Ui)→ (V, Ṽ ) in (X, X̃)t,suc, for all i.

Indeed, the statement is Zariski local on X̃ and as Ũ
g̃−→ Ṽ is ift, we may assume that

Ũ is affine and g̃ : Ũ → Ṽ factors as Ũ
g̃1−→ Ṽ ′ g̃2−→ Ṽ with Ṽ ′ affine, g̃1 integral, and g̃2 of

finite type. Considering a Nagata compactification W̃ → Ṽ of this latter morphism, we
see that Ũ → Ṽ factors as a composition

Ũ
h−→ W̃

j−→ W̃
f−→ Ṽ ,

with h an integral morphism, j a quasi-compact open immersion, and f a proper morphism.

By Lemma 1.6, we find Ũ , a quasi-compact open immersion U → Ũ → Ũ and Ũ → W̃ → Ṽ
a composition of an integral and a proper morphism, so separated and universally closed.

Therefore (U, Ũ) ∈ (X, X̃)t,suc and this proves the claim.
We conclude as follows. Consider the presheaf

G′ : (U, Ũ) ∈ (X, X̃)t 7→ G(U).

By construction, there exists a map (u′)pG̃ → G′. By what we observed before, for all

(U, Ũ) → (V, Ṽ ) with Ṽ → X̃ separated and universally closed there exists a covering

(Ui, Ũi) of (U, Ũ) such that the following diagram commutes:

G(V ) (u′)pG̃(U, Ũ) G′(U, Ũ)

G(Ui) (u′)pG̃(Ui, Ũi) G′(Ui, Ũi).

Let a ∈ (u′)pG̃(U, Ũ) and let (U, Ũ)→ (V, Ṽ ) as in (12.2.1) such that there exists b ∈ G(V )

that maps to a, and let {(Ui, Ũi)} be a covering such that a diagram as above exists.

Assume that a 7→ 0 in G′(U, Ũ), then we conclude that b|Ui
= 0, so a|(Ui,Ũi)

= 0, which

implies that the map (u′)pG̃ → G′ is injective after sheafification. Let now b ∈ G(U) =

G′(U, Ũ). By applying the above diagram with (V, Ṽ ) = (X, X̃), there exists a covering

{(Ui, Ũi)} such that bUi is in the image of (u′)pG̃(Ui, Ũi) → G′(Ui, Ũi). Hence the map

(u′)pG̃ → G′ is surjective after sheafification. Moreover, if Ũ → X̃ is separated and

universally closed, then G′ satisfies descent on (U, Ũ). Indeed, if {(Vi, Ṽi) → (U, Ũ)} is a

covering in (X, X̃)t , then {Vi → U} is a tame covering in (X/S)t, as we have bijections

Spa(U, Ũ) ↔ Spa(U, X̃) ↔ Spa(U, S) given by the valuative criterion for separatedness
and universal closedness [Sta16, Tag 01KA and Tag 01KY]. Therefore in this case we

have u∗G(U, Ũ) = G′(U, Ũ) = G(U). Finally, for U ∈ (X/S)t affine, the map U → X̃

is separated of finite type so it always admits a Nagata compactification Ũ , and we have
u∗u

∗G(U) = u∗G(U, Ũ) = G(U). This implies G ∼= u∗u
∗G. □

Remark 12.4. (1) Notice that for G ∈ Shv((X/S)t) the presheaf (U, Ũ) 7→ G(U) on

(X, X̃)t does not necessarily have descent if Ũ → X̃ is not proper and G is not an
étale sheaf on X. Indeed, let S be a scheme with pOS = 0 and consider (A1

S ,A
1
S)

https://stacks.math.columbia.edu/tag/01KA
https://stacks.math.columbia.edu/tag/01KY
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in (A1
S ,P

1
S)t. Then, writing A1

S = SpecOS [x], the Artin–Schreier cover C → A1
S

defined by tp − t = x gives a covering (C,C) → (A1
S ,A

1
S) in (A1

S ,P
1
S)t, but it is

not a tame covering in (A1
S/S)t.

(2) Consider the sheaf Ot ∈ Shv((X, X̃)t) from Lemma 8.5. Then,

u∗Ot(U) = Ot(U,U) = O(U) = O(T ) for U ∈ Xét,

where U ↪→ U is the integral closure in U of a Nagata compactification of U → X̃,
and U → T → X̃ is the Stein factorization of the universally closed morphism
U → X̃.

(3) For F ∈ Shv((X, X̃)t), the map u∗u∗F → F is not an isomorphism in general.

If that was the case, then for (U, Ũ) = lim←−(Uλ, Ũλ) ∈
˜(X, X̃)t tamely acyclic, the

above computation gives that

u∗u∗Ot(U, Ũ) = upu∗Ot(U, Ũ) = lim−→
λ

O(Tλ)

where Tλ → X̃ is integral coming from the Stein factorization of Uλ as above.
Therefore, this would imply that the map O(X̃) → O(Ũ) is integral, which does
not hold in general. This implies that there is no object G ∈ Shv((X/S)t) such
that u∗G = Ot. Else we would have by Proposition 12.2 that G = u∗u

∗G = u∗Ot,
hence Ot = u∗G = u∗u∗Ot.

Theorem 12.5. Let S be an affine scheme, let X̃ → S be a proper morphism and X ↪→ X̃
be a quasi-compact open immersion. Consider the adjoint functors u∗ ⊣ u∗ of Proposition
12.2. Then for all G ∈ Shv((X/S)t) we have

RΓ((X/S)t, G) ≃ RΓ((X, X̃)t, u
∗G).

Proof. We need to show that Rqu∗u
∗G = 0 for q > 0. Indeed, if this holds, we have that

the map G→ Ru∗u
∗G is an equivalence, therefore

RΓ((X/S)t, G) ≃ RΓ((X/S)t, Ru∗u∗G) ≃ RΓ((X, X̃)t, u
∗G).

Let (x, v) be a tame point of X in the sense of [HS20, Definition 2.7], then

(Rqu∗u
∗G)(x,v) = lim−→

U→X

Hq((U, Ũ)t, u
∗G),

where the colimit on the right hand side is indexed along all étale neighborhoods U → X
of x which are tame at (x, v), and Ũ → X̃ a choice of a Nagata compactification of U → X̃.
We can always suppose that U is affine, therefore the map U → S is quasi-projective. By
Chow’s lemma and the control of the birational locus of Raynaud and Gruson (see [Con07,

Corollary 2.6]), we can choose Ũ quasi-projective over S. Hence Ũ satisfies the property
that every finite set of points is contained in an affine open. Thus by Theorem 6.5

lim−→
U→X

Hq((U, Ũ)t, u
∗G) ∼= lim−→

U→X

Ȟq((U, Ũ)t, u
∗G),

Recall that u∗G is the sheafification of the presheaf (V, Ṽ ) 7→ G(V ). Since Čech coho-
mology of presheaves is invariant under taking sheafification by Theorem 6.5, we have
that

lim−→
U→X

Ȟq((U, Ũ)t, u
∗G) ∼= lim−→

(V,Ṽ )→(U,Ũ)

lim−→
U→X

π−qG(V
×•),

where we can suppose that (V, Ṽ ) → (U, Ũ) ranges over all coverings in (X, X̃)affine,t by

Lemma 2.9, and moreover by Claim 12.3 that factors through (V, V )→ (U, Ũ) in (X, X̃)suc.

Since π−qG(V
×•) does not depend on Ṽ , we can in fact suppose that Ṽ = V , therefore

we have that
lim−→
U→X

Ȟq((U, Ũ)t, u
∗G) ∼= lim−→

(V,V )→(U,Ũ)

lim−→
U→X

π−qG(V
×•),



48 ALBERTO MERICI, KAY RÜLLING AND SHUJI SAITO

where (V, Ṽ ) → (U, Ũ) ranges over all coverings in (X, X̃)suc,t with V affine. By the
valuative criterion (as in the proof of Proposition 12.2) this implies that V → U is a
covering in (X/S)t, and every covering V → U in (X/S)t with V affine induces a covering

(V, V )→ (U, Ũ) in (X, X̃)suc,t by the choice of a Nagata compactification, therefore

lim−→
(V,V )→(U,Ũ)

lim−→
U→X

π−qG(V
×•) ∼= lim−→

V→U

lim−→
U→X

π−qG(V
×•),

where on the right {V → U} is the cofiltered set of coverings in (X/S)t and {U → X} is
the cofiltered set of tame neighborhoods of (x, v), therefore by [HS20, Theorem 7.16] it is

lim−→
U→X

Ȟq((U/S)t, G) = Hq((Spec(OtX,(x,v))/S)t, G) = 0.

□

Remark 12.6. We observe that for F ∈ Shv((X, X̃)t), the cohomology groups

H i((X, X̃)t, F ) and H i((X/S)t, u∗F ) = H i((X, X̃)t, u
∗u∗F ))

are in general not equal, even if X̃ → S is proper and F is constructed as in (8.1). Indeed,
assume S = Spec(k) with k an algebraically closed field of characteristic p > 0 and assume
dimX ≤ 3. Take F = Ot. We get from Remark 12.4 that u∗Ot agrees with the constant
sheaf k on (X/S)t, so we have by Theorem 7.2

H i((X/S)t, u∗Ot) = lim−→̃
Y

H i(Ỹét, j
(Y,Ỹ )
∗ u∗k),

where the direct limit is over all smooth compactifications ofX. By construction, j
(Y,Ỹ )
∗ u∗k

agrees with the constant étale sheaf k on Ỹ . Furthermore we have

(12.6.1) H i(Ỹét, k) = H i(Ỹét,Z/p)⊗Fp k.

For this we observe, that for any étale sheaf G on Ỹ , the presheaf U 7→ G(U) ⊗Fp k is
already a sheaf, since we can identify its sections as an abelian group with a direct sum
over a basis of k/Fp, which is a sheaf as the site Ỹét is noetherian. It also follows that

the functor − ⊗ k : Shv(Ỹét,Fp) → Shv(Ỹét, k) is exact and maps Γ-acyclic sheaves to
Γ-acyclic sheaves. This gives (12.6.1). Furthermore, we remark that Z 7→ H i(Zét,Z/p) is
a birational invariant on smooth proper schemes. Indeed this follows from the fact that
proper correspondences act on

H i(Zét,Z/p) = H i(ZZar, [OZ
Frob−id−−−−−→ OZ ]),

by [BRS22, 9.11] and the fact that the action of the closure of a graph of a birational

(maybe not everywhere defined) map Z 99K Z ′ induces an isomorphism H i(Z,OZ)
≃−→

H i(Z ′,OZ′), by [CR11, Theorem 1]. Thus altogether we find

(12.6.2) H i((X/S)t, u∗Ot) = H i(X̃ét,Z/p)⊗Fp k,

where X̃ is some smooth compactification of X. On the other hand by Remark 8.7 and
the birational invariance of O-cohomology on smooth proper schemes we have

(12.6.3) H i((X, X̃)t,Ot) = H i(X̃,OX̃),

The groups (12.6.2) and (12.6.3) are equal for all i if and only if the Frobenius acts

bijectively on H i(X̃,OX̃). This is, e.g., not the case if X̃ is a supersingular abelian
variety.

We conclude the section with a computation of the cohomology of u∗Fβrec
log

for F a

reciprocity sheaf, see (11.1) for notation.
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Lemma 12.7. Let k, X ⊂ X̃, D, and F be as in Lemma 11.2 above. Assume additionally
that X̃ has dimension d and that (res)d holds (e.g. d ≤ 3). Denote by h0A1(F ) the maximal

A1-invariant subsheaf with transfers of F , which is a Nisnevich sheaf (e.g. [RS21, 4.30]),

and by h0,t
A1(F ) the presheaf on (X/k)t given by V 7→ h0A1(F )(V ). Then

u∗(Fβrec
log
) = h0,t

A1(F ),

where u∗ : Shv((X, X̃)t)→ Shv((X/k)t) is the functor from Proposition 12.2. In partic-

ular, h0,t
A1(F ) is a sheaf on (X/k)t and if X̃ is additionally proper, we get

RΓ((X/k)t, u∗(Fβrec
log
)) = RΓ((X/k)t, h

0,t
A1(F )) = RΓ((X, X̃)t, u

∗h0,t
A1(F )).

Proof. The second statement follows directly from the first and Theorem 12.5. As h0A1(F )
is a Zariski sheaf it suffices to show the equality of the first statement when evaluated on
an affine étale X-scheme V . By (res)d we find a smooth compactification V of V with
simple normal crossing complement DV = (V \ V )red. By Proposition 12.2 together with
Lemma 11.2 we have

(12.7.1) u∗(Fβrec
log
)(V ) = Fβrec

log
(V, V ) = ωCIF (V ,DV ).

By [Sai21, Theorem 4.2] for each map SpecOhv → V , with Ohv a henselian discrete val-
uation ring of geometric type over k, we get an induced morphism ωCIF (V ,DV ) →
ωCIF (Ohv ,m−1

v ). Therefore, the right hand side of (12.7.1) is precisely the subset of F (V )
consisting of the sections with all the motivic conductors ≤ 1. Thus by [RS21, Corollary
4.32],

(12.7.2) ωCIF (V ,DV ) = h0A1(F )(V ),

which yields the statement. □

Remark 12.8. Let X, X̃ and F be as above. If h0A1(F ) happens to be an étale sheaf

on X, then the presheaf (V, Ṽ ) 7→ h0A1(F )(V ) is also a sheaf on (X, X̃)t and is equal to

u∗h0,t
A1(F ), by Proposition 12.2.

Note however that h0A1(F ) will in positive characteristic p in general not be an étale
sheaf even if F is. For example consider F = Ωq and assume (res)d, with d = dimX. By
[RS21, (4) on p. 5] and (12.7.2) the Nisnevich sheaf h0A1(F ) on X is given by

V 7→ H0(V ,Ωq
V /k

(logD)),

where (V ,D) is a normal crossing compactification of V . It is well known that this is
not an étale sheaf. Indeed, consider any form α ∈ Ω1

k(x,y), which has not only log-poles,

e.g. α = dx/y. By [Mum61, I, Theorem] and resolution of singularities in dimension 2,
there is a dense open V ⊂ P2 and a projective morphism f : X → P2 from a smooth
k-scheme X, such that α ∈ H0(V,Ω1

V ), the induced map f−1(V ) → V is finite étale,
D = f−1(P2 \V )red is an SNCD, and f∗α ∈ H0(X,Ω1

X) ⊂ H0(X,Ω1
X(logD)). In this case

clearly the pullbacks of f∗α to any normal crossing model of f−1(U)×U f−1(U) along the
maps induced by the two projections agree, but it does not descent to a logarithmic form
on a normal crossing model of U by our choice of α.
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