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ABSTRACT. The purpose of this paper is to prove a conjecture of
Kahn-Saito-Yamazaki [5, Conj.1(1)]. This is accomplished by ex-
tending Voevodsky’s fundamental results on homotopy invariant
(pre)sheaves with transfers [17] to its generalizations, reciprocity
sheaves and cube-invariant sheaves in the context of theory of
modulus (pre)sheave with transfers [7]. The main results of this
paper is expected to play a crucial role in deducing the main prop-
erties of the triangulated category of motives with modulus, which
is a new triangulated category enlarging Voevodsky’s triangulated
category of motives to encompass non homotopy invariant motivic
phenomena.

INTRODUCTION

Let Sm be the category of separated smooth schemes of finite type
over k. Let Cor be the category of finite correspondences: Cor has
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the same objects as Sm and morphisms in Cor are finite correspon-
dences. Let PST be the category of additive presheaves of abelian
groups on Cor, called presheavs with transfers. In Voevodsky’s theory
of his triangulated category of motives, a fundamental role is played by
homotopy invariant objects F' € PST, namely such F' that F(X) —
F(X x A') induced by the projection X x Al — X are isomorphisms
for all X € Sm. The homotopy invariant objects form a full abelian
subcategory HI C PST.

In order to extend Voevodsky’s paradigm to a non-homotopy invari-
ant framework, we use a new full abelian subcategory RSC C PST of
reiprocity presheaves !. It contains HI and many objects of PST which
are not in HI, such as the presheaf associated to a commutative alge-
braic group G (which may contains a unipotent part) and the presheaf
2 of Kahler differential forms and the de Rham-Witt presheaf W, Q¢

Let Z:(X) € PST be the object which X € Sm represents by the
Yoneda functor. Recall ([11, Lem. 2.16]) that the inclusion HI — PST
has a left adjoint hg such that ho(X) := ho(Z (X)) is given by
(0.1)

ho(X)(Y) = Coker (Zu(X)(Y x AY) "4 7, (X)(Y)) (Y € Sm)
= Coker (Cor(Y x A", X) o Cor(Y, X)),

where ¥ for ¢ = 0,1 is the pullback by the section 7. : Spec(k) — Al
This implies that F' € PST is in HI if and only if for any X € Sm
and a € F(X), the map a : Zy(X) — F in PST associated to a by
the Yoneda functor, factors through the quotient hg(X) of Z, (X).

The key idea to define RSC is to introduce bigger quotients ho(X) of
Z(X) associated to pairs X = (X, X.) where X is a proper scheme
over k and X is an effective Cartier divisor on X such that X =
X — | Xs|. We have for Y € Sm

(0.2)  ho(X)(Y) = Coker (MCor(Y @0, %) "4 Cor(Y, X)),

where MCor(Y ® [J, X) is a subgroup of Cor(Y x A', X) generated
by elementary correspondences?® satisfying a certain admissibility condi-
tion with respect to X..> Then F' € PST is defined to be a reciprocity

'The terminology “reciprocity presheaves” was used in [5] for a slightly different
notion, which is not used in this paper. In loc.cite. a full subcategory Rec of PST
was introduced. In [6] it is shown that RSC C Rec and RSCNNST = RecNNST.

2Tt means integral closed subschemes in ¥ x X.

3 We have surjective maps Z,(X) — ho(X) — ho(X) in PST. Evaluated on
Spec(k), it is identified with Zy(X) — CHo(X, Xo) — Hy (X), where Zy(X) is the
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presheaf, or to have reciprocity, if for any X € Sm and a € F(X), the
associated map a : Z(X) — F factors through ho(X) for some X as
above. By (0.1) and (0.2), ho(X) is a quotient of ho(X), and hence ev-
ery ' € HI has reciprocity.! By the definition those F' € PST which
have reciprocity form a full abelian subcategory RSC C PST which
is closed under subobjects and quotients in PST.

Let NST C PST be the full subcategory of Nisnevich sheaves, i.e.
those objects F' € PST whose restrictions Fx to the étale site Xg
over X are Nisnevich sheaves for all X € Sm. By [18, Th. 3.1.4] the
inclusion NST — PST has an exact left adjoint ay, such that aY, F'
is the Nisnevich sheafication Fyjs of F' as a presheaf on Sm. We put
RSCyis = RSC N NST.

We now state our main results on RSC. Theorem 0.2 gives an
affirmative answer to [5, Conjecture 1(1)].

Theorem 0.1. The functor ay;, preserves RSC.
An analogous result is obtained in [5] by a different method.

To state the second main result on RSC, we introduce some nota-
tions. For F' € PST and n € Z-( and S € Sm, define

F_,(S) = Coker (D F((A'=0)""'xA'x(A'=0)""'x5) = F((A'=0)"xS)),

1<i<n
where A' is the affine line over k& with 0 € A! the origin.

For X € Sm and n € Zsg, let X(™ be the set of points z € X such
that the closure of x in X is of codimension n. Assuming k is perfect,
there is an isomorphism (see Lemma 6.1)

(0.3) e: X[t~ Spec K{ty,... 1},

where K = k(z) and X(; is the henselization of X at x and (t1,...,t,)

is a regular system of parameters of X at x, and K{ty,...,t,} is the
henselization of K[ty,...,t,] at (t1,...,t,).

group of 0-cycles on X, CHg(X, Xo,) is the Chow group of O-cycles with modulus
introduced in [9] and Hy (X) is the Suslin homology of X introduced in [16]. See
Definition 1.33 for a more conceptual definition of hg(X).

“Heuristically RSC (resp. HI) may be viewed as consisting of such F' € PST
that for any X € Sm and a € F(X), a has “bounded (resp. tame) ramification”
along the boundary of a compactification of X. A manifestation of this viewpoint
is given in [13].
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Theorem 0.2. Assume k is perfect. Let F € RSCyis. For X € Sm
and x € X™ with n € Z~q, we have

(0.4) H!(Xxi, Fx) =0 for i #n,
and there ezists an isomorphism depending on € from (0.3):
(0.5) 0. : F_,(2) ~ H*(Xnis, Fx).

As an immediate corollary we get the following.

Corollary 0.3. Let FF € RSCyjs. Let X be the henselization of X €
Sm at a point of X and & be its generic point. Then the Cousin complex

(0.6) 0= F(X)— F(&) - D Hi(Xis, Fx) =

Z‘EX(I)

v —> @HQ(XNIMF.X)%

zex ()

18 exact.

After replacing RSC by HI, the above results were proved by Vo-
evodsky [17] and played a fundamental role in his theory of triangulated
category of mixed motives in [18] (see Theorem 0.6).

0.1. Modulus refinements. We now explain refinements of the above
results in the new categorical framework developed in [7]. A new cat-
egory MCor (see Definition 1.1) is introduced: The objects are mod-
ulus pairs X = (X, X)) where X is a separated schemes of finite type
over k equipped with an effective Cartier divisor X, C X such that
X — | X4| € Sm. The morphisms are finite correspondences satisfying
some admissibility and properness conditions. Let MCor C MCor
be the full subcategory of such objects (X, X,,) that X is proper over
k. We then define MPST (resp. MPST) as the category of ad-
ditive presheaves of abelian groups on MCor (resp. MCor). For
F € MPST and X = (X, X,) € MCor write Fy for the presheaf
on the étale site X4 over X given by U — F(Xy) for U — X étale,
where Xy = (U, X Xx U) € MCor. We say F is a Nisnevich sheaf if
so is Iy for all X € MCor. We write MNST C MPST for the full
subcategory of Nisnevich sheaves and

(0.7) H' (Xnis, F) = H' (X nis, Fx) for € MNST.
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It is shown in [7] (see Theorem 1.7(2) in §1) that the inclusion MNST —
MPST has an exact left adjoint ay;,.” We have a functor
w:MCor — Cor; (X, Xy) = X — | Xool,

and two pairs of adjunctions

(0.8) MPST <~ MPST, MPST < PST,
LN -

where 7* is induced by the natural inclusion 7 : MCor — MCor
and 7 is its left Kan extension, and w* is induced by w and wy is
its left Kan extension (see Lemma 1.4(4) and (5) for descriptions of
these left Kan extensions). We now introduce a basic property which
is an analogue of homotopy invariance exploited by Voevodsky: Put
0= (P',00). F € MPST is called O-invariant if F(X) ~ F(X ® 0)
for all X € MCor (see Definition 1.1(4) for the tensor product ®
in MCor). We write CI € MPST for the full subcategory of [J-
invariant objects. The category CI and its essential image "CI under
7 : MPST — MPST will play a fundamental role in this paper. Let
TCI’? C "CI be the full subcategory of semipure objects F', namely
such objects that the natural map F(X,X,) — F(X — X, 0) is
injective for all X = (X, X,) € MCor. One can show (see Lemma
1.37) wi(CI) = RSC and that the induced functor CI — RSC admits
a fully faithful right adjoint w®! such that nw®I(RSC) C "CI**. Using
this, Theorems 0.1 and 0.2 are deduced from Theorems 0.4 and 0.5
below respectively.

Theorem 0.4. (Theorem 10.1) The functor ay,, preserves F' € "CI*P.
Write "CIY, = "CI*” N MNST.
Theorem 0.5. (Corollaries 8.6) Assume k is perfect. Take F € "CIZ,

and X = (X, X5) € MCor. Assume X and |Xo| € Sm. Forxz € x"
with K = k(z), we have

H;(%Nin) =0 fOT’ i 7& n,
where H' (Xyis, F) is defined as (0.7) for cohomology with support.

We also show the following.

Theorem 0.6. (Theorem 9.3) Assume k is perfect. Take F' € "CIZ,
and ¥ = (X, X,) € MCor. Assume that X € Sm and | Xo| is a
simple normal crossing divisor on X. Then we have an isomorphism

(0.9) 7 HY(Xnis, F) = HY((X @ O)nis, F)

SFor F € MPST and X € MCor, (ay; F)x is NOT the Nisnevich sheafication
of Fx contrary to the case of aY;, (see Theorem 1.7(2) for its description).
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induced by the projection 7 : X ® O — X.

The following theorem of Voevodsky is a direct consequence of The-
orems 0.5 and 0.6 (see §11).

Theorem 0.7. ([17, Th.5.6]) Assume k is perfect.
H'(Xnis, Fx) = H'((X X A)xis, Fxxat)

induced by the projection X x At — X is an isomorphism.

We give an overview of the content of the paper.

In §1 we review basic notions and facts on modulus sheaves with
transfer and reciprocity sheaves. The whole content of §1 is a joint
work with B. Kahn, H. Miyazaki and T. Yamazaki. The content of §1.1
is extracted from [7] except that of §1.2 through §1.4. The (enriched
version of) content of those subsections will appear in a forthcoming
joint paper while the proofs of all the statements used in this paper are
given in §1.

In §2 we introduce V -pairs, a technical key tool in this paper. It is
a generalization to the modulus world of standard triples invented by
Voevodsky (see [11, Lecture 11]). We follow the formulation introduced
by [1].

In §3 we prove using the result from §2, the local injectivity result
for F € "CI°”, which implies that for a semi-localization X of an
object of Sm and a dense open immersion U — X, the restriction
F(X,0) — F(U,0) is injective.

In §4 we prove a vanishing theorem of cohomology with coefficient
in F € "CIE_ for a pair of an affine open X C P! and an effective
Cartier divisor ¥ C X (Theorem 9.1).

In §5 we introduce the contractions of F' € "CI{ as a modulus ana-
logue of Voevodsky’s contractions (see [11, Lecture 23]). It describes
cohomology groups with support of F' € "CI{...

In §6 we introduce a fibration technique which is used in the proof
of another vanishing theorem in §8, which will implies Theorem 0.5.

In §7 we introduce Gysin maps for cohomology of F' € "CI{.,, which
are used in the proof of the vanishing theorem in §8.

In §9 we prove a vanishing theorem of cohomology of P! and The-
orem 0.6 using Theorem 0.5. A basic idea is taken from [11, Lecture
24].

In §10 we prove that the sheafication preserves "CI*” proving Theo-
rem (0.4.

In §11 we deduce Theorems 0.1 and 0.2 from Theorems 0.4 and 0.5
respectively. We also deduce Theorem 0.7 from Theorems 0.5 and 0.6.
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Notation and conventions. In the whole paper we fix a base field
k. Let Sm be the category of separated smooth schemes of finite type
over k, and let Sch be the category of separated schemes of finite type
over k.

We call a morphism of schemes X — Y essentially étale (resp. es-
sentially smooth ) if one can write X as a limit X = @iel X; over a
filtered set I where Xj is étale (resp. smooth) over Y and all transition
maps are étale and affine. Let Sm be the category of k-schemes X
which are essentially smooth over k. We frequently allow F' € PST to
take values on objects of Sm by F(X) := lim, F(X;).

For a closed immersion Z < X of affine schemes, thz denote the
henselization of X along Z.

1. E—INVARIANCE AND RECIPROCITY

In this section we review basic notions and facts from [7] and [8].

1.1. Modulus pairs.

Definition 1.1. (see [7, Def.1.1.1 and 1.3.1])

(1) A modulus pair is a pair X = (7,3(00) where X € Sch and X
is an effective Cartier divisor on X such that X = X —[X| €
Sm and is dense in X (The case | X| =0 is allowed). We call
X the interior of X. We say that X is proper if X is proper over
k.

(2) Let X = (X, Xo) and X' = (X', X’.) be modulus pairs with
X =X —|Xo| and X' = X' — |X/]. Let Z € Cor(X’, X) be
an elementary correspondence and ZV be the normalization of
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the closure of Z in X x X with p:ZN - X andq: 2N — X
the induced morphisms. We say Z is admissible for (X', X) if
¢* X!, > p* X (an inequality of Cartier divisors). We say Z is
left-proper (resp. finite) for (X', X) if Z is proper (resp. finite)
over X . An element of Cor(X’, X) is called admissible (resp.
left-proper, resp. finite) if all of its irreducible components are
admissible (resp. left-proper, resp finite).

(3) Let MCor (resp. MCor™) be the additive category of modulus
pairs and left-proper (resp. finite) admissible correspondences
(see [7, Pr.1.2.3]). By definition MCor™ is a full subcategory
of MCor. Let MCor be the full subcategory of MCor whose
objects are proper modulus pairs. We let

b: MCor™ — MCor and 7: MCor — MCor

denote the_inclusion func’gll"s.
(4) For X = (X, X«), X' = (X, X)) € MCor, we put

XX =(Xx,X,X x X'+ X, xX)€eMCor.
(5) For n € Zwg, put ™ = (X,nX,), where nX,, < X is the

n-th thickening of X, < X.
(6) Put O = (P!, 00) € MCor.

Definition 1.2. Let MPST (resp. MPST™ resp. MPST) be the
abelian category of additive presheaves of abelian groups on MCor
(resp. MCor™, resp. MCor). For ¥ € MCor (resp. X € MCor) let
Zy(X) € MPST (resp. Zy,(X) € MPST) be the object represented
by X.

Remark 1.3. We will use a limit X = @ie ; Xi over a filtered set I,

where X; = (Yi,Xwo) € MCor and transition maps are étale maps
Xi — X; such that Xj. = Xj X5, X;. Those X form a larger

category M Cor containing MCor and the inclusion MCor — MCor

induces an equivalence of MPST with the category of additive functors
op
MCor — Ab which commute with colimits. By abuse of notation

we will write M Cor for MCor.

By [7, Pr. 2.2.1, 2.3.1 and 2.4.1] there are pairs of adjoint functors

(1) MPST < MPST, MPST PST, MPST ‘, PST.

— — —

Here 7* is the restriction along 7 from Definition 1.1(3) and 7 is its
left Kan extension, and w* (resp. w*) is induced by the functor w :
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MCor — PST (resp. w : MCor — PST) given by (X, X.) —
X — | X4, and wy (resp. w)) is its left Kan extension.

For X € Sm let MSm(X) be the category of objects X = (X, X)) €
MCor such that X — |X,| = X. Given X;,Xs € MSm(X), define
MSm(X)(%1,Xs) to be {1x} if 1x is admissible for (X;,X3), and 0

otherwise.

Lemma 1.4. ([7, §2])

(1) All functors in (1.1) are exact, and w*, w* and 1 are fully faith-
ful, and w1 = wy and TwW* = w*.

(2) wF(X)=F(X,0) for F € MPST and X € Sm.

(3) wiZy(X) = Z(X) for F € MPST, X € Sm, X € MSm(X).

(4) For F € MPST and X € Sm,

w(F)(X) > Ty F(X) =~ lm Q™)
XeMSm(X) n>0
where ) is any fized object of MSm(X).
(5) For F € MPST and X = (X, X) € MCor,

WFX)~ T F(D),
PeComp(X)

where Comp(X) defined in [7, Def. 1.8.1], is the category of
pairs (2),7) of Y = (Y, Ys) € MCor and a dense open immer-
sion j : X < Y such that Yoo = X' + X for effective Cartier
divisors X', Y on'Y such that |X| =Y — X and j*X! = X.
For Q) = (Y,Y,) € Comp(X) we have X — | Xoo| =Y — |Yao
and ) is equipped with jy € MCor(X,Q)) which is the identity
on X — | Xoo|. For 91,2, € Comp(X) put

Comp(M)(D1,92) = {y € MCor(91,22) | 70 jy, = jo.}-

(6) The restriction functor b* : MPST — MPST™ along b from
Definition 1.1(2) is fully faithful and admits a left adjoint b
given by

hF(X)= lim F(Y) (FeMPST™ X e MCor),
Pexfn| x

where " 4s the subcategory of MCor™ which have the same
objects as MCor™ such that the morphisms f : X — ) with
X =(X,X.) and Y = (Y,Ys) are the graphs of proper mor-
phisms f: X — Y which induce isomorphisms on the interiors
and satisfy Xoo = Yoo
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~) € MCor. By [7, Lem. 1.8.2], Comp(X)

Remark 1.5. Let X = (
= (Y, X, +¥) € Comp(X) as in Lemma 1.4(5),

is nonempty. For %)
we have

2, := (Y, X!, +mX) € Comp(X) for all m € Z~,

X X
(Y,

and we have a natural isomorphism

(12) lig F(D.) =l F(Y).

MEZ>o YeComp(X)

Definition 1.6. For F € MPST or F € MPST™ and for X =
(X, X) € MCor write Fy for the presheaf on X¢ given by U —
F(Xy) for U — X étale, where Xy = (U, Xo, x5 U) € MCor. We
say F is a Nisnevich sheaf if Fy is a sheaf on X ;s for all X € MCor.
We write MNST € MPST and MNST™ ¢ MPST™ for the full
subcategories of Nisnevich sheaves. Let MNST C MPST be the full
subcategory of those objects F' such that nFF € MINST.

We have the following (cf. [18, Th.3.14 and Pr.3.1.8]).

Theorem 1.7. ([7, Th. 3.5.3, 4.5.5 and Th. 2| and [8, Th. 4.2.4 and
Th. 2])

(1) The inclusion MNST™ — MPST™ has an exact left adjoint
alll such that (ai F)yx is the Nisnevich sheafication of Fx for
every F € MPST™ and ¥ € MCor'™.

(2) The inclusion MNST — MPST has an exact left adjoint ayg,
such that

(13) (QNISF>(x) = hghl (lleb*F(@)
Pexfin|x

for every F € MPST and X € MCor.
(3) The inclusion MNST — MPST has an exact left adjoint anis
such that 1 o anis = Qi © Ti-

Definition 1.8. For I’ € MPST we write Fyjs = aif.b*F € MNST™,

Remark 1.9. For F € MPST and X = (X, X,) € MCor such that
X is regular of dimension 1, we have ay; F(X) = Fyis(X). This fol-
lows from (1.3) noting that ¥ | X has the unique object X by the
assumption.

Lemma 1.10. ([8, Pr. 6.2.1]) The functors w, and w* from (1.1) induce
MNST — NST and NST — MNST
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which are denoted again by w, (resp. w*) respectively.® We have

\% _
(1.4) Qs © Wy = Wy O A

where aY,, is an exact left adjoint to the natural inclusion NST — PST

constructed by Voevodsky ([18, Th.3.14] ).

By Lemma 1.10, for F' € MINST we have an isomorphism of sheaves
on XNis:

(1.5) (W F)x ~ Fixg for X € Sm.
1.2. O-invariance.

Definition 1.11. Let MCor;, C MCor be the full subcategory of
(X, Xo) € MCor with X € Sm and [X| a simple normal crossing
divisor on X. Note that MCor,, is stable under ® on MCor.

Definition 1.12. FF € MPST (resp. F € MPST) is U-invariant at
X € MCor (resp. X € MCor) if the map pr* : F(X) — F(X ® O)
induced by the projection pr : X ® O — X is an isomorphism. F is
C-invariant (resp. ls-O-invariant) if it is so at all X € MCor (resp.
X € MCor,,).

Remark 1.13. Since the zero section iy : Spec(k) — O is the right
inverse of pr, pr* : F(X) — F(X ® 0) is an isomorphism if and only if
it F(X®0) — F(X) is injective.

Remark 1.14. Assume the following condition which holds if ch(k) = 0:
For any pair (X, D) of a proper scheme X over k and an effective
Cartier divisor D on X such that X — |D| € Sm and is dense in X,
there exists a proper birational map 7 : X’ — X such that X’ € Sm
and the support of D’ = 7=!(D) is a simple normal crossing divisor
and that 7 is an isomorphism over X — |D|. Then the induced map
(X', D') — (X, D) is an isomorphism in MCor by [7, Pr.1.9.2 ¢)]. This
implies that F/ € MPST or F € MPST is O-invariant if and only if
F is Is-O-invariant.

Lemma 1.15. The O-invariance and ls-O-invariance are preserved by
subobjects and quotients.

Proof. The preservance for subobjects follows from Remark 1.13. That
for quotients follows then by the five lemma. U

Lemma 1.16. ' € MPST s O-invariant if and only if nF € MPST
15 L-tnvariant.
Nis

6 In [7] these functors are denoted by wy;, and wN™ respectively.
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Proof. The if-part follows from the fact nF(X) = F(X) for X € MCor
and the only-if-part follows from Lemma 1.4(5). O

Lemma 1.17. For F € HI, w*F € MPST is O-invariant.

Proof. This follows from the fact that for X = (X, X.) € MCor
with X = X — X, we have w*F(X) = F(X) and w'F(X ® 0) =
F(X x AY). 0

Definition 1.18. For F' € MPST, define h5(F) € MPST by:
(1L6)  h5(F)(X) = Coker (F(X ®0) 4 F(X)) (X € MCor)

where i% for ¢ = 0,1 is the pullback by the section i. : Spec(k) — 0.
For F € MPST, define hj(F) € MPST in the same way except the
cokernel taken in MPST. By Lemma 1.4(5), we have

(1.7) nh(F) = h(nF) for F € MPST .
For X € MCor or X € MCor, we write hJ(X) = hJ(Zy(X)).

Definition 1.19. Let CI ¢ MPST be the full subcategory of -
invariant objects.

Lemma 1.20. For FF € MPST, the following conditions are equiva-
lent.

(i) F e CIL B
(ii) The natural map F(X) — hg (F)(X) is an isomorphism.
Proof. Assume (i) and take » X € MCor. By Remark 1.13 the assump-
tion implies that i} : F(X®U) — F(X) for ¢ = 0, 1 are both the inverse
of pr* : F(X) — F(X ® 0) so that if — it = 0, which implies (ii).
Assume (ii). By (1.6) this implies that for any X € MCor we have
(1.8) is =14 F(XeO) = F(X).
We consider the multiplication map
i At x AN — Al (z,y) = (2y),
Let I' € A! x Al x A! be the graph of p.
Claim 1.21. We have I' € MCor (O ® 0J, 0).
Indeed consider
7: P:=Blg(P' x P') = P' x P! with S := {0 x o0, 00 x 0}.

Then one easily checks that ;o extends to a morphism i : P — P! and
that
7 xfi: P— (P'x P! x P!
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is a closed immersion whose image is precisely the closure of I' in P! x
P! xP!. Now the pull-back of (P*xP!)x o0 to P is the strict transform
T of P x 0o+ 0o x P!, while that of (P! x co + oo x P!) x P! is the
sum of T" and the exceptional divisors. This proves the claim.

By the claim we have a commutative diagram

F(X)
(idx®T)* l pr*
— ld,.5®io)* —
FxeOe U2~ F(xe0).
By the diagram and (1.8), we get
This proves the surjectivity of pr*, which completes the proof of the
lemma. 0

Lemma 1.22. For F € MPST, we have h5'(F) € CIL.
Proof. By the definition of h§(F), for any ¥ € MCor, the map

WY (F)(% @ 0) 4 W (F) (%)

is the zero map so that h5/(F)(%) ~ h5(h§(F))(¥). Hence the lemma
follows from Lemma 1.20. U

Lemma 1.23. For F' € CI and a € F(X) with X € MCor, the
corresponding map a : Zy(X) — F in MPST factors through hg(X).

Proof. Noting that F' — hg(F) gives an end-functor on MPST, &

induces h5(%X) — h§(F). Hence the assertion follows from Lemma
1.20. U

Definition 1.24. For F' € MPST, define h%(F) € MPST by
(1.9) W (F)(X) = Hommpst(hy(X), F) (X € MCor).
Lemma 1.25. For F € MPST, hX(F) is the mazimal O-invariant
subobject of F'. The induced functor
h% : MPST — CI; F — h%(F)
gwes a right adjoint of the inclusion CI — MPST.

Proof. The fact that h)(F) is a subobject of F follows from (1.9) and

the fact that h5(X) is a quotient of Zg(X). The fact hA(F) € CI
follows from Lemmas 1.15 and 1.22. Now let G C F' be a subobject
which is in CI. For a € F(X) with X € MCor, let a : Zi(X) — F be
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the corresponding map in MPST . If a € G(X), a factors through G
and hence factors through hg'(X) by Lemma 1.23. Hence a € hX(F)(X)
by (1.9). This proves G C h)(F), which completes the proof of the

first assertion. The second assertion follows easily from the first and
Lemma 1.15. t

1.3. M-reciprocity and semipurity.

Definition 1.26. Let F' € MPST. We say F' has M -reciprocity if the
following equivalent conditions holds:

(1) the counit map n7*F — F' is an isomorphism.

(2) nG = F for some G € MPST.

(3) For X € MCor we have  lim  F(9) ~ F(X).
PeComp(X)

The equivalence follows easily from Lemma Lemma 1.4(1) and (5).

Lemma 1.27. Let F' € MPST have M -reciprocity.

(1) Let X = (X, X.) € MCor with X = X — |X|. Assume
Xoo = XL+ X, the sum of two effective Cartier divisors. Put
X =X- | XL| and Xt = (YJF,YJF NX1). Then the natural
map

lim F(X, X1 +nX])— F(X1)

n€Z>0

18 an isomorphism.

(2) ForX € MCor, Homy;pg(Zir(X), F') has M -reciprocity, where
Homypgr denotes the internal hom in MPST.

(3) ani F has M-reciprocity.

Proof. We first prove (1). By Remark 1.5, there is (Y, X1+ XL +Y) €
Comp(X) such that X =Y — |¥| and X = XZ N X. Then

(Y, Xt +nXZ +mY) € Comp(Xt) for all n,m € Zs,

(Y, XL +nX_ +mX%) € Comp((X, X +nXZ)) for all m € Zy.

Hence (1.2) implies

F(x%) =~ lim F(Y, XL +nX_ +m%)~ lim F(X, X +nX),

m,n€l>o n€lso

which proves (1).
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For ) € MCor, we have isomorphisms

Tt HO—mMPST(Ztr(%)v F) (D) ~ hﬂ HO—mMPST(Ztr(}:)? F)(3)
3€Comp(Y)
= lim F(X®3)~ F(X®9) = Homypsr(Zi:(X), F)(D),
3eComp(9)

where the first (resp. second) isomorphism follows from Lemma 1.4(5)
(resp. (2)). This proves (2).
Finally (3) follows from Theorem 1.7(3) and Definition 1.26(2). O

Definition 1.28. We say F € MPST or MPST™ is semipure at
X € MCor if the unit map F(X) — w*w,F(X) is injective. We say
F € MPST or MPST™ is semipure if F € MPST is semipure at
any X € MCor.

Lemma 1.29. (1) For F € MPST or MPST™, F is semipure at
(X, Xs) € MCor if and only if F(X, Xo) — F(X — | Xol,0)
18 1njective.
(2) If F is semipure, so is Homypgr(Zi (%), ) for X € MCor.
(3) If F € MPST™ is semipure, so is a2 F.

S

(4) If F € MPST is semipure, so is ayF'-
Proof. (1) is a direct consequence of the formula
Ww F(X, Xo) = F(X — |Xul,0)

from Lemma 1.4(1). (2) follows directly from (1). As for (3), we want
to show that o F(X) — a2 F(X,0) is injective for X = (X, Xo) €
MCor with X = X —|X,|. By Theorem 1.7(1), this follows from the
fact that for any étale U — X, F(U,U xv% X&) — Fnis(U x5 X) is
injective by the assumption. Finally (4) follows from (3) and (1.3). O

Lemma 1.30. For F € MPST define ' € MPST as the image of
F — w'wF. Then F e MPST is semipure. If F' has M -reciprocity
(resp. is (Is—)O-invariant), E has M-reciprocity (resp. is (ls—)0-
invariant).

Proof. The semipurity of F' follows from the exactness of w* and w, (cf.
Lemma 1.4(1)). The assertion for O-invariance follows from Lemma
1.15. Note w*wnG ~ nw*wG for G € MPST by Lemma 1.4(1).
Hence the asssertion for M-reciprocity follows from the exactness of
. O

Definition 1.31. (1) Let "CI** ¢ MPST be the full subcate-
gory of [-invariant objects which are semipure and have M-
reciprocity
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(2) Let "CI* ¢ MPST be the full subcategory of ls-C-invariant
objects which have M-reciprocity, and "CI'*** < "CI* be the
full subcategory of semipure objects.

Lemma 1.32. "CI” is closed under kernels and cokernels in MPST.

Proof. This follows from Lemma 1.15 and the fact that 7 is exact and
fully faithful (see Lemma 1.4(1)). O

1.4. Reciprocity presheaves.
Definition 1.33. For X € MCor, we define (cf. Definition 1.18)
ho(X) = wh5(X) € PST.

By Lemma 1.4(1), (3) and (4), ho(X) is a quotient of Z(X) where
X = (X, Xw) with X = X — | X, and we have for Y € Sm

(1.10)  ho(X)(Y) = Coker (MCor((Y,0) ® 0, ) "% Cor(Y, X)).

Definition 1.34. Let F' € PST and X € Sm. We say I has reci-
procity if for any X € Sm and a € F(X) = Hompgt(Z,(X), F), there
exists X = (X, Xoo) € MSm(X) such that the map @ : Z(X) — F
associated to a factors through ho(X). We write RSC C PST for the
full subcategory of reciprocity presheaves. It is easy to see that RSC
is an abelian category closed under subobjects and quotients in PST.

Lemma 1.35. We have HI ¢ RSC.

Proof. This follows from the fact that ho(X) is a quotient of ho(X) for
any X € MSm(X) in view of (1.10) with (0.1). O

Lemma 1.36. Let F' € MPST. Assume that for any X € Sm, there
exists X € MSm(X) such that F is O-invariant at X™ for alln € Zy.
Then wiF' has reciprocity. In particular we have w(CI) C RSC.

Proof. Take Y € Sm and a € wF(Y). By Lemma 1.4(4) there is
P9 € MSm(Y) and a € F () which represents a. It suffices to show
the associated map a : Z,(Y) — w F' factor through hy(2)). We need
show that for any X € Sm, the induced map

a(X) : Zo(Y)(X) = Cor(X,Y) — wF(X)

factors through h(Q)(X). Take X € MSm(X) as in the assumption
of Lemma 1.36. By Lemma 1.4(3) and (4) we have

Za(Y)(X) = lim Zip(D)(X™), @ F(X) > lim F(X™),

n>0 n>0
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ho(D)(X) = Tim 7' () (X))

n>0
= liny Coker (Zy(9)(X™ ©T) "5 Z,.(9)(x™)).
n>0

We have a commutative diagram

Sk -k
=\ 4

Zr()(X™ @ 0) 22> Z () (X ™)

| E

F(E™ @O) 0 peam)

where the vertical maps are induced by a : Z(2) — F associated
to a € F(2) = Hommpst (Zi (), F). By the assumption the lower
i — 4% is the zero map so that @ : Zy(P)(X™) — F(X™) factors
through AF(2)(X™). Taking the colimit over n € Zg, this implies
the desired assertion. O

Consider the composite functor

* ho—
(1.11) w®:RSC <+ MPST — CI.
For F' € PST we consider the composite map
(1.12) wwCF = ww*F — F,

where the first (resp. second) map is induced by the inclusion h2(F) —
F (resp. the counit map for the pair (w,w*) of adjoint functors (cf.

(1.1))).

Lemma 1.37. For FF € MPST, the following conditions are equiva-
lent.

(1) F € RSC.
(2) The map (1.12) is an isomorphism.

In particular we have w(CI) = RSC.

Proof. The implication (2)=-(1) follows from Lemma 1.36. We prove
the converse. For X € Sm we have

w;wCIF(X) ~ hﬂ HomMpST(hoi(%), W*F)
X¥eMSm(X)

~ lim  Hompsr(ho(X), F)) ~ F(X),
XeMSm(X)
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where the first (resp. second, resp. last) isomorphism comes from
Lemma 1.4(4) and (1.9) (resp. (1.1) and Definition 1.33, resp. Defi-
nition 1.34). This proves the equivalence (1)<(2). The last assertion
then follows from this and Lemma 1.36. 0

2. V-PAIRS

In this section we fix an integral affine S € Sm. For X € Sm we
frequently write X for (X,0) € MCor. The following definition is
taken from [1, §5.1].

Definition 2.1. A pre-V-pair over S is a pair (p : X — S,Z) (or
simply denoted by (X, Z)) where p is a smooth affine morphism of
relative dimension one and Z C X is an effective divisor finite over S,
which satisfy the following conditions:

(1) there exists an open immersion X < X such that X is normal
and X — X is the support of an effective Cartier divisor X C
X, and that p extends to a proper morphism p: X — S.

(ii) there exists an affine open W C X such that X, U Z C W.

The conditions imply that X, is finite over .S since it is proper over S
and contained in the affine S-scheme W, and that X, N Z = () since
Z is finite over S, and that p is equidimensional of relative dimension
1 since so is p and X, is finite over S. Such (X, X,) is called a good
compactification of (X,Z). A pre-V-pair (p : X — S,Z) over S is
called V -pair if it satisfies the following condition:

(7i1) The diagonal Z < Z x X is defined by some h € I'(Z xs X, O).

Remark 2.2. (1) If S is the spectrum of a field, any given (X, Z) is
a pre-V-pair, i.e. its good compactification always exists.

(2) If (X,Z) is a V-pair over S, then for any morphism S" — S
in Sm with S’ integral affine, the base change (X, Z) xg 8" =
(X x5 85", Z xg5") is a V-pair over 5.

(3) We will encounter a situation (see Lemma 6.7) where S may not
be essentially smooth over k£ but the conditions (z) and (ii) of
Definition 2.1 are satisfied except that we only require X xg U
is normal for some dense regular open subset U C S. Then we

call (X, Z) a quasi-V -pair over S.
In what follows we fix V-pairs over S
(2.1) v=(X,Z) and v = (X", 7')

with a fixed identification Z = Z’. We also fix a good compactification
(X, Xo) of v.
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Definition 2.3. Let f be a rational function on X’ xg¢ X and 6; =
divy/wgx(f) be the divisor of f on X’ xg X. We call f admissible for
(v,v') (or simply admissible) if the following conditions are satisfied:

(1) f is regular in a neighbourhood of X’ xg Z,

(2) 0f xx Z = Ay, where Ay : Z — X' Xg Z is the diagonal,

(3) f extends to an invertible function on a neighbourhood of X’ x g

Xoo in X' xg X.
In case v = v/ we call f strongly admissible for v if f is admissible and
s contains the diagonal Ay : X — X xg X.

Remark 2.4. For a morphism S — S in Sm with S integral affine, let
7 =wvxgSand ¥ =1/ xg S be as in Remark 2.2(2). If f is admissible
for (v, /), then its pullback f to (X’ xgS) x5 (X xg S) is admissible
for (v, 7).

Lemma 2.5. Let X, be the generic fibre of X/S. The condition (3)
of Definition 2.3 is equivalent to the following conditions:
(3") 10¢] is finite over X', and the support of the divisor of f on
X' xg 7,, is contained in X' xg X,.

Proof. First we prove (3) = (3'). Clearly (3) implies the second condi-
tion of (3") and we prove that it implies |0| is finite over X’. (3) implies
T = |divy, x(f)] is contained in X’ x5 X so that T'= [0[ and it is
proper over X'. It is also affine over X’ since so is X' xg X — X'
This implies the desired assertion.

Next assume (3'). Since X, is of pure codimension 1 in X, Definition
2.1(4i) implies that any component of X, is finite and surjective over
S. Hence, by the second condition of (3'), T' = | div ., x(f)| does not
contain any component of X’ xg Xo. Since |0f| = TN (X' xg X) is
finite over X, it is closed in X’ x g X. Hence TN (X' xgX,) = (). Since
X' x ¢ X is normal, this implies that f is invertible on a neighbourhood
of X’ xg Xoo in X’ xg X. This completes the proof of the lemma. O

Definition 2.6. Let f be admissible for (v,'). We call f is special if
f satisfies the condition:
(x) f extends to a regular function on a neighbourhood of on X’ x g
X in X' xg X and fixixsxe = 1.

Lemma 2.7. There always exists [ admissible and special for (v,1').
Moreover, if v = V', one can take f to be strongly admissible.

Proof. This is shown in [1, §5.1], which we recall. Put 7' = X, U Z
and let T C W C X be as in Definition 2.1(i7). Since T is finite
over S, T — W is a closed immersion of affine schemes and so is
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X' xgT — X' xg W. Hence one can take g € I'(X' xg W, ) such
that gx/x,z = b with A’ € I'(X' xg Z,O) as in Definition 2.1(4i¢) for
(X', Z") = (X', Z). Since Xo, N Z = (), there are «, 5 € T'(W, O) such
that ax,, =1, o)z =0, ﬁ\Xoo =0, ﬁ|Z = 1. Then f = (ﬁg+a)\X’sz S
['(X’ xg W, O) satisfies the desired conditons.

In case v = 1/, let Aywnx C X xg W be the closure of the diagonal
Awnx C X xgW. Since Aynyx is closed in X xg W, we have

Awnx N (X xs W) = Awnx and Apnx N (X xgT) = Ay,

Hence we can take g in the above argument in the ideal of Awnx C
X x5 W. Since (Awnx U (X Xg Z)) N (X xg Xoo) = 0, there are
7,0 € T'(X xg W, O) such that

NxxsXo = Li V@Bwaxuxxs2) = 05 OxxsXe = 05 O\&ycuxxgz) = L
Then f = (0g+7)xxgw € I'(X xsW, O) satisfies the desired conditons.
]

In what follows we fix an effective Cartier divisor D C S. For a
scheme Y over S, write Dy = D xgY.

Definition 2.8. Let MCorg C MCor (cf. Remark 1.3) be the subcat-
egory of objects of the form ) = (Y, W), where Y is an integral scheme
equipped with a dominant morphism 7 :Y — S and W C Y is an ef-

fective Cartier divisor whose irreducible components are all dominant
over S. For @' = (Y’,W’), define

(2'2) MCOI‘S(QJ,, Q)) - MCOI‘((Y’, W/)’ (}/7 W))

as the subgroup generated by those integral cycles on Y/ X, Y contained
inY’ Xg Y.

For 9 = (Y,W) € MCorg, write Yp = (Y,W + Dy). Note
Py (Dy) = py.(Dyr), where py 1 Y/ XY =Y and pys : Y/ xg Y = Y’
are the projections. Hence we have

(2.3) MCor4(2',9) € MCor(Yp, V).
Lemma 2.9. Let f be admissible for (v,v'). Then
0 € MCorg((X",0), (X,0)),
6, € MCory((X', Z2"), (X, 2)).

Proof. By Lemma 2.7, || is finite and surjective over X’. The modulus
condition follows from (2.3) and Definition 2.3(2). O
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Let ' € MPST and f be admissible for (v,7'). By Lemma 2.9 and
(2.3), it induces a map
(2.4)

0% F(X,Z + Dx)/F(X,Dx) = F(X', Z' + Dx/)/F(X', Dx).

Theorem 2.10. Assume F € MPST has M-reciprocity and is O-
invariant at X, X' \U = X — Z,U" = X' — Z' (see Definition 1.12).
(1) The map F(X,Dx) — F(X,Z 4+ Dx) is injective.
(2) Assume F' is semipure at (X, Z+ Dx) and (X', Z'+ Dx/) (Def-
inition 1.28). Then 0}, is independent of f and induces

v F(X,Z+ Dx)/F(X,Dx) = F(X',Z'"+ Dx/)/F (X', Dx/)
depending only on (v,v'). The map ¢, is an isomorphism and

the identity if v = v'. For another V-pair v = (X", Z") over
S with an identification Z" = Z, @y, = Quryr © Py

Remark 2.11. For n € Z-g let nZ — X be the n-th thickening of
Z — X. Assume that (X,nZ) and (X', nZ") are V-pairs over S for all
n € Z~o. Then the same assertion as Theorem 2.10(2) holds for

¢yt F(X — Z,Dx)/F(X,Dx) — F(X' = Z',Dx/)/F(X', Dx)

without assuming the semi-purity of F'. Indeed we may replace F' by F
from Lemma 1.30 to assume F' is semipure. Then the assertion follows
from Lemma 1.27(1).

Definition 2.12. For X,2) € MCoryg, put
MCorg (9, X) = Coker (MCorg(9) ® 0, X) "% MCory(, X)).

We need preliminary lemmas for the proof of Theorem 2.10.

Lemma 2.13. Let v"" = (X", Z") be another V -triple over S endowed
with an identification Z" = Z. Let f (resp. g) be admissible for (v, V")
(resp. (V',V")). Then there is h admissible for (v,V") such that ), =
006, € MCorg(X", X).

Proof. This is proved in [1, §5.1.1]. For convenience of the readers,
we give an explicit construction of h 7. By definition we can write
0, = >, nV; with n; € Z, where V; C X" xg X' are closed integral
subschemes finite and surjective over X” such that there exists an open
U C X" xg X' containing X" x¢ X! with UNV; = () for all i, and that
there exists a unique index 7y such that n;, = 1 and

V;'Oﬂ(XHXSZ) :AZ and ‘/Z'ﬂ(X” st) :(Z)fOI‘Z#ZO

"This is suggested by a referee to whom the author is grateful.
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Consider the composite map
pi VN xs X 5 Vixs X = X' x5 X' xg X = X' xg X,

where the first (resp. last) map is induced by the normalization VN —
Vi (resp. the projection). Then one can check that

h = H NmViNxsX/X"xSX(P?f)ni'

satisfies the desired condition of the lemma. O

Lemma 2.14. Let F € MPST be O-invariant at Yp for Y € MCorg
(c¢f. (2.3)). For v € MCorg(9,X), v* : F(Xp) — F(Qp) depends
only on the class of v in MCorg (9, %) (cf. (2.2)).

Proof. Tt suffices to show v* = 0: F(Xp) — F(Yp) if v = (i —i})T
for I' € MCorg(2 ® [0, X). We have a commutative diagram

*

F(Xp) —— F(Yp)

F(Yp ®0)

By the assumption F(9p) '~ F(Yp @ O), we have ij = i}, which

proves the desired claim. O
Let f be admissible for (v,v') and let 6y denote the elements in
MCorg(X', (X, X)) and MCorg((X', 7)), (X, Xs + 2))
which are the composite of 6y from Lemma 2.9 and the natural maps
X = (X,Xy) and (X,2) = (X, X + 2)

induced by the open immersion X — X.

Lemma 2.15. Let f,g be admissible for (v,v'). There is

A € MCorg(X', (X, Xo + 7Z))
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which makes the triangles in the following diagram commutative in
MCorg (X' — 7' (X, Xoo + Z)) and MCorg (X', (X, X..)):

j/

X' -7

|

(X", 72" 0;—0,

@—%l

(X, Xoo + Z) 2 (X, X o)

X/

Proof. Letting U’ = X' — Z', we have a commutative diagram

MCorg (U, (X, Xoo + Z)) — Pic(X x5 U, (Xoo + Z) x5 U")

% |
; |

MCorg (X', (X, X)) = > Pic(X xg X/, Xoo x5 X')

which follows from [14]. Consider the line bundle £ = (g9/f)Oy/, .x C

K on X' x s X, where K is the sheaf of meromorphic functions on X’ x g
X. By the conditions (3) and (2) of Definition 2.3, f/g is invertible on
X' Xs (Xoo + Z). Thus we have isomorphisms

a £|(XOO+Z)><SX’ = O(XOO+Z)><SX’

given by the multiplication by f/g. Then the pair (£, «a) gives an
element of Pic(X xg X', (Xo + Z) xg X') which lifts the classes of
0 — 0, in Pic(X xg X', Xo x5 X') and Pic(X xgU’, (Xoo + Z) x5 U").
This proves Lemma 2.15. U

Lemma 2.16. Assume v = V' and [ is strongly admissible for v. Then
0;—Ax € MCorg(X,X—-2) = MCory(X, (X, Z)) C MCorg((X, 2), (X, 2)).
Proof. By assumption I' := (6; — Ax)|xxew is effective. We have
I'Xxugx (X X5 Z) =05 Xxxox (X XgZ) — Ax Xxxgx (X X5 2)
=Az;— Az =0,

where the last equality follows from Definition 2.3(2). Hence |6y —
Ax| does not meet X xg Z. In view of Lemma 2.9 this implies the
lemma. U
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Lemma 2.17. Let f be admissible and special for (v,v'). Then 05 =
0 € MCorg (X', (X, Xo)).

Proof. We want to construct O, € MCory((X',0)®0, (X, X)) such
that 0(©y) = 0y, where
0 =it —it : MCorg((X’,0)®0, (X, X&) — MCorg((X’,0), (X, Xo)).
Let ¢ be the coordinate of A' and consider the meromorphic function
Hy=tf+1—t on (X' x A") x5 X,

and let O = div /1, a1)x 5 (Hy). By Definition 2.6,

(Hp)ixrxanxsxe =t +1—t=1.
Thus [ N ((X’' x A') x5 X)) = 0 and hence

0O; € MCorg(X' x A') (X, X))

Let ©; be the closure of O in (X' xP!)xgX. Let V C X’ xgX be an
open subset containing X’ x ¢ X, on which f is regular (cf. Definition
2.3(3)). Putting u =t"', we see

(@f Xp1 (Pl — O)) N (V X (Pl — 0)) = diVVX(pl_o)(f +u— 1)

By Definition 2.6 this implies © ; xp1 (P! —0) x¢Xo, C {u = 0} so that
©; € MCorg((X,0) ® 0, (X, X)). It is easy to check 9(0;) = 0
and this completes the proof. 0

Lemma 2.18. Letting U = X — Z, there is
A € MCory(X,U) = MCorg(X, (X, Z))
which makes the following diagram commutative in MCorg (X, (X, Xo)):

Nk

(X, X)

where ¢ and T are induced by the open immersion X — X.

Proof. Consider §; € MCorg(X,X) for f which is strongly admissi-
ble and special (cf. Lemma 2.7). By Lemma 2.16, A\ := Ax — 6y €
MCorg(X,U). Then

Lod=Ax — 0 =71 € MCorg (X, (X, X)),

where the last equality follows from Lemma 2.17. This completes the
proof. O
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Corollary 2.19. Assume F € MPST is O-invariant at X with M-
reciprocity. Then j* : F(X,Dx) — F(U, Dy) is injective, where j :
U=X -7 — X is the open immersion.

Proof. For m € Zsq let 7, € MCorg(X, (X, mX,)) be induced by the
open immersion X < X. By Lemma 2.18, there is \,,, € MCorg(X, U)
such that the upper triangles in the following diagram

F(U, Dy) —"~ F(X, Dy)

| T ]

F(X,Dx)~— F(X,mX, + D¥x)

commutes (the commutativity of the lower triangle is obvious). This
implies j* is injective on the image of 7;. Now the corollary follows
from Lemma 1.27(1). O

Let f be admissible for (v,1). For m € Z+q let
05+ F(X,mX ot 7+ D) [F(X, mXout Dy) — F(X', Z+ Do) [F(X', D)

be the composite of 0} ., from (2.4) and the map
(2.5)
vk F(X,mXoo+Z+Dx)/F(X,mX+Dx) — F(X,Z+Dx)/F(X, Dx)

induced by ¥, : (X, Z) — (X,mX, + Z) in MCorg (cf. (2.3)).
Lemma 2.20. Assume F' is O-invariant at X' and U’.

(1) If v =1 and f is strongly admz’ssz’blNe foruv, 6;7@ is the identity.
or f,g admissible for (v,V'), j* o =j*o , where
(2) For f,g admissible for (v,V'), j* o0}, = j o0 . wh
J*F(X',Z' + Dy)/F(X', Dx') — F(U', Dy)/F(X', D)
is induced j' - U' = X' — 7' - (X", Z") .

Proof. Assume that f is strongly admissible for v and consider the
commutative diagram

F(X,Dx)—= F(X,Z+ Dx) — F(X,Z+ Dx)/F(X, Dx)
j@;—z‘d le;‘,—id le;ﬁmel—id
F(X,Dx)—=F(X,Z+ Dx)— F(X,Z+ Dx)/F(X, Dx)

By Lemma 2.16 the middle vertical map factors through F(X), which
implies 0%, — id = 0. This proves (1).
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To show (2), consider a commutative diagram

F(X,mXy + Dy) —= F(X,mXo + Z + Dy)

| e

F(X,Dy) F(X,Z + Dx) F(X,Z+ Dx)/F(X, Dx)
LGJ‘}H’; lj’*oe;—j’*o% jj’*oe rer—J’ 09g rel
F(X' Dx) F(U', D) F(U',Dy)/F(X', Dx/)

By Lemma 2.15 the composite of the middle vertical maps factors
through F(X', Dx), which implies j" o (6% ,., — 0 ;) o ¥y, = 0. This
proves (2). O

Proof of Theorem 2.10: (1) follows from Corollary 2.19. We show (2).
Let f,g be admissible for (v,2/). The map j* in Lemma 2.20(2) is
injective by the assumption on the semi-purity (cf. Lemma 1.29(1)).
Hence 0}, and 07, coincide on the image of ¢;,. By Lemma 1.27(1)
this 1mpl1es the ﬁrst assertion. The last assertion follows from Lemma
2.13. It now suffices to show that ¢, , is the identity if v = /. Choose
g strongly admissible for v. By Lemma 2.20(1), 67, is the identity
on F(X,Z)/F(X). By the first assertion we have ¢,, = 07 ;. This
completes the proof.

Corollary 2.21. Let the assumption be as in Theorem 2.10(2). Let
m : X" — X' be an étale morphism which induces an isomorphism
7" =X"xx 7' ~ 7' Assume V" = (X", Z") is a V-pair (By Lemma
4.3 below, this is the case if V" is a pre-V -pair). Then the diagram

F(X,Z + Dx)/F(X,Dx) —“~ F(X",Z' + Dx:)/F(X', Dx)
Pt j .
F(X",Z"+ Dxn)]F(X",Dxn)
1s commutative and 7 is an isomorphism.

Proof. Let f be as in Definition 2.3. Then the assumption implies that
the pullback of f to X” x ¢ X is admissible for (v, "). This implies the
commutativity. The second assertion follows from this and Theorem
2.10(2). 0

3. LOCAL INJECTIVITY

In this section we prove the following.
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Theorem 3.1. Let F' € "CI* (cf. Definition 1.31).
(1) Let X be the semi-localization of an object of Sm, and V- C X
be an open dense subset. Then F(X) — F(V) is injective.
(2) For a dense open immersion U C X in Sm, Fyis(X) — Fnis(U)
18 1njective.
Remark 3.2. If F € "CI, Theorem 3.1 follows from [5, Th. 6] and [6,
Th. 2].

Definition 3.3. Let MNST; be the full subcategory of MPST con-
sisting of such objects F' that for any X = (X, X) € MCory,, Fx is a
sheaf on Xy (cf. Definition 1.6). Put

TCIy® = "CI"*** " MNST,, .
Corollary 3.4. Let F € "CIgY. For ¥ = (X, Xy

S
a dense open immersion U — X, the restriction F(X)
mjective.

MCor,, and
— F(%U) 18

Proof. By Lemma 1.29(1) we are reduced to the case X, = (), which
follows from Theorem 3.1. O

We need some preliminaries.

Proposition 3.5. Assume k is infinite. Let W be a smooth affine va-
riety, D C W be an effective Cartier divisor and Q) C D be a finite
set of points. Then there exists an affine S € Sm and an open neigh-
bourhood X C W of () with a smooth morphism p : X — S such that
(p: X =S, Z) with Z =X ND is a V-pair over S. If D is smooth at
Q, one can take Z to be étale over S.

Proof. See [1, Pr.5.3]. O

Remark 3.6. Let v = (X, Z) be as above.

(1) Let @ C |Z] be a finite set of points. Then ¢ : X xg|Z| = X
induced by Z — S is finite so that ¢~'(Q) is finite. Then
Oxxgsx(A) is trivialized in some open neighbourhood W of
¢ Q) in X x5 X. Since WN (X Xg|Z|) contains ¢~ (Q) and
is open in X X g |Z| which is finite over X, there exists an open
neighbourhood U of @) in X such that WN(X x¢|Z|) D Uxs|Z|.

(2) Let nZ — X be the n-th thickening of Z — X for n € Z-,.
By (1) and the proof of [1, Pr.5.3], one can take v in such a
way that there exists an open W C X x g X contaning X xg|Z]
such that the restriction of the diagonal X — X xg¢ X to W is
a principal divisor on W. Then v, = (X,nZ) is a V-pair over
S for any n € Z~y.
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Proof of Theorem 3.1 By a standard norm argument (see the argument
in the last part of [5, §7]), we may assume k is infinite. Take o € F'(X)
which vanishes in F'(V'). We need to show a = 0. We may assume that
X is the localization Wy of W € Sm at a finite set () of points and V'
is a complement of Dy C W, for a divisor D on W, and that o comes
from € F(W) which vanishes in F'(W — D). By Proposition 3.5 we
may assume further that (W, D) is a V-pair over some S € Sm. Then
the desired assertion follows from Theorem 2.10.

To show (2), it suffices to show the injectivity of Fyis(X) — Fiis(€),
where £ is the generic point of X. Assume there is a non-zero f €
Fris(X) lying in the kernel. There is a point € X such that the
image f, of f in Fyis(O%,) = F(O%,) is non-zero, where O% _ is the
henselization of Ox,. There is a Nisnevich neighbourhood X’ — X
of x such that the image of f in Fyis(X') comes from g € F(X'). We
have a commutative diagram

FNis(X) —_— FNis(g)

— |

Fhis(0% ;) =— Fris(X') —— Fnis(€)

¢~ 1~

F(O% ) F(X') —— F(¢)

S~ A7

F(OX’,m)

where ¢’ is the generic point of X’. By the assumption on f, a(g) =
0 so that ((g,) = 0, where g, is the image of ¢ in F(Ox/,). But
the assumption f, # 0 implies g, # 0 by the above diagram. This
contradicts the injectivity of 8 which follows from (1). O

4. COHOMOLOGY OF P! WITH MODULUS

Theorem 4.1. Let n be the generic point of an irreducible object of
Sm. Let X C P,l7 be a non-empty affine open subset and Z C X be an

effective Cartier divisor. Let F € "CI* be semipure .
(1) F(X,Z) = IFxis(X, Z) (cf. Definition 1.8 and Remark 1.9).
(2) H*(Xnis, (Fxis)(x,2)) = 0 for i > 0.

We need some preliminary lemmas.
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Lemma 4.2. Let n be as in Theorem 4.1 and X C P}7 be non-empty
affine open and Z C X be an effective Cartier divisor. Put X = P}]
and Xoo = P! — X. Then (X, Z) is a V-pair over n and (X, Xs) is a
good compactification of (X, Z).

Proof. We only check the condition (iii) of Definition 2.1 for (X, 7).

Other conditions are easily checked. Put K = k(n). We may assume
X C A}. Then one can write

X = Spec K[t}[1/f(t)], Z = Spec K[t]/(g(t))
for some f(t),g(t) € K[t] such that (f,g) = 1. Then

X xy Z = Spec K[t, s]/(g(1))[1/ f(5)]
and Z — X x, Z is the divisor of ¢ — s. This proves the desired
assertion. 0
Lemma 4.3. Let (X, Z) be a V-pair over S € Sm and f : X' — X
be an étale morphism such that Z' .= X' xx Z = 7. If (X', 7) is a
pre-V -pair over S, it is a V-pair over S (cf. Definition 2.1).

Proof. We need check the condition (#i¢) of Definition 2.1 for (X', Z’).
It suffices to show the following diagram

Ay
7' —=X'"xg 2

e s

72X xs7
is Cartesian, which can be seen from 72/ = X' xx Z = 7. O

Lemma 4.4. Let n be as in Theorem 4.1 and (X, Z) be a V -pair over
n. Let f: X' — X be an étale map such that X' xx |Z| —» |Z|. Let
F € "CI"* (cf. Definition 1.51). Put 7' = X' xx Z.
(1) The natural maps F(X) — F(X,Z) and F(X') — F(X', Z2')
are injective.
(2) Assume further that F is semipure . Then the natural map

F(X,Z)/F(X) = F(X',Z')/F(X)

18 an isomorphism.
(3) Assume (X,nZ) is a V-pair over n for any n € Z~qy. Then the
natural map

FIX-2)/F(X)— F(X'-Z")/F(X')

18 an isomorphism.



30 SHUJI SAITO

Proof. The assumption implies Z’ =7 ,and (X', Z') is a V-pair over
n by Lemma 4.3 and Remark 2.2(1). Hence (1) and (2) follow from
Theorem 2.10 and Corollary 2.21. To show (3) we may replace F by F
from Lemma 1.30 to assume F' is semipure. Then it follows from (2)
in view of Lemma 1.27. O

Proof of Theorem 4.1 Let Z C X C P}7 be as in Theorem 4.1 and
¢ be the generic point of P717. For a closed point x € X let X (; be the
henselization of X at z and Z, = Z xx Xl};. By [12, Ch. XI, Th. 1],
we have X|hZ =Il.cs X&. In view of Lemma 4.2, by passing to the

limit over all Nisnevich neighbourhoods of Z C X in Lemma 4.4, one
obtains isomorphisms

(4.1) F(X,2)/F(X)~ @ F(X], Z,)/F(X[.),
(4.2) F(X-W)/F(X)~ P F(X!.—2)/F(X])
zeW

for any finite set W C X of closed points. Putting U = X — |Z] we
have a commutative diagram

F(X(; —)

| “W

zeU |z

The upper horizontal sequence is exact and obtained by taking the
colimit of (4.2) over all finite sets W C X. Write G' = Fx z). Noting
(4.1) an easy diagram chase implies the exactness of

(43) 0= G(X) =G - @ Gx) —2)/G(X]L) — 0.
zeX
On the other hand, we have a localization exact sequence

0— @ H(Xnis, Gis) — Gis(X) — Gis(€) —

reX

@ H(Xnis, Gris) = H' (Xnis, Gris) = 0

zeX
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We have
H!(Xnis, Gis) = Coker (GNiS(X(;) — GNiS(X(jc — 1))
= Coker (G(X{;) — G(X(; — 1)),
HY(Xnis, Gis) = Ker (Gris(X[2) = Gris(X[2 — 2))
= Ker (G(X]}) = G(X[. —2)) =0

where the last equality follows from the semipurity of F' and Theorem

3.1. Thus we get an exact sequence
(4.4)
0 — Gris(X) = G(&) = D G(K})/G(X]) = H'(Xnis, Gis) — 0.
zeX
Comparing (4.3) and (4.4), this proves Theorem 4.1.

5. CONTRACTIONS

In this section we fix an integral affine S € Sm and an effective
Cartier divisor D C S. For a S-scheme X write Dx = D xg X.

Definition 5.1. A V-pair v = (X, Z) over S is nice if

(i) Z is reduced and étale over S.
(17) v, = (X,nZ) is a V-pair over S for all n € Z~o.,
Here nZ — X is the n-th thickening of Z7 — X.

Lemma 5.2. Let X C A' = Speck][t] be a dense open subset contain-
ing the origin. For any n € Z-g

a, = (S x X, S xA,).
is a nice V-pair over S, where A,, = Spec k[t]/(t").
Proof. This follows from Lemma 4.2 and Remark 2.2(2). O

Definition 5.3. A formal frame of a nice V-pair v = (X, Z) over S is
an isomorphism over S of formal schemes

£: Xz ~ Z x Spf k[[t]]

where X 1z is the formal completion of X along Z. It gives rise to a
compatible system of isomorphisms for n € Z-q:

(5.1) En:nZ ~7Z x N, with A, = Speck[t]/(t").

Definition 5.4. For F € MPST and n € Z, we define o(F), 0™ (F) €
MPST by:

o™ (F)(X) = Coker (F(X ® (P',00)) = F(X ® (P*,n0 + 00))),
o(F)(X) = Coker (F(X @ (P!, 00)) = F(X ® (P' — 0,0))),
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where X € MCor.

Assume F' is Is-O-invariant. Then, for X € MCor,,, we have natural
isomorphisms

o) (F)(%) = Coker (F(%) 25 F(X @ (P, 10 + x0))),

o(F)(X) = Coker (F(X) 25 F(% ® (P! - 0,00)))
with pr* induced by the projection pr : X ® (P, n0 + oo) — X. Note
that pr* is split injective and its inverse is given by the pullback along
a section of P! — {0,000} — Spec(k). Hence there are natural isomor-
phisms
5:2) F(X® (P',n0+c0)) =~
' F(X®(P'-0,00)) ~0

which are functorial in X € MCor,,.

oM (F)(X) & F(%),
(F)(X) ® F(X)

Lemma 5.5. Let F € "CI**? (cf. Definition 1.31). We have o™ (F),o(F) €
TCI'***. If moreover F € MNST,,, then o™ (F),o(F) € MNST,,
(cf. Definition 3.3).

Proof. This follows from (5.2) noting Definitions 1.26 and 1.28 together
with Lemmas 1.27(1) and 1.29. O

Definition 5.6. For F' € "CI&® (cf. Definition 3.3) and n € Zs,
write

Fi=0(F) and F" =™ (F).
By Lemma 5.5 the association F' — F_; gives an endofunctor on
TCIﬁ{SP. We define F_; for ¢ > 0 inductively by F_; = (F_(;_1))_1.

Lemma 5.7. Let ¢ : (X,0x) — (A',0) be an affine Nisnevich neigh-
bourhood such that o=*(0) = {Ox}. Let 3 : X — P! be the normaliza-
tion of P in X. For any effective Cartier divisor Xoo C X such that
| Xoo| = X — X, there exists a rational function f on A'x X admissible
for ((X, n0x), (Al,nO)) for alln € Z~qo (cf. Definition 2.3) such that

(5.3) 0y =divaixx(f) € MCor ((P', 00 + n0), (X, Xo + n0x))).

Proof. First we note that (A',0) and (X,0x) are V-pairs over k by
Lemmas 4.2 and 4.3. Write

A' = Speckl[t], P' — {1} = Speck[s]
for variables ¢, s with ¢ = s/(s—1). Take an affine open neighbourhood
W = Spec B of {0x} U X in X and 7y, 7o, € B such that

divy (o) = 0x and divyy () = Xoo



PURITY OF RECIPROCITY SHEAVES 33

and set 7 = ¢*(t) € B[1/7]. By the condition ¢~1(0) = {0x},
(5.4)
T = mb/m’, for some r >0, b € B, and B/(n}}) = B[1/75]/(T").

Take u,v € B such that un{+vnl, = 1 (thisis possible since Ox & X,).
Put

f = vrl (t—vmeb)+uny = 1+vrl (t—1—vmeb) € B[t] = T(A'xW, O).
Claim 5.8. f is admissible for ((X,n0x), (A, n0)).

Indeed, f clearly satisfies Definition 2.3(1). We have f =1 mod (7) C
Bt] so that f satisfies Definition 2.3(3). Thanks to (5.4), we have
(5.5)

Bli]/(mg, f) = Bll/mao][t]/ (7", = vmob) = B[1/moo][t] /(7" 8 = 7),

where the last equality follows from
t—vmpb=t—vnL T =t—(1—uny)Tr =t—7 mod (") C B[1/m][t],

where the last congruence follows from (5.4). Since the diagonal A, :
n0x — A' x n0yx is induced by the map

B[1/moo][t]/(7") = B[1/moo] /(") 5 £ = 7,

(5.5) implies that f satisfies Definition 2.3(2) and the claim is shown.
Note

(s — 14+ vrl (1 — (s — 1)vmeb))

f=
s—1
so that the closure © of (6f)a1—fipxw in (P! —{1}) x W is
divipr_ayxw (5 = 1+ vl (1 — (s — 1)vmob))

and hence (s — 1) /7o = —vrs (1 — (s — 1)vmgb) is regular on ©. This
proves that f satisfies (5.3) and the proof of Lemma 5.7 is complete. [

For '€ MPST and n € Z, we define o1 (F), 04} (F) € MPST
by:

a1} (F)(%X) = Coker (F(X @ (A',0)) — F(X @ (A',n0))),
oar(F)(X) = Coker (F(X ® (A',0)) - F(X® (A" = 0,0))),
where X € MCor. We have natural maps in MPST:
o(F) = opr(F), o™(F) = ol)(F)

induced by the maps (A', n0) — (P!, n0+o00) and A'—0 — (P'—0, )
in MCor.
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Lemma 5.9. Take F' € "CI*** and 3 = (Z, D) € MCor,,. Then we
have isomorphisms

(5.6) o M(F)(3) = o{(F)(3).
(5.7) o(F)(3) — oa1(F)(3).

Proof. (5.7) is deduced from (5.6) using Lemma 1.27(1). We show the
injectivity of (5.6). We claim that this is reduced to the case 3 =
(Speck, ). Indeed consider G = Homy;pgr(Z:(3), F). By Lemma
1.27(2) and Lemma 1.29(2), we have G € "CI**?. Hence the claim
follows from the natural isomorphisms

o (F)(3) = 0™(G)(Speck,0), oL (F)(3) =~ o\(G)(Speck, D).
We have a commutative diagram

F(P', 10 + 00)/F(P', 00) — %% F(AY,n0)/F(A’,0)

F(P! — 0,00)/F(P',00) —2 F(AY — 0,0)/F (A, 0)

By the semipurity of F' the vertical maps are injective by Lemma
1.29(1). Hence it suffices to show the injectivity of (5.7). The square

(Al - 07 ®) - (Alv @)

| |

(P! —0,00) — (P!, )

comes by pullbacks from the elementary Nisnevich square in Sm:

Al —0——=A!
P'l-0—P!'.

Thus, if /' € MINST, the sheaf condition for F(p1 ) implies that the
sequence

0 — F(P',00) = F(P' —0,00) @ F(A',0) — F(A' —0,0),

is exact, which implies the desired injectivity. Even if F' is not neces-
sarily in MINST, the above sequence is exact: Indeed the second and
third terms do not change after replacing I’ by Fyis thanks to Theorem
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4.1(1). The same is true for the first term by the cube-invariance of F.
This completes the proof of the injectivity.

Next we prove the surjectivity of (5.6) (in case 3 = (Speck,)). For
this we use the V-pairs (C,0¢) and (A!,0) over Speck, where C' = A'
and Oc = 0 € A' is the origin (cf. Lemma 4.2). Let C = P! be the
smooth compactification of C. Thanks to the semipurity of F' noted
above, Theorem 2.10(2) implies that for any rational function f on
A' x C admissible for ((C,n0¢), (A*,n0)) (cf. Definition 2.3),

0 = divaixc(f) € MCor ((A',n0)), (C,n0¢))
induces an isomorphism
0% - F(C,n0c)/F(C,0) — F(A',n0)/F(A',0),

which is independent of f. By Lemma 5.7 applied to the identity
C — Al for any effective divisor C, supported in oo = C' — C, there
exists such f as above that

6; € MCor((P",n0 + 00), (C,n0¢ + Cx)).

Note that one cannot take f to be the diagonal since C,, may not be
reduced even though it is supported on co. This implies that the image
of the composite map

- 0%
F(C,n0c + Cx) — F(C,n0c) —L  F(A',n0)/F(A',0)

is contained in the image of (5.6), where the first map is induced by
the map (C,n0¢) — (C,n0c+ Cy) in MCor. This implies the desired
assertion since 0} is independent of f and we have by Lemma 1.27(1)

F(C,n0¢) ~ lim F(C,n0¢ + Cs),
—
Coc
where the limit is over all such C,, that |Cy| = C — C. O

Lemma 5.10. Let 3 = (Z,D) be as Lemma 5.9 and F € TCI**%.
Then F_;(3) for i > 0 is naturally isomorphic to

Coker (D F((A'=0)"'x A" x (A'=0)7®3) = F((A'-0)'®3)).
1<5<i

Proof. This is easily shown by using Lemma 5.9 repeatedly. U

Theorem 5.11. Let v = (X, Z) be a nice V-pair over S equipped with

a formal frame €. Assume that Z — S is an isomorphism and that | D|

is a simple normal crossing divisor on S. Put 3 = (Z,Dz) € MCor,.
Take F € "CI.
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(1) There exist a compatible system of isomorphisms for n € Z~q:
0, : F(X,nZ + Dx)/F(X,Dx) ~ F"(3)

depending on &, from (5.1). Moreover, for m > n, the diagram

F(X,nZ + Dx)/F(X, Dyx) —= F™(3)

l

F(X,mZ + Dx)/F(X, Dx) — F"™(3)

18 commutative, where the vertical maps are the natural ones.
(2) There exist an isomorphism

O F(X - 2)/F(X)~F_1(2)
depending on €.

Proof. This is a direct consequence of Theorem 2.10(2), Lemmas 5.2
and 5.9.
U

Remark 5.12. Let the assumption be as in Theorem 5.11.

(1) Let v : 8 — S be a morphism in Sm with S’ integral affine
and D’ C S’ be an effective Cartier divisor such that |D’| is
a simple normal crossing divisor on S" and D’ > v*D. Then
the base change (X', 7") = (X, Z) x5 S’ is a nice V-pair (cf.
Remark 2.2) and a formal frame € of (X, Z) induces a formal
frame € of (X', Z’). Put DY, = X' xg D’. In view of Remark
2.4 the following diagram is commutative:

‘9§ n
F(X,nZ + Dz)/F(X, Dx) F'(Z,Dy)

v* lw*

F(X',nZ' + D))/ F(X', D)) s F(Z' D)

(2) Let m : X’ — X be an étale morphism which induces an iso-
morphism 7' := X' x x Z ~ Z. Assume (X', Z’) is a nice V-pair
(By Lemma 4.3 and Remark 2.2(1), this is the case if S is the
spectrum of a field). The formal frame £ of (X, Z) induces a
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formal frame & of (X', Z’). By Corollary 2.21 the diagram

0z

F(X,nZ + Dy)/F(X, Dx) F"(Z D)

* l/?‘(*

0
F(X',nZ'+ Dx:)/F(X', Dx:) —= F"(Z' D)

is commutative and the vertical maps are isomorphisms.

6. FIBRATIONS WITH COORDINATE

In this section we assume k is perfect and infinite.

Lemma 6.1. Take W € Sm and a point e € W with K = k(e). Let
Z C W be a reduced closed subscheme containing e. Let X = VV(;
be the henselization of W at e. Then there is an isomorphism X =~
Spec K{x1,...,x4} such that there exists an open dense subset U of
Z =7 xw X for whichUd — X — Spec(K) is essentially smooth.

Proof. Let E C W be the closure of e. Let r = dim(F) and d :=
codimy (F). We may assume W is affine and choose an closed em-
bedding W < AY, where A" is the N-dimensional affine space over
k. By [1, Pr.5.5] there exist linear projection A — A" satisfying the
following conditions:

e the induced map W — A" is smooth at e,

e the induced map ' — A" is finite and generically étale,
e there is an open dense U C Z smooth over A".

Put L = k(A") and consider the composite
Spec(K) —+ W xar L — Spec(L),

where the second map is induced by W — AN — A”. By the construc-
tion the map is étale so that there is an affine Nisnevich neighbourhood
(Viey) = (W xar L,e) and a smooth morphism

7V — Spec(K)

such that ey : Spec(K) — V is a section of m. Then Uy = U xy V
is smooth over K. Choose a closed embedding V «— AY = AM @, K
which maps ey to the origin. By [1, Pr.5.5] there exist linear projection
AM — A4 such that the induced map V — A% is finite and étale at
ey. Noting that X = I/V‘}eZ ~ V" this proves the lemma. O

lev

Let X be as in Lemma 6.1 and 0y € X be the closed point.
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Definition 6.2. (1) A fibration of X with coordinate ¢ is an essen-
tially étale morphism 1), : X — AL = S[t] where

S =Spec K{y1,...,Ya-1}

such that v, induces X ~ (A}S)ﬁo&t), where Og is the closed
point. We write ¢ : X — S for the composite of 1y and the
projection Ag — S.

(2) Let H C X be a regular divisor. A fibration ¢, : X — S[t] with
coordinate t is a H-fibration if there exists a regular divisor
Hs C S such that H = ¢~ (Hyg).

(3) A reduced closed subscheme Z C X is admissible for ¢ if Z does
not contain 1~*(0s). If moreover every irreducible component
of Z is generically étale over its image in S, we say Z is strongly

admissible for .

Lemma 6.3. Let X be as in Lemma 6.1 and H C X be a regular
divisor. Let Z C X be a reduced closed subscheme such that H ¢ Z.
Then there exists a H-fibration ¢y : X — S[t] with coordinate t such
that Z is strongly admissible for .

Proof. Let X ~ Spec K{x1,...,x4} be asin Lemma 6.1. Take a regular
system of parameters (yi, ..., yq) of X such that H is the divisor of y;.
Then X is the henselization of L := A% = Spec K[y, ..., ya] at the
origin and H is the pullback of the hyperplane H = {y; = 0} C L.
Let Z C A% be the closure of the image of Z. By Lemma 6.1 we may
suppose that there is an open dense subscheme of Z which is smooth
over K. It then suffices to find a linear projection ¢ : L — L' ~ A%
satisfying the conditions:

e 7 does not contain »~'(07/), where 0z, is the origin of L/,

e [ is the pullback of a hyperplane in L/,

e every irreducible component of Z is generically étale over its

image in L'.

Consider the open immersion L < L = P% and put Ly, = L — L.
Let Z C L be the closure and Zo, = Z — Z. We define Hoo = H — H
similarly. Let L. (K) be the set of K-rational points of L. For
v € Lo (K) we have a linear projection

o L — L,:=L/l,NL~ A%

where £, C L is the line passing through v and the origin 0 € L. Note
0 1(0r,) = £,NL and that if v € H,,, H is the pullback of a hyperplane
in L,. By the assumption, for any irreducible component 7, of Z, we
have Zy N H C H. Hence there is a dense open subscheme H] C Hy
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such that Z does not contain ¢;1(0z,) = ¢, N L for v € HZ (K). Since
K is infinite and H,, ~ P4 HS (K) is non-empty.

To ensure that ¢, induces a generically étale map from Z to its
image in L,, choose an irreducible component Z, of Z. Choose a
smooth closed point z on Z such that K(z) is separable over K and

put y = @, (x). It suffices to show the following.

Claim 6.4. After possibly changing the choice of z € Z, as above
and that of a regular system of parameters (y1,ys,...,yq) of X in the
beginning, there exists a dense open subscheme U, C H,, such that
for every v € Uy(K), the map ¢, z, : Zx — L, induced by ¢, is étale
(resp. an immersion) at x if dim(Z,) =d —1 (resp. dim(Z,) <d—1).

We follow the argument from [1, 5.5]. For our purpose, we may
replace L and Z by its base changes via K — K(x) so that we may
assume x is a K-rational point of Z. Let T, be the tangent space of Z)
at x considered as an affine subspace of L. We define T}, o = T,—T, C
Ly as before. Let Z, — {z} — Lo be the map which sends z to the
intersection of L, and the line in L passing through « and z and let
Zy C Lo be the closure of its image. For v € Loo(K), if v € T} o,
dpyy Ty — Ty, 4 is injective so that ¢, : Zy — L, is unramified at .
In case dim(Zy) = d — 1, ¢, 7, is dominant so that it is étale at x by
[SGATL, Exp. 1, Cor. 9.11]. In case dim(Z,) <d —1,if v ¢ ZyU Ty oo,
Yy : Zx — L, is an immersion at z. Note

dim(T} ) < dim(Zy), dim(Z,) < dim(Zy), dim(Hy) = d — 2.

Thus, if dim(Z)) < d — 2, we may take Uy, = HS\(Z) U Thoo). It
remains to treat the following cases:

(i) dim(Zy) =d — 1 and Hy C T, for all smooth closed points

of Zy such that K (z) is separable over K.

(il) dim(Z,) =d — 2 and H, = Z, (note that Z, is irreducible).
In case (i), Zy C L = A% is defined by a polynomial F' € K[y, ..., ydl,
and Ho, C T implies 0F/0y; € m, for ¢ = 2,...,d, where m, C
Klyi,...,ya4] is the maximal ideal of z. If this holds for all smooth
closed points x of Z, such that K (z) is separable over K, we get

OF/0y; =0 € Kly1,...,yq| for i=2,...,d

since such points are dense in Z,. If ch(K) = 0, this implies F' =
cy; with ¢ € K, which contradicts the assumption that H ¢ Z,. If
ch(K) =p > 0, we can write

F:ag+a11’y1—|—afby? for aieK[y27"'7yd]‘
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The last case is excluded by changing the choice of a regular system
of parameters (yi,¥a,...,yq) of X in the beginning of the proof, e.g.

Changing it to (y1<1+y2)7y27"'7yd)' _

In case (ii), Z, is contained in the hyperplane in L containing H,,
and x. This is also excluded by changing the choice of a regular system
of parameters as above. This completes the proof of Lemma 6.3. [

Let ¢ : X — S[t] be as in Definition 6.2. We have
(6.1) X lim X,
(X,0x)
where (X, 0x) range over all Nisnevich neighbourhoods of (A}, 0). We
have induced maps

wX : <X70X) — (X,Ox) and bx : (XvoX) — (Sa()S)

Lemma 6.5. For a closed subscheme T C X, 13" (T) # 0 if and only
if T' contains Ox € X.

Proof. The if-part is obvious since Ox € X is in the image of ¥x.
Assume T' X x X # (). Then it is a closed subscheme of X which is local.
Hence it must contain 0y € X'. Hence T' contains Ox = ¢ x(0x). O

Consider the following condition for (X,0x) in (6.1):

(¥) pyx'(0s) is irreducible and there exist an open immersion X —
X such that px : X — S extends to a proper morphism py :
X — S such that py'(0s) is dense in py'(0s).
By Lemma 12.3 those (X, 0x) satisfying (x) form a cofinal system of
Nisnevich neighbourhoods of (A%, 0).

Put X;(SX = SpecK{y1 R ,yd_l,tl,tg} and let AX — X>~<3X be
the closed immersion given by the ideal (¢; — t5). For a Nisnevich
neighbourhood (X, 0x) of (A}, 0), put

D = ApL Xatxsal (X Xs X), E=Ax Xxxsx (XXsd).

Note that D is a Cartier divisor on X xg X. We have a commutative
diagram

(6.2) E Ax XxsX
v |
Ax D X xs X

Nk

Apy — Ak x5 Al
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where all squares are Cartesian. All horizontal maps are closed immer-
sions, and a and [ are étale. Hence Ax — D is a closed and open
immersion so that D = Ax[[EZx for a closed and open immersion
Zx < D. Then F — Ay is also a closed and open immersion so that
E = Ay since Ay is irreducible. Thus we must have

(63) EX XXxgX (X;(S}C’):@

Lemma 6.6. Assume that (X,0x) satisfies (x). Let T C S be an in-
tegral closed subscheme and W, W' C X be integral closed subschemes
which are generically finite over T and contain Ox. Assume that W
does not contain Xy = px' (0s). Then Zx does not contain an irre-
ducible component of W xs W' which is dominant over T.

Proof. Assume Zx contains an irreducible component C of W xp W’
dominant over T'. We claim (0x,0x) € C. Then C X xx x (X XsX) # 0,
which contradicts (6.3). Let Wy C W and W] C W’ be the fibres over
0s € S. By the assumption (x) and Lemma 12.2, |Wy| = 0x and
W is finite over S, and |Wj| is either Ox or X,. This implies that
the projection W xs W' — W’ is finite so that C — W' is finite
and surjective since it is dominant by the assumption. This implies
Co — Wj is surjective. The last map factor as

Co—> (W XSW,)():OX XSW(;—)W(;

where the second map is the projection. Hence we must have (0x,0x) €
C. O

Lemma 6.7. Assume K is infinite. Let T C S be an integral closed
subscheme and X7 = X xgT. Let W C Xp be a reduced closed sub-
scheme such that every irreducible component of W' is generically finite
and surjective over T and contains Ox but does not contain py'(Os).

Then there is a Nisnevich neighbourhood (X, 0%) of (X,0x) such that
(X, nW) is a quasi-V -pair over T for alln € Z~q, where W = W x x X
(cf. Remark 2.2(3)).

Proof. Note that if (X', 0x/) is a Nisnevich neighbourhood (X,0%) of
(X,0x), then W' = W xx X' satisfies the same condition as W. By
Lemma 12.3 we may assume that there exists a closed immersion X —
AY over S such that letting X be the normalization of the closure of X
in PY, X, = X—X is finite over S. Let py : X — S be the projection.
Noting Ox ¢ X, Lemmas 12.2 (applied to the irreducible components
of W) imply that W is closed in X and every irreducible component
of W is finite and surjective over S and W N py'(0s) = {Ox}. Let
Ex C X Xs X be as (6.3).
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Claim 6.8. Every irreducible component of Zx N (X xsW) is dominant
and generically finite over 7T'.

Proof. Let Ws C A} be the image of W under X — A}. Since W is
finite over S, W is closed in A% and every irreducible component of
W is finite and surjective over §. By Lemma 12.2; every irreducible
component of Ws x 51 X which intersects W must contain Ox and be
finite over S. Noting that any irreducible component of Zx N (X xsW)
is an irreducible component of =y N (X xg W;) for some irreducible
component W; of W, we may replace W by the union of those irre-
ducible components of Wgs X AL X that intersect with W. Then the
natural inclusion W — Wg X AL X is a closed and open immersion.
Hence we get a closed and open immersion

X XsgW — X xgWs XA}SXCXXSX.
Note
D= (I)il(AA‘ls) and X Xs WS XA.IS X = (I)il(A}g Xs Ws),
where @ : X xs X — A} x5 A} is from (6.2). Since
AA}S N (A}S Xs WS) = AWS C Ws xsWs C A‘ls- Xs A‘ls-,
we get
DN (X xsWs xaL X)) =& (Aw,).
In view of the closed and open immersion Zx < D, we conclude that
Ex N (X xs W) is closed and open in ®~(Ayy,). Since @ is étale and
every irreducible component of Wy is finite and surjective over T', every

irreducible component of ®~!(Ay) is dominant and generically finite
over T'. This proves the desired claim. 0

Put
S =pr(ExN(X xsW)) C Xy,
where pr : X xs W = Xp x¢ W — Xy is the projection. Since W is
finite and surjective over T', pr is finite so that > is closed in X.
Claim 6.9. We have Ox &€ X.

Proof. Assume there is an irreducible component C' of ¥ containing
Ox. Since pr is finite and surjective, there is an irreducible component
C of Zx N (X x7 W) such that C = pr(C) and C is an irreducible
component of C' x7 W. Since C' is dominant and generically finite over
T by Claim 6.8, so must be C'. This contradicts Lemma 6.6. O

Let ¥ C Y_be the closure of ¥. Noting ¥ N X = ¥, Claim 6.9
implies Ox ¢ ¥. By [4, Th. 5.1], there exists hypersurfaces H C P¥
and Hi,y C PY over S satisfying the following conditions:
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(l) Hinf D Xoo Ui and Ox g Hmf
(it) H O ((Hins UW) N5y (05)) = 0.
Note Ox & Hiy implies Hiye NPy (Os) is finite. Recall W Npy' (0s) =
{0x}. By Lemma 12.1, Hjys is finite over S and we have
(XN Hyp) "W =0 and (XN H)N (Hye UW) = 0.
Hence (X N Hy, ) UW is contained in the affine scheme X\ H. Putting
X = X\ Hint = X\(Xoo U Hinr),

this implies W C X and that (X, W + (X + Hin)) is a good compact-
ification of ()? ,W) over S. By the definition of Zx, Ax is principal on
(X xs X)\Ex. Since (Ex N (X xs W)) = 0 by the construction, this
implies that the diagonal nWW — X xgnW is principal for all n € Z+.
This completes the proof of Lemma 6.7. U

Remark 6.10. Let the assumption be as in Lemma 6.7. Assume further
that W is generically étale over a non-empty open U C T' such that
U € Sm. Then (XU, WU) is a nice V-pair over U, where XU =X xsU
and WU—WXXX XSU

7. GYSIN MAPS

Lemma 7.1. Let ¢y : X — AL = S[t] be as in Definition 6.2. Let
1. Z — X be the closed immersion defined by t = 0 and 7 : U =
X — Z — X be the open complement. Let w:S8 — S be an essentially
smooth morphism and i : Z2' — X' (resp. j' U — X’) be the base
change of i (resp. j) by 8" — S. Let D C S (resp. D' C S§') be
an effective Cartier divisor such that such that |D| (resp. |D’|) is a
simple normal crossing divisor on S (resp. S') and D" > 7*D. Write
Dy = D' xg T for a8'-scheme T. Take F € "CIS™.
(1) There is an exact sequence of sheaves on X,

0= Fap,) = Fanzp,) = Z;(Fﬁ))

which is natural in (S',D") — (S,D). For for m > n, the
diagram

z.0,,) =0,

0 — Fup,) — Fanzip,) — @';(Fg))(zapfz,) —0

- |

0 — Fap,) — Famzn,) — il(FET))(ch'Z,) —0,

18 commutative, where the vertical maps are the natural ones.
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(2) There is an exact sequence of sheaves on X,
0— F(X/’Div/) — j;F(u/’DZ//{’) — i;(F—l)(Z/,D/Z/) — 0,
and an isomorphism of sheaves on Z{;:
S !
sz : (F—l)(Z’,D’Z,) — Rlll F(X,’D,X’)’
which are natural in (S',D") — (S, D).

Proof. The exact sequence of (2) follows from that of (1) by taking the
colimit over n, where one uses isomorphisms

4 ~ 1 i A oYi ~ 1 (’I’L) A oYi
]*F(UI’DZ//{’) ~ lln F(X’,nZ’-l-DX,) and (F_l)(g ’DZ’) ~ lin (F—l )(Z ’DZ’)

n

coming from Lemma 1.27(1) (Note that F_; and F" have M-reciprocity
by Lemma 5.5). The isomorphism of (2) follows from the exact se-
quence of (2) in view of an exact sequence

. . !
(7.1) 0= Fanp,) = 5 Farnr,) = i’ RY Fpr,) = 0,
where the injectivity of the first map comes from Theorem 3.1.

It remains to show the exact sequence in (1). Since Fxr ,z/+ D) JFxr, D)
is supported on Z’, it suffices to construct an isomorphism of sheaves

(7.2) (F'V)z o) — " (Farnzrer,)/ Flaer oy,
which is natural in (S§’,D’). By Lemma 6.7, there exists a cofinal
system of Nisnevich neighbourhoods (X, 0) of (A} = S[t],0) such that
(X, Zx) are all nice V-pairs over S, where Zx C X is the closed
subscheme defined by ¢t = 0. Put X’ = X xg & and 2 = Zx x5 &',
For U — &' étale, these provide nice V-pairs over U:

(X/ X U, Z_/X Xs U)

by the base change. Note that X’ — X’ — &’ induce isomorphisms
2" ~ Z|, ~ §" and that the formal completions of X’ along Z% are
naturally isomorphic to Z’ x  Spf K[[t]]. Thus Theorem 5.11(1) implies
an exact sequence

0= F((X', Dx)xsU) = F((X',nZ5+Dy ) xsU) = F4 (2%, D, )xsU) — 0.
By taking the colimit over X, we get an exact sequence

(7.3)

0 — F((X', Diy)xsU) = F((X',nZ'+Dy)xsU) = FW (2, D) xsU) = 0,
which is natural in U — S by Remark 5.12(1). It gives an isomorphism

v (Fg))( z,01,) © of presheaves on Z/, where © is defined by

@(U) = F((X/,TLZ/ + D/X’) Xgr U)/F((X/,D/X/) X g/ U)
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Since U — 2"~ X' factors naturally as U — X' xs U — X', we have
a natural map © — " (F(X/WZ/JFD:Y,)/F(X/,D;(,)) of presheaves on Z/,.
Composing this with -, we get the desired map (7.2). Its naturality in
(S, D") — (S, D) follows from that of (7.3).

We now show that (7.2) is an isomorphism at stalks over a point
x e Z. Put T = S(Z} where y € & is the image of z. We have
a natural isomorphism Xl’gf ~ T{t} such that Z"g C Xl’afb is given by
{t = 0}, where T{t} is the henselization of Al at the origin 0 of the
closed fiber. By the same argument as above, we get an exact sequence

0— F(X"f, D’X‘,ﬂ?) — F(X'/h, nZh 4 D/X‘{g) — F"(zh 'Z,:) — 0.

x |z |z ‘

Since the first (resp. second) term is the stalk of i'*F(XgD’X/) (resp.

v *F( X't D/X,)) at x, this implies the desired assertion and hence the

exact sequence in (1). Its naturality in & — S follows from that of
(7.2) and the commutativity of the diagram in (1) is obvious. This
completes the proof of Lemma 7.1. U

7.1. Construction of Gysin maps. In this subsection we assume k
is perfect and infinite. Take W € Sm and e € W™ with n € Z,.
Let X = I/Vl’e‘ and K = k(e) be the residue field of the closed point
0, € X. Choose a regular system of parameters t = (t1,...,t,) and
an isomorphism from Lemma 6.1:

e: X ~ Spec K{t} = Spec K{ty,...,t,}.

For chosen ¢, ¢ is determined by a choice of map X — Spec(K) inducing
the identity on 0, (cf. the proof of Lemma 6.1). For 0 <i < nputS; =
Spec K{t;y1,...,t,}. By convention put So = X and S,, = Spec(K).
Let Z;, = {t; =0} C X and Z = Z, N 2, N -+ Z; with the closed
immersion ¢4 : 21, — X . We then have a diagram:

(7.4) X<z <= Zng <~ <=— Znn <~ Z1,n)
Ldf/ lwi/ lws lw/
S Sy Ss B Sn

where 1); is a fibration with coordinate t; and ¢; is the closed immersion
defined by ¢; = 0 and all slanting arrow are isomorphisms.
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Take F € "CI™. By Lemma 7.1(2) we obtain a series of isomor-
phisms of Nisnevich sheaves:

04, : (F_1)z, — R'\ Fy,

Ff2>3[1,2] i RlL!2<F*1)Z17

Oy, -
(7.5) 2 (

an : (F_n)z[l,n] — RlLi?(F_(n_l))Z[l,nfl]'
For an integer n > 0 consider the following condition:

&), For any X € Sm and z € X@ with ¢ < n, and any regular
( y y reg
divisor H C X' := X[! with U = X —H, and for F € "CI;,

(7.6) H' (Unis, Fry) = 0 for i > 0.
Noting HY,(Xis, Fx) = 0 by Theorem 3.1, (7.6) is equivalent to
(77) H;—[(XNisy Fgg) =0 for 1 7£ 1.

(&), implies that for any closed immersion ¢ : Z < X of codimension
g <nin Sm, we have

(7.8) RUWFy =0 for i#q.

Indeed, looking at the stalks, it suffices to show (7.8) in case X is equal
to X in (&),. Then one can take

X <L—1 Zl <Li 2[1,2] — - (L—q Z[Lq}
as in (7.4) with Z = 2 4. By (7.7) we get
R”LiFgU}F” =0 for v#£1land 1 <i<gq.

(7.8) then follows from this and Lemma 7.1(2) since (&), applies also
to F_; thanks to Lemma 5.5. It also implies the isomorphism

(7.9) Rz Fy ~ R', -+ R',R" | F,
where 1z : Z — X is the closed immersion.

We now return to the set-up in the beginning of §7.1 and assume
(&),. By (7.9), the isomorphisms 6, for v = 1,...,¢ induce isomor-
phisms

(7.10) 0L (Foi)z,, — Rty g Fx,
depending on ¢ : X ~ Spec K{ty,...,t,}. In particular we get
(7.11) 6. =0": (F_.)o, — R"'Fy,
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where ¢ : Oy ~ Zp, — &X. We have the following commutative
diagram

0

(7.12) F_i(Znq — 2p,+1) F_iy1)(Zp,iv1)

L 02 l 92+1

i d i
HZ[I,i]_Z[l,iJrl] (XNiS7 FX) — Hzﬁ%i+1] (XNisa FX)7
where the vertical maps are induced by the maps (7.10) in view of (7.8),
4 is a boundary map in the localization sequence for Zp ;11 < 214,
and 0 is the composite

(7.13)
-1
1) bit1
F_i(Zpg=2Zpan) — Hz, (2o (Fa)z,,) — Fon(Zuas),

where the second map is the inverse of the isomorphism from (7.5) in
view of (7.8). The commutativity of (7.12) follows from the (obvious)
commutativity of the diagram

5
(7.14) HO(Z[M — Z[1i41) (F—i)Z[M]) - HJZ[LHI] (Zp., (F—i>3[1,i]))

i) g i)
HO(Z) = 2, Rl g Fo) —= Hy, | (Zp), Bl F),
where the vertical maps are induced by the map (7.10). In fact, 6
in (7.12) is the composite of 6, in (7.13) and the map

A il & rri
H;Z[LHH(Z[I,Z’]? (F—z‘)z[u]) — Hz}z[ 2[1,2‘]7 R b'[l,i]FX) = Herl (XNiS7 FX)7

1,i+1]< [1,i+1]

where the first map is the one from (7.14) and the isomorphism « comes
from (7.8). Hence #5100 (resp. d06?) in (7.12) is identified via a with
6.0 (resp. §00) in (7.14).

Let 1, be the generic point of Zj; ;) and X"g[l g be the henselization
of X at ;) with the closed immersion Lepy S — X‘Z[l . We have
the following commutative diagram

0: i
(715) (F—i)f[l,i] (R L![lvi]FX)g[

1,i]



48 SHUJI SAITO

where e, XIQL[L?] ~ Speck(§p,9){t1,..., 4} is the isomorphism in-
duced by ¢, and 925[14‘} is (7.11) for (X,e) = (‘Xlg[l,i]7€£[1’i])' The com-
mutativity can be checked by using Remark 5.12.

We will use the following variant of (7.11). Let " — Spec(K) be an
essentially smooth morphism and let

X’ - Z{ - Z[/1,2] Z[,l,n—l] — Z[ll,n}
lw/ lw/ |4 lw/
S S} S} S

be the base changes of (7.4) by &' — Spec(K). By Lemma 7.1(2) we
obtain a series of isomorphisms as in (7.5):
911’1 : (F—l)zi i RlLl!lF/Y’v
. = 1 /!
(716) 91/)2 : (F_Q)Z[’l,g] — R LQ(F_l)zi,

ew'

Assume now
(7.17) (%) dim(x)+dim(s7) holds.

The same argument as above gives an isomorphism
(718) 9573/ : (F_n)gl i RnL,!FX/,

where ' =t xg &' for v : 0, — X. Let n be the generic point of &’
which gives rise to the point (0y,7) € X' = X xx &’ denoted also by
7. Let X{é’ be the henselization of X’ at n with the closed immersion

Ly 11 — X{;‘ We have the following commutative diagram

05, ’
(7~19) (F—n)n =2 (RnLI!FX’))n

where ¢, : X‘Z‘ ~ Spec k(n){ti,...,t,} is the isomorphism induced by

e, and 0., is (7.11) for (X,e) = (X";L,en). The commutativity can be

checked again by using Remark 5.12.
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8. VANISHING THEOREM
In this section we assume k is perfect.

Theorem 8.1. Take X € Sm and x € X and a reqular divisor H C
X =X withtd = X —H. For F € TCIS? we have

(81) Hi(uNis,Fu) =0 fO?“ 1> 0.
Let U be a noetherian scheme and F' be a sheaf on Uy;,. Put
C&(F) = @ Hg(ule,F) for q < ZZO
x€UD

and let C3(F) denote the Cousin complex:

(8.2) CoF) 25 ClF) L5+ = Cl(F) 2

where 97 is the boundary map arising from localization theory.

Proof of Theorem 8.1 By a standard norm argument we may assume
k is infinite. We prove (&)4 from §7 by induction on d. Assume (&)4—1
holds. Take X = Spec K{x1,...,24} and a regular divisor H C X
with Y = X — H (cf. Lemma 6.1), and F € "CI&®. We write
Cy(F) for CJ(Fy), where Fy is the sheaf on Uy;s induced by F'. Noting
dim(U) = d — 1, the induction hypothesis and (7.8) imply

(8.3) H (Xnis, Fx) =0 for z € UD and i # q.
Then (8.1) follows from the acyclicity:
(8.4) HYCy(F)) =0 for ¢>0.

In what follows we fix ¢ with 1 < ¢ < d—1. Take successive fibrations
with coordinate:

(8.5) X s s, s,
R I
Ho—Hy——Hy—— o —Ho, .

Here Hy = H and H; C §; is a regular divisor and 1; is a H;_-fibration
with coordinate ¢; such that H;_; = @/}-_1(7-[1) for1 <1< d-—gq. Put

7

Vi =8; — H;. Let p; : X — §; be the induced map. For w € S; let
X, = ¢; (w) and &, be its generic point.

Claim 8.2. For w € V;'9 we have an exact sequence

0 — HY (Xnis, Fx) — ng(XNimFX) N @ HI (Xis, Fr),

zeXw(l)
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where 0 is induced by 07 in (8.2).
Proof. In view of the spectral sequence
Ef'= @ HI(Xyio Fx) = Hy'(Xnis, Fr),
zeXx (AN,
the claim follows from (8.3). O

Put
Di(F)e= @ Hi, (Xnis, Fx).
’LUEVi(q)
By Claim 8.2, 97 in (8.2) induces
(8.6) 08, - DY(F)g, = D (F)gs
which give rise to a subcomplex (Df(F),,,d3,) of (Cy(F),0%). For
w e V9 let (Si—1)w = Si—1 Xs, w and n,, be its generic point and
Xy, = X Xs, | Nw. By definition we have

Nw
(X)) = (X)) VUl Ty e (Sim)M),

where &, is the generic point of X, = X xg, , y, and &, and &, have
the same generic point &,,. By Claim 8.2 we have an exact sequence
(8.7)

0%, w
0 — HY (Xyis, Fx) = HY (Xnio, Fx) =3 @ HE ' (Xyia, Fi),
ye(si—l)wu)
where 0%, is induced by 07 in (8.2). Putting
D§<F)Z?T = @ H)q(y<XNis;FX)a

D&(F)Z?: EB chw(XNinX)a

wEVi(‘Z)

we get a map

ver 1 or
(8.8) 08 = @ 02, DLF)L — DL (F)k

wEVi(q)
such that Df(F),, = Ker(d% ). Noting
V., 9= U (Si—l)w(l) U {ne|we Vi(Q)}’
wey; (=

we have an exact sequence

0= DY(F)" % DY(F)ry 2 DY(F)T = 0

Pi
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and 07 is identified with g,41 0%, o f,. We have a commutative
diagram

(8.9)
oLt
— — ver qul —
D(LII 1(F)<Pz’ —;3175{ 1(F>QO7; _>Dg{ 1(F)<m71
6% jﬁ:éi_ﬂ
ver fa 9q or

|t
9q+1

DY (F) gy = DY (B

Pi

q
ag,

Thus there are inclusions of complexes:

(8.10) (Dy(F)g, 0g,) = (Dy(F)gi_y, 05, ,) for i>1,

which induce maps

(5.11) HO(DY(F),.) — HU(DL(F) ),

where (Df,(F),,,d3,) = (Cy(F),0°%) for i = 0 by convention. An easy

diagram chase on (8.9) shows the following.

q
Pi—1

5
Claim 8.3. Let a € Ker(DL(F),,_, — DL(F),,_,) and assume
gq(r) € Tmage(d4~"). Then the class of o in HI(Dyy(F),,_,) lies in
the image of the map (8.11).

Now the key point of the proof of (8.4) is the following.

Claim 8.4. Let a € DL(F),,_, and Ay C V;_1'? be the finite subset
such that the w-component of o is 0 for w ¢ A,. Assume that the
closure A, of A, in S;_; is strongly admissible for 1; (cf. Definition
6.2(3)). Then gy(a) € Tmage(9% ).

Admitting Claim 8.4, we finish the proof of (8.4). Take
a € Ker(CL(F) N CHHU(F))

and let A, C U@ be the finite subset such that the v-component of «
is 0 for v ¢ A,. By Lemma 6.3 we can choose ¢;(= 1) : X — S in
(8.5) so that the closure A, of A, in X is strongly admissible for ;.
By Claims 8.3 and 8.4, there exists

5%
o1 € Ker(DZ,(F)W — Dg{+1(F)so1)
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whose image under (8.10) for ¢ = 1 and a have the same class in
HI(Cy(F)). Applying the same argument to a; in place of a, we can
choose 95 : S — S5 in such a way that there exists
5‘1
Qg € Ker(DZI(F)m — 'D;T_I(F)%)

whose image under (8.10) for i = 2 and «a; have the same class in
HY(Dy(F),,). Repeating the same argument, this finishes the proof of
(8.4) since V' = () and Dy, (F),, =0 fori =d — q.

In what follows we prove Claim 8.4. We fix i > 1 and write T = S;
and S = Si—la and
w:@bZS—WT and w:¢1X—>T,

where S = X if i = 1 by convention. We also fix w € 7@ NV; and
choose a regular system of parameters 7, = (Ty1,...,Twy) of T at w
and an isomorphism

Aw 7TZ ~ Spec k(w){1,}
Let S,y =S x7w and ¢, : X, = X X5 S, — X be the immersion.

Lemma 8.5. The map A\, ¢ and v determine isomorphisms

h
(8.12) Eonn t X, = (Th Xk(w) Xu) 1y,

h
(8.13) conet Sls, = (T Xaw) Su) s, -

Proof. We prove only the first isomorphism (the second is a special case
of the first). Let ¢, : X&w — 7}3 be induced by ¢ : X — T. It suffices
to construct a map o : X";(u — X, such that o o, = idy, and that
the diagram

(8.14) X, ——— X,

an

ﬁg} — Spec k(w)

commutes, where 7[[; is viewed as a scheme over k(w) via \,. Indeed
note that letting t = (¢4, ...,t;), v, factors as

X, — Tult] = T,

where v is induced by S,_1 — S, [t,] from (8.5) for 1 < v < i and it is
essentially étale. We get a map

v =(0,0u) : Xy, = X i) T = X Xy Trwlt].
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The map is essentially étale since its composite with the projection
X Xk(w)[t] 7] t] — ’Th[ ] coincides with v. Moreover the fibres over

w
w E 7TZ of X }Jwa and Xy, X () 7TZ are both equal to X, and 7 induces
the identity on it. Hence it induces the desired isomorphism €y, -

To construct o, it suffices to construct a section p of the projection
pr X, Xaw) X — X,

such that the restriction of p to the fibers over w € 7|’LL) is the diagonal
Ax, : Xy = Xy Xpw) Xw. Here X"}( is viewed as a scheme over k(w)
via
/Yllﬁ(w RN ’7]5‘, TN Spec k(w){r,} — Spec k(w).

Then the composite o = pr o p satisfies o o 1, = idy, and the commu-
tativity of (8.14).

Let )q x, (resp. ﬂ ) be the formal completion of X" along X, (resp. T
at w). Note that A\, induces an isomorphism ’/7\" ~ Spf k(w)|[r,]]. By
[EGA4, Ch. 0, (19.7.1.5)], there exists an isomorphism X]Xw ~ ’7ATw X k()

X, of formal schemes over 7p,. It gives rise to a map ¢ : Xjx, — &,
such that 6 o ¢, = idy,. Put

/5 = (Zd)?p(w’a-) : ‘X]Xw — ‘X]Xw Xk (w) Xw-

By the construction its restriction to the fibers over w € ’7ATw is the
dlagonal Ay,, and p is a section of the pl"Q]GCthIl pro X, Xkw)

X, — X|X , which is the base change via X|X — XX of pr. Take
a factorization X, — X, — w of X, — w, where Xw is of smooth
of finite type over k(w) and X, — X, is essentially étale. Then p

induces a section px, of the projection pry : X, Xiw) X — X,
By [2, IT Th.2 bis] there exists a section py, of the projection pry,
Xllj\fw X o(w) Xw — X|’ij such that the restrictions of py, and px, to the
fibers over w € ﬂ’w coincide. Let ox, X|X — X, be the composite
of px, and the projection X&w X p(w) Xw — Xyp. The map X, — X,
induces
me Xl Xx, X = Xl

where the fiber product is the base Change of X, — X, via ox,. The
composite of m and (1, idy, ) @ Xy — X" %, XX, Aw coincides Wlth L,
where ¢, : Xy — Xﬁ( is the closed immersion. Since 7 is essentially
étale, there is an open and closed subscheme ) C X"j(w X x,, Xw CON-
taining the image of (ty,1dy, ) such that 7 induces an isomorphism
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Q ~ /Yl}jvw Thus we get a map
Py, = Q= Xk, xx, Xo = X, Xi(w) Xu-

Then p satisfies the desired property. This completes the proof.
O

Using (8.12) we apply (7.18) to (X,¢,8") = (T,", A\w, X.) (note (7.17)

jw?
is satisfied since dlm(ﬁg) + dim(X,) = dlm()\f‘}jvw) <dimU) =d—-1).
We then get an isomorphism of sheaves on (X, )nis:

(8.15) Ot (Fg)ry — RI, Fy

as the composite map

O, X ! exc !
wHrw q,' q,-
(Fg)x, - Rl Fign oz, — B0 Ei(h s, 00,

exc!
X Ry VR P R, Fy

(8.12) |
where exc means excison isomorphisms. By (7.8) R, Fyx = 0 for
v # q. Hence (8.15) induces isomorphisms

Op o + Fog(Xw) = HY, (Xnis, Fix),

8.16
( ) 990:)\711 : F_Q(an> = H?an (XNisa FX)

For each y € S, choose a local parameter 7, of § at y such that
(T,,7y) forms a regular system of parameters of S at y. Choose also
an isomorphism

(8.17) Ay (Sw)ﬁ, ~ Spec k(y){7,}.
(8.13) and A, determine an isomorphism
(8.18) EPrwy | S{; ~ Spec k(y){T,,, 7y}

By the same argument as in the proof of Lemma 8.5, A, and ¢ deter-
mine isomorphisms

(8.19)
ho Ay h
€y - (Xw)flxy o~ ((Sw)@ X k(y) Xy)m ~ (Speck(y) {7y} Xke) Xy)mfy’

(8.20)
h  (8.18) h
Ep Ay - Xﬁ(y ~ (S(; X k(y) Xy)wy ~ (Spec k)T w Ty} Xk Xy)\xy'

which are compatible with (8.12) in an obvious sense.
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We have the following commutative diagram
(8.21)

Fy( &)

04
qu<an) @yesw(” F—(qul)(Xy)

Nleﬁp)\w :lgﬁﬁy)\w :lap’)‘w’)‘y
0w

HY, (Xyis, Fx) —= HY (Xnis, Fx) —> @,e5,00 Ho ' (Xnis, F)

where 9%, is from (8.7), and 0,5, , is the isomorphism induced by
0.5 in (7.18) for (X,e,8') = (S}, €p.a00,0 Ay) using (8.20). Letting

Nw,y be the generic point of (Sw)|hy, 97 is the sum over y € S,V of the
map

(8.22) 0, : Fy(X,,) = Fy(Xy X5, M) = F_o(Xw X5, Noy)
- H)lcy(Xw XSw (8 ) F—q) (F—q)—l(Xy> = F—(q+l)(Xy)7

ly

where the isomorphism is induced by 0. s in (7.18) for (X,e,S8') =
((Sw )|y,)\ X,) using (8.19). Note

(8.23) Ker(97 ,) D F4(Xy X5, Suwy),

where S, , is the localization of S,, at y. The commutativity of the left
square is obvious. To show that of the right square, note the following
commutative diagrams:

(8.24) Fo(X,,) 22 —2 HY, (Xyis, F)

L

F_ q fw (XN'LS’FX)

0o A0 2y

(8.25) F—(q+1)(Xy) HqH(XNZS’FX)

| |

0
F_(g+1)(&y) — Hg(j+1)(XNisa Fy),

where &, (resp. ,) is the generic point of X, (resp. &,) and 6, (resp.
6,) is the isomorphism induced by 6. in (7.11) for X = (X )Ihéw and ¢ :
(X)"‘E ~ Spec k(&w){1,,} induced by (8.12) (resp. for X = (X)flgy and
e (X )‘5 ~ Speck(&,){z,,, 7y} induced by (8.20)). The commutativity

follows from (7.19). It also implies the commutativity of the following
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diagram:

oYy
(8.26) F_ (X)) — F_(g+1)(Xy)

b
()

F_y(§w) —— F_(q41)(&y),

where 0f, , is the composite map (cf. (8.22))

F—q(gw) - Hgly((xw)fzgya F—q) = (F—q)—l(gy) = F—(q—H)(&y)»

where the isomorphism is induced by 6. in (7.11) for X = (Xw)fgy and

e (X)), =~ Speck(§,){r,} induced by (8.19). The right vertical

arrows in (8.24) and (8.25) are injective by (8.3). Thus the desired
commutativity follows from that of

6
F_y(&w) — H{ (Xwis, Fx)

l

02
F—(q+1)(§y) - ngl(XNisa FX),

which follows from (7.12) for X = (X)Ihéy ~ Spec k(&) {1y, 7y} with

Z[l,i] = {zw = O} and Z[l,z’+1] = {zw =Ty = 0}

Proof of Claim 8.4: Write A = A, C S for simplicity. Let A+ C T be
the image of A C S. Note A7 € 7@ Y since the induced map A — T
is finite. For w € Ay write A,, = A X7 w. By (8.23) the composite of
the natural map

F—(q—l)(‘Xw - U Xy) - F—(q—l)(an)

YyEAw

and 02 ' from (8.22) is the zero map for y & A,. Hence we get the
induced map

a/q\;l P gy (X — yEL/J\ X,) — @ FLo(Xy).
v YEA Y

By the commutativity of (8.21) with ¢ replaced by ¢ — 1, it now suffices
to show that 9% ' is surjective. Let

Y=TH{t}=T{t,. -, tia} = (TIt)o, .-
Writing s = t;, we have X = Y{s} = S{t} and S = T{s}. We have

an essentially étale map 7 : & — § x5 Y fitting in a commutative
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diagram

(8.27) X T SxpY Vs
L Y
S|t] S Ts] T

and X is identified with (y[s])‘h@y,s), where 0,, € ) is the closed point.

Since A — T is finite by the assumption of Claim 8.4, m induces an
isomorphism X xs A ~ A x+ ). Letting ), = YV X7 w, we get isomor-
phisms for y € A,:

(8.28) Xy =X Xsy=y X7V =y Xy V.

The map 7 from (8.27) induces 7, : Xy = Sy Xw V- By the definition
of 8/{'\;1 using (8.19), we have a commutative diagram:

F(1)(Su X Yo = Mo X V) = F_gpy (X = U AX,)

YyEAw
ﬂgw
F*(‘I*l)((sw)fLAwwaw_Awayw)
F*(‘I*U((Sw)r’/\wxwyw)
@ F,(q,1)((5w)|}§;><wyw—y><wyw)
h
yEA F(q=1)((Sw)jy X wdw)
(*2)}:
Fotqony (Su)l <y Xy—yxyXy)
(g—1) ly " Yy Yty F X
@ Ff(qfl)((Sw)‘hyXyXy) @yey @ 7q( y)

YyEAw yEAw

where 7g,, : (Sw)|hAw — S, is the natural map and 6, is the isomorphism
0.5 in (7.18) for (X,e,8') = ((Suw)', Ay, X,). The isomorphism (x1)

ly
(resp. (x2)) follows from the fact (Su)fy, = [l en, (Sw)fy by [12, Ch.
XI, Th. 1] (resp. (8.28)). Hence it suffices to show the surjectivity of
s, -

For a Nisnevich neighbourhood (S,04) — (7s], (01, s)), let Ag C S
be the image of A and put Ag,, = Ag X7 w for w € Ay. By Lemma
6.7 there exists a cofinal system of étale neighbourhoods (S5,04) —
(Ts], (O, s)) such that (S,,Ag,) is a nice V-pair over w. Hence
(Sw Xw Yw, Asw Xw Vi) is a nice V-pair over Y, by Remark 2.2(2).
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By Corollary 2.21 and Lemma 4.3, the natural map
F—(q—l)(Sw Xw y’w - AS,w Xaw yw) F_(q_l)((Sw)ﬁ\S’w X yw - AS,w X yw)

%
F—(Q—l)(sw Xw yw) F—(q—l)«Sw)ﬁ\S,w Xw yw)

is an isomorphism. The desired surjectivity of 5 follows by taking
the colimit over the above cofinal system. This completes the proof of
Claim 8.4.

Corollary 8.6. Take F € TCIi\?{jp.
(1) Let X € Sm and v € X™ with n € Z+y and K = k(z). Then
Hi(Xnis, Fx) =0 for i #n,
and there exists an isomorphism
0. : F ,(z) ~ H(Xnis, Fix),
which depends on an isomorphism (see Lemma 6.1):
£ X@ ~ Spec K{ty,...,t,}.

(2) Let X € Sm and x € X™ with n € Zsy. Let D C X be a
reqular closed subscheme. For e € Z>o we have

Hiy (X s, Fixepy) =0 for i #n.

(3) Let (X,D) € MCor,, and i : Z — X be a closed immersion
of pure codimension q such that Z is reqular and transversal
with Dy N --- N D, for any r > 0 and any distinct irreducible
components Dy, ..., D, of D. Then R“i!F(X,D) =0 forv #q.

Proof. (1) follows from Theorem 8.1 and (7.8) and (7.11). As for (2),
we may assume z € D and replace X, D by its henselization at z. By
Lemma 7.1(1), there is an exact sequence of sheaves on Xyjs:

(8.29) 0— Fx = Fixep) — L*<F£61))D — 0,

where ¢ : D — X is the closed immersion. Note F'¢ € "CIS* by
Lemma 5.5. Looking at the long exact sequence of cohomology arising
from (8.29), (2) gives H:(Xnis, Fix,ep)) = 0 for i # n,n — 1. It also
gives isomorphisms

0. : H"(Xnis, Fx) ~ F_p(z), 0., : H'(Dyis, (F))p) = (F'9))_(n_1)(2),

depending on a chosen isomorphism

£ X(;: ~ Spec K{t,...,tn}
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such that D

e C X (; is defined by t; = 0, and on the induced isomor-
phism
Ep: D"; ~ Spec K{to, ... t,}.

This gives rise to an exact sequence

n— € Ie]
0= H ™ (X, Fen) = (FX9) uny (2) = Fon (@)

— H;l(XNisa F(X,eD)) — 07
where 0 is the boundary map coming from (8.29). By (7.12) (and the
same argument as the proof of (8.21)), 0 is identified with the map
induced by Ffel) — F_; under the identification F_,, = (F_1)_(n—_1).

Since the latter map is injective by the semipurity of F' and (5.2) , 0 is
injective and hence H} ™' (Xnis, Fix.ep)) = 0. This completes the proof

of (2).

As for (3), if D = (), it follows from Theorem 8.1 and (7.8). In
general we proceed by the induction on the number of the irreducible
components of D. We may replace X by its henselization at x. Let
E be one of the irreducible components of D and write D = D’ + eFE
with e > 0 and F ¢ D’. By Lemma 7.1(1), there is an exact sequence
of sheaves on Xyjs:

(8.30) 0 — Fix,pn — Fix,p) — L*(Fﬁel))(EEﬂD’) — 0,

where ¢ : EF — X is the closed immersion. It gives rise to a long exact
sequence of sheaves on Zyjs:

(8.31) -+ — R"i'Fixpy — RYi'Fix.py — R”@"L*(FE?)(E,EQD,) e
and we have an isomorphism
Ryi!b*(F£e1))(E,EﬁD’) ~ (LZ>*RVi!vE<F£81))(E,EﬂD’)a

whereigp: ZNE — E and vz : ZNE — Z are the closed immersions.
Noting F' € TCIS and that the triple (E, D N E, Z N E) satisfies
the same assumption as that of (X, D, Z), we get

RUZ'!F(XyD/) = RVZ'!E(F£81))(E7EQD/) =0 fOl" 1% # q
by the induction hypothesis. This implies (3) by (8.31).

9. O-INVARIANCE OF COHOMOLOGY PRESHEAVES

Theorem 9.1. Let n be the generic point of an integral S € Sm and
Z C P, be an effective Cartier divisor such that oo € |Z|. For F €
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TCISP, we have
H'((P))is; Fip1,2)) =0 for i > 0.
We need a preliminary lemma for the proof.

Lemma 9.2. Let 1) be as in Theorem 9.1. For F € "CIGP and n €
Zi~o, the natural map
F(P;,n0 + o) R F((A})f,n0)
F(Ploo) (AL

1$ an isomorphism.

Proof. By Lemmas 4.2 and Lemma 4.4(2) the natural map
F(AL,n0)/F(AL) = F((AL),n0)/F((AL))

is an isomorphism. Lemma 9.2 now follows from Lemma 5.9. U

We now prove Theorem 9.1. For simplicity write P}7 = P! and A,,l7 =
A'. We only need to prove the vanishing of H'. By the semipurity of
F, Corollay 3.4 implies Fip1 o) — F(p1 z) is injective. Its cokernel is
supported on Z. Hence it suffices to show the vanshing in case Z = oc.
We have a localization exact sequence

| s F((AY-0) o
FP —0,00) — W — H ((P")nis, Fip1,00))
— H1<(P1 — O)Nis, F(PlfO,oo))-

The last term vanishes by Theorem 4.1(2) and § is surjective by Lemma
9.2 and Lemma 1.27(1). This proves the desired vanishing. [

Theorem 9.3. For F € "CI&* and (X, D) € MCor,,,
(O w s H (X Fxn) — HU(X% PYis, Fix pyen)
induced by the projection 7 : (X, D) @ O — (X, D).

Proof. We proceed by induction on dim(X). If dim(X) = 0, (9.1)
follows from Theorem 9.1. Assume dim(X) > 0. By considering the
Leray spectral sequence for 7, we may replace X, D by its henselization
at x.

Claim 9.4. We may assume D = ().
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Proof. Let Dy, ..., D, be the irreducible components of D and e; be

the multiplicity of D; in D. Put D' = >  e;D; and E = Dy N D’
9<i<r

By Lemma 7.1(1), there are exact sequences of sheaves on Xyjs and

(X x Pl)yis respectively:

0— F(X,D’) — F(X7D) — L*(FEell))(DlyE) — 0,
0 = Fix,pyeo = Fix,peo = L*(F£i1)>(D1,E)®ﬁ — 0,

which are compatible in an obvious sense, where ¢ : D; — X is the
closed immersion. Note F' € TCIS:* by Lemma 5.5. By the induction
hypothesis (9.1) holds for (D;, E) and hence we are reduced to showing
it for (X, D). Repeating the same argument, this proves the claim. [

Now assume D = (). The idea of the following proof comes from
[11, Lecture 24]. Take a regular divisor i : Z < X and let j : U =
X —Z — X be the open immersion. We have a commutative diagram

5*

HI((X x PY)xis, Fxgn) — HY((U x P)nis, Fyygm)

- 3%
llo Lzo

Hq(XNiS,Fx> HQ(UNisaFU)

where the vertical maps are the pullback along the 0-section of P'. It
suffices to show the injectivity of i(; on the left hand side since it is a
left inverse of 7*. Noting dim(U) < dim(X) (X is local) and using
the Leray spectral sequence, the induction hypothesis implies that the
right vertical map is an isomorphism. Thus we are reduced to showing
the injectivity of j*. By Corollary 8.6(3), we get

R Fyes~ R Fyy5=0 for v#0.
By Lemma 7.1(1), there is an exact sequence of sheaves on (X x P1)yi:
0= Fyer = Jefyga = a(Fo1) 255 = 0.
Hence the desired injectivity follows from the surjectivity of
HH(U % PY)is, Fyem) = H™H(Z % Pnis, (F-1) m)-
We have a commutative diagram

HH (U x PY)nis, Fxgr) — HH(Z X P)nis, (F-1) 50)

H Y (Ui, Fur) HT Y Zyis, (F-1)7)
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where the right vertical map is an isomorphism by the induction hy-
pothesis. If ¢ > 1, H™(Znis, (F_1)z) = 0 since Z is henselian local. If
q =1, § is surjective by Lemma 7.1(1). This completes the proof. [

10. SHEAFICATION PRESERVES [J-INVARIANCE
In this section we prove the following.
Theorem 10.1. If F' € "CI’?, ay, F € "CI*? (c¢f. Definition 1.51)
We need a preliminary for the proof. For F' € MPST put
F =nhlw* o F € MPST (cf. (1.1) and (1.9)).
By Lemma 1.4(5) and (1), for M € MCor we have
F(M)= lim  Hommpsr(hg(N),w wF)

NeComp(M)

(10.1) ~ lim  Hompgr(ho(N),wF)

NeComp(M)

~ hg Hompgt(ho(N),w,n F),
NeComp(M)

where ho(N) = whF(N) € PST. By Lemma 1.4(1) the unit map
u: F — w*w F from (1.1) induces

v:nF — nw'oF = w'wnF.
Assume F' € CI (cf. Definition 1.12). By Lemma 1.25, u factors as
F— h%w*ngF — W' F,
where the second map is injective. It gives a factorization of v as
(10.2) nF L F N w'wnF

where 4/ is injective by the exactness of 7 (cf. Lemma 1.4(1)). Assume
further that 7 F' is semipure . Then

(10.3) nF(X) SN F(X) is injective for any X € MCor,,.

By Lemma 1.4(2), we have w*wnF(X) ~ F(X) for X € Sm. By
(10.2) we get isomorphisms

(10.4) nF(X)~ F(X) ~w'wnF(X) (X eSm).

Lemma 10.2. Let G € "CI*” andn be the generic point of S € Sm and
(X,0x) = (A},0) be a Nisnevich neighbourhood of 0 € A}. Consider

p:G(P; —0,00) = G(X — 0x)/G(X).
Then we have G(n) ~ Ker(p).
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Proof. By Lemma 1.16, G = nF' with F' € CI. In view of (10.3) and
(10.4), it suffices to show that the assertion for G = F'. By (10.1)

F(P} —0,00) = lim Hompsr (fo (P, 00 + 10), wnF).

n€Zlo
Put £ = wnF € PST. We claim
(10.5) E(U) ~ Exis(U) for any open U C A
where Enis = aX,,FE € NST (cf. (1.4)). Indeed we have
Enis(U) > wiays(nF)(U) = ans(nF) (U, 0) ~ nF(U,0) = E(U),
where the first (resp. second) isomorphism follows from (1.4) (resp.

Theorem 4.1(1) and Remark 1.9). For U = A} — 0, we have a commu-
tative diagram

~

EU) Hompgt (Z(U), E) — Hompgr(ho(P), 00 + n0), E)

wl L |

Exis(U) — Homnst(Zi:(U), Enis) <— Homnsr (ho (P}, 00 4 n0)xis, Enis)

where ¢ is injective since ho(P),00 + n0) is a quotient in PST of
Z:(A) —0). Hence the right vertical map of the diagram is injective.
Hence we get a natural injection

(10.6) F(P}—0,00) < lim Homs (fo (P}, 50 4 n0)xis, Exis).

n€Z>0

We have a commutative diagram

(10.7)
F(P%—O,oo) F(X —0x)/F(X)
L<—> ~ | (10.4)
0 —>’7'IF(A717) —>7'|F(A717 - O) —>7'[F(X - OX)/TIF(X) s

where the lower sequence is exact by Lemmas 4.4 and 4.2 and the left
vertical injection is induced by 4’ from (10.2) in view of Lemma 1.4(2).
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We have a commutative diagram

li_n>nmez>0 Hompgr (ho(P,, moo), £) — hﬂmezw Homns (ho(Py, moo)nis, Enis)

A i

Hompgr (Ztr<A717); E) Homnst (Ztr(A%), Enis)
E(A}) w5 Bvau(A)

where « is an isomorphism by Lemma 1.36. Since hO(P}], moo)Nis 1S a
quotient in NST of Ztr(A}]), 3 is injective. Hence the diagram implies
that § is an isomorphism and we get an isomorphism

(108) TuF(A}?) ~ E(A%) ~ %ﬂ HOHINST(ho(P}?,mOO)NiS, ENis)'
m€Z>0

By (10.6), (10.7) and (10.8), Ker() injects into
( hg HomNST(hO(PylpmOO)NisyENis))m( hﬂ HomNST(hO(P},aOO"'nO)NisaENis))a

mMEZ>o SYAN

where the intersection is taken in

hg HomNST(hO(P}?, moo—i—nO)Nis, ENis) C ENiS(A}?—O) = TIF(A;;—O)

m,n€l>o

We now claim that there is an exact sequence in NST:

(109) h()(].:)ql77 moo + TLO)NiS — ho(P,}], o0 + TLO)NiS D ho(P}?, moo)Nis
— hO(P7177 OO)Nis — 0.

Indeed [14, Th.1.1] implies an isomorphism of Nisnevich sheaves on
Sm:

(10.10) ho(P}, m)is ~ Pic(P,, m),

where m is an effective divisor on P' and Pic(P,, m) is the sheaf asso-
ciated to the presheaf U — Pic(P} x U,m x U x n) (U € Sm). There
is an exact sequence

(10.11) 0— O — Ox — Pic(P,,m) = Z — 0,

where O*(U) = O(U xn)* and O, (U) = O(U xmxn)* for U € Sm.
The claim follows easily from this. By (10.10) and (10.11) we have
isomorphisms

ho(P,lw OO)Nis =~ m(P}ya OO) = Ztr(ﬁ)
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Thus (10.9) implies
Ker(p) — Homnsr(Ze (1), Exis) ~ E(n) ~ F(n),
which proves Lemma 10.2. O

Proof of Theorem 10.1: By Lemmas 1.27(3) and 1.29(4), ay; F' has M-
reciprocity and semipure. Hence it suffices to show ay; F' is U-invariant.
We start with the following.

Claim 10.3. For the generic point 1 of S € Sm, the natural map
F(n) = Fnis(n) = Fnis(K X ) is an isomorphism (see Definition 1.8 for

FNis)'

Proof. Consider a commutative diagram

0 —— F(Py, 0) F(P;, —0,00) F(Op, = 0)/F(Op, o)

N L:

0 — Fis(P), 00) — Fyis(P) — 0, 00) — FNis<O£Z>717’0 - 0)/FNis(01}§71770)

U
The upper sequence is exact by Lemma 10.2 thanks to the assumption
that F' is semipure . The lower sequence is exact: The injectivity of
the first map follows from Theorem 3.1 and the semipurity of Fyis by
Lemma 1.29(3). The exactness at the middle term comes from the sheaf
property. The right (resp. middle) vertical map is an isomorphism by
an obvious reason (resp. Theorem 4.1(1)). Thus we get Fiis(P;, 00) =~
F(P},00) ~ F(n) as desired. O

We now follow the argument of [11, 22.1]. For X = (X, X.,) € MCor
let 7% @ an; (X @ 0) — ayi F(X) be the pullback along i : Spec(k) —
0. It suffices to show the injectivity of i%. Letting n be the generic
point of X, it suffices to show the injectivity of the composite map

(10.12) @y (X ®0) = ayi F(X) = axiF (1) = Fuis() = F(n).
Recall (cf. 1.3)

a F(X@0) = lim  Fu(®)
Q_)EEH"J,%(QE

Writing 9) = (Y, Y,,) € £ | X ® O, we have
Y — Yool =X x A" and 9 xx 7= (P,,00,),

where the second equality comes from the fact that any proper bira-
tional map W — P}7 with W normal, is an isomorphism. Hence we
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have a commutative diagram

Frnis(9) - Fis(X % Al)

X X

FNis<P7177 0077) - FNiS(A717> .

The map « is injective since Fyis is semipure by Lemma 1.29(3) and
B is injective by Theorem 3.1(2). Hence + is injective. Note that the
composite of (10.12) and Fis(Q) — aniF(X ® O) coincides with the

composite of v and Fis(Py, 0,) "y Fuis(n), which is injective by Claim
10.3. This proves the desired injectivity of 13 and completes the proof
of Theorem 10.1. .

11. IMPLICATIONS ON RECIPROCITY SHEAVES

In this section we prove Theorems 0.1 and 0.2. We also deduce
Voevodsky’s theorem 0.7 from Theorem 9.3. We need a preliminary.
For F' € RSC we have isomorphisms

(1.4) (1) (%2)
(11.1)  wan nw ' F ~ afwnw F ~ afwwCF '~ o F,

where (x1) (resp. (x2)) follows from Lemma 1.4(1) (resp. Lemma 1.37).

Lemma 11.1. For F € PST, we have rw®'F € MPST is O-invariant
and semipure with M -reciprocity.

Proof. By Lemmas 1.16 and Definition 1.26(2), it suffices to show only
the semipurity of mw®F, namely the injectivity of the unit map w :
nwF — w'wnw®F. By Lemma 1.25 we have w'F = hlw*F C
w*F'. Hence we have a commutative diagram

u
1w F —— w*wnwCF

u/
TW* ' —— wrw,mw* F
where the vertical maps are injective thanks to the exactness of w*,
w; and 7. By Lemma 1.4 we have nw* ~ w* ~ w*wnw* and o’ is

identified with the identity through these isomorphisms. Hence u is
injective as desired. U

Now take F' € RSC and put G = niwC'F. By (1.12) and (11.1) we
have natural isomorphisms (note w; = w,n by Lemma 1.4)

(11.2) F ~wG and Fyis = ay F ~ wian G-
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By Lemma 11.1 and Theorem 10.1,
(11.3) B
G and ay; G are [-invariant and semipure with M-reciprocity.

Hence Theorem 0.1 follows from Lemma 1.36. By (1.5) we have
(11.4) H'(Xnis, (Fris)x) =~ H'(Xnis, (anisG) (x.,0))

and similarly for cohomology with support. Hence Theorem 0.2 follows
from Corollary 8.6 and Lemma 5.10.

Finally we deduce Theorem 0.7 from Theorem 9.3. Take F' € HINNST.
We claim

(11.5) W*F € "CINMNST.

Indeed, by Lemma 1.4(1) we have w*F = nw*F and w*F € CI by
Lemmas 1.17. Moreover F' € MINST by Lemma 1.10. By definition
(1.1), for X € Sm, we have (wW*F)x) = Fx as sheaves on Xyjs, and
hence we get a commutative diagram

Hi(XNi57 (Q*F)(X,(/J)) Hi(XNistX)

5 |

HY((X X PYni, (W F) (x gyo5) — H((X X A)xis, Fxxat),

~

where the horizontal maps are isomorphisms. The left vertical map is
an isomorphism by (11.5) and Theorem 9.3. This proves Theorem 0.7.

12. APPENDIX
In this section we collect some technical lemmas used in this paper.

Lemma 12.1. Let A be a local ring and S = Spec A with the closed
point s € S. Letp: X — S be a proper morphism. Let Z C X be
closed subschemes.
(1) Z =0 if and only if ZNp~(s) = 0.
(2) Z is finite over S if and only if Z N\p~'(s) is finite.
(3) Assume further that S is henselian. If Z is irreducible and
Z Np~Y(s) is finite, then it consists of one closed point of X.

Proof. As for (1) the only-if part is obvious. Assume Z # (). Then
p(Z) is not empty and closed in S since P is proper. Hence it contains
s, which implies Z Np~1(s) # 0.
As for (2) the only-if part is obvious. Assume Z Np~'(s) is finite.
Put
F = {z € Z| dim,(p~'(p(x)) N Z) > 1}.
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By Chevalley’s theorem (see [15, Th.2.1.1]), F' is closed in Z so that
p(F) is closed in S by the properness of p. Since Z Np~'(s) is finite,
s ¢ p(F'), which is absurd since S is local. (3) follows from (2) and
the fact that any finite scheme over S is the product of henselian local
schemes. U

Lemma 12.2. Let the assumption be as Lemmas 12.1 and assume S
is henselian. Assume further dim(p~1(s)) = 1. Let X C X be an open
subset such that p~(s) N X is dense inp~*(s). If Z C X is closed and
irreducible and ZNp~(s) is finite and non-empty, then Z is finite over
S and Z Np~'(s) consists of one closed point of X.

Proof. Let Z C X be the closure of Z. By the assumption Z Np~!(s)
is finite so that Z is finite over S and Z Np~'(s) consists of one closed
point of X by Lemma 12.1(2) and (3). Since Z Np~*(s) is non-empty,
we must have (Z — Z) Np~1(s) = 0. Hence Z — Z = () by Lemma
12.1(1). This completes the proof. O

Lemma 12.3. Let S be either the spectrum of an infinite field or a
henselian local ring with infinite residue field. Let s € S be the closed
point. Let p: X — S be smooth of relative dimension one. Let x € X
be a point such that p(x) = s and k(s) ~ k(x). Then there exists
a Nisnevich neighbourhood (X', z) of (X,z) and a closed immersion

X' < AN over S such that letting X C PY be the closure of X',
X — X' is finite over S.

Proof. This follows from [10, Th.10.0.1]. O
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