MOTIVES WITH MODULUS, I:
MODULUS SHEAVES WITH TRANSFERS FOR
NON-PROPER MODULUS PAIRS

BRUNO KAHN, HIROYASU MIYAZAKI, SHUJI SAITO,
AND TAKAO YAMAZAKI

ABSTRACT. We develop a theory of modulus sheaves with trans-
fers, which generalizes Voevodsky’s theory of sheaves with trans-
fers. This repairs part of the flaw in a previous preprint, the aim
of which was to construct a theory of motives with modulus, i.e.,
a non-homotopy-invariant generalization of Voevodsky’s motives.
This paper and its sequel are foundational for the theory of motives
with modulus, which will be developed in a forthcoming work.
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INTRODUCTION

The aim of this paper is to lay a foundation for a theory of motives
with modulus, which will be completed in [14], generalizing Voevodsky’s
theory of motives. Voevodsky’s construction is based on Al-invariance.
It captures many important invariants such as Bloch’s higher Chow
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groups, but not their natural generalisations like additive Chow groups
[4, 22] or higher Chow groups with modulus [6]. Our basic motivation
is to build a theory that captures such non Al-invariant phenomena,
as an extension of [11].

Let Sm be the category of smooth separated schemes of finite type
over a field k. Voevodsky’s construction starts from an additive cat-
egory Cor, whose objects are those of Sm and morphisms are finite
correspondences. We define PST as the category of additive presheaves
of abelian groups on Cor (i.e. functors Cor — Ab that commute with
finite sums). Let NST C PST be the full subcategory of those objects
F € PST whose restrictions F'x to Xyjs is a sheaf for any X € Sm,
where Xyis denotes the small Nisnevich site of X, that is, the cate-
gory of all étale schemes over X equipped with the Nisnevich topology.
Objects of NST are called (Nisnevich) sheaves with transfers. For
F € NST, we write

HIi\Iis(Xv F) - Hi(XNiS7 FX)

The following result of Voevodksy [28, Th. 3.1.4] plays a fundamental
role in his theory of motives.

Theorem 1 (Voevodsky). The following assertions hold.

(1) The inclusion NST — PST has an exact left adjoint ayy, such
that for any F € PST and X € Sm, (ay; F')x is the Nisnevich
sheafication of Fx as a presheaf on Xyis. In particular NST s
a Grothendieck abelian category.

(2) For X € Sm, let Z,(X) = Cor(—, X) € PST be the associated
representable additive presheaf. Then we have Zy,(X) € NST
and there is a canonical isomorphism for any i > 0 and F €
NST:

Hli\ﬁs(Xy F) ~ Eth\IST<Ztr(X)aF)-

Our basic principle for generalizing Voevodsky’s theory of sheaves
with transfers is that the category Cor should be replaced by the larger
category of modulus pairs, MCor: Objects are pairs M = (M, M>)
consisting of a separated k-scheme of finite type M and an effective
(possibly empty) Cartier divisor M on it such that the complement
M° := M\ M is smooth over k. The group MCor(M, N) of mor-
phisms is defined as the subgroup of Cor(M°, N°) consisting of finite
correspondences between M° and N° whose closures in M x;, N are
proper! over M and satisfy certain admissibility conditions with respect

Here we stress that we do not assume it is finite over M.
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to M and N*° (see Definition 1.1.1). Let MCor C MCor be the full
subcategory consisting of objects (M, M>) with M proper over k.

We then define MPST (resp. MPST) as the category of additive
presheaves of abelian groups on MCor (resp. MCor). We have a
functor

w:MCor — Cor, (M,M*>)+— M —|M>|,

and two pairs of adjunctions

MPST < MPST, MPST < PST,
BN BadN

*

where 7* is induced by the inclusion 7 : MCor — MCor and 77 is
its left Kan extension, and w* is induced by w and wy is its left Kan
extension (see Propositions 2.4.1 and 2.2.1).

The main aim of this paper is to develop a sheaf theory on MCor
generalizing Voevodsky’s theory. For M = (M, M>) € MCor and F €
MPST, let F); be the presheaf on My which associates F((U, M X737
U) to an étale map U — M.

Definition 1. We define MNST to be the full subcategory of MPST
of such objects F' that F); is a Nisnevich sheaf on M for any M €
MCor.

For F € MPST and M = (M, M), let (Fy)nis be the Nisnevich
sheafication of the preshseaf Fi; on Myis. Let > he the subcategory of
MCor which has the same objects as M Cor and such that a morphism
f € MCor(M, N) belongs to 2™ if and only if f© € Cor(M°, N°) is
the graph of an isomorphism M° =% N° in Sm that extends to a
proper morphism f : M — N of k-schemes such that M> = 7*N o,
(See Theorems 4.5.5, 4.6.3 and Lemma 4.5.3.)

Theorem 2. The following assertions hold.

(1) The inclusion MINST — MPST has an exact left adjoint ay;,
such that

(anis ) (M) = lim - (Fiv)nis(N)
Nexfn m

for every F' € MPST and M € MCor. In particular MINST
is a Grothendieck abelian category. (See §A.1 for the comma
category £ | M)

(2) For M € MCor, let Ziy,(M) = MCor(—, M) € MPST be
the associated representable presheaf. Then we have Zy(M) €
MNST and there is a canonical isomorphism for any i > 0
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and FF € MINST:

Exthpsr(Zo (M), F) ~ lim  Hi, (N, Fy).
NEZﬁH\LM

Remark 1. Theorem 2 (2) describes the extension groups in MNST in
terms of classical cohomology. It also implies that the formation
M — llgl’l HIZ‘\HS (Na FN)
Nexfin | pr
is contravariantly functorial for morphisms in MCor, which does not
follow immediately from the definition.

The preprint [12] contained a mistake, pointed out by Joseph Ayoub:
namely, Proposition 3.5.3 of loc. cit. is false. Theorem 2 (1) shows
that the only false thing in that proposition is that the functor 8™ of
loc. cit. is not exact, but only left exact (see Proposition 4.5.4 of the
present paper.) This weakens [12, Prop. 3.6.2] into Theorem 2 (2);
see however Question 1 below. What we gain in the present correction
is that the notion of sheaf, which was artificially developed in [12] for
MCor, corresponds now to a genuine Grothendieck topology.

Another proposition incorrectly proven in [12] was Proposition 3.7.3.
In Part IT of this work [13], we correct this proof and recover the propo-
sition in full, hence get a good sheaf theory also for proper modulus
pairs. This allows us to develop the categories of motives again in [14].

In the last part of this introduction, we raise the following question.
Its affirmative answer would simplify the right hand side of Theorem
2 (2) under two additional conditions (i) and (ii) below. (These condi-
tions turn out to be essential in [26]).

Question 1. Assume that F' € MNST satisfies the following condi-
tions:

(i) F is O-invariant, namely the map F(M) — F(M ® 0) is an
isomorphism for any M = (M, M>) € MCor, where
O=(P'oo), M@O= (M xP' M> x P!+ M x (c0)).
(ii) F lies in the essential image of 7 : MPST — MPST.
Then, is the map
H(Myis, Far) — hgl H(Nyis, Fiv)
Nexfin | pr

an isomorphism for M € MCor,,? Here MCor;, denotes the full
subcategory of MCor consisting of the objects M = (M, M) such

that M € Sm and |M| is a simple normal crossing divisor on M.
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If ch(k) = 0, by resolution of marked ideals ([5, the case d = 1 of
Th.1.3]), the above question is reduced to the following.

Question 2. Let the assumptions be as in Question 1 and M = (M, M>)
€ MCor,,. Let Z C M be a regular closed subscheme such that, for
any point x of Z, there exists a system z, - - - , z4 of regular parameters
of M at x (with d = dim, M) satisfying the following conditions:

e Locally at z, Z = {z; = --- = 2, = 0} for r = codimy; Z.

e Locally at z, [M*>| = {[[,c; 2 = 0} for some J C {1,...,r}.

Consider 7 : N = Blz(M) — M and N*® = N x57 M. Then, is
the map
HY(Myis, Far) = H(Nyis, Fiv).

an isomorphism?
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Finally, the influence of Voevodsky’s ideas is all-pervasive, as will be
evident when reading this paper.

Notation and conventions. In the whole paper we fix a base field k.
Let Sm be the category of separated smooth schemes of finite type over
k, and let Sch be the category of separated schemes of finite type over
k. We write Cor for Voevodsky’s category of finite correspondences
28].

1. MODULUS PAIRS AND ADMISSIBLE CORRESPONDENCES
1.1. Admissible correspondences.

Definition 1.1.1.
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A modulus pair M consists of M € Sch and an effective Cartier
divisor M> C M such that the open subset M° := M — |M*|
is smooth over k. (The case [M*°| = () is allowed.) We say that
M is proper if M is proper over k.

We write M = (M, M), since M is completely determined

by the pair, although we regard M° as the main part of M. We
call M the ambient space of M and MP° the interior of M.
Let M, My be modulus pairs. Let Z € Cor(M?, M) be an
elementary correspondence (i.e. an integral closed subscheme
of My x M3 which is finite and surjective over an irreducible
component of Mp). We write Z" for the normalization of the
closure Z of Z in My x My and p; : 7N — M, for the canonical
morphisms for i = 1,2. We say Z is admissible for (M, Ms) if
piM° > piMs©. An element of Cor(M?, M) is called admissi-
ble if all of its irreducible components are admissible. We write
Coram (M, M) for the subgroup of Cor(My, Ms) consisting
of all admissible correspondences.

Remarks 1.1.2.

(1)

(2)

(3)

In [11, Def. 2.1.1], we used a different notion of modulus pair,
where M is supposed proper, M° smooth quasi-affine and M>
is any closed subscheme of M. Definition 1.1.1 (1) is the right
one for the present work. Definition 1.1.1 (2) is the same as
[11, Def. 2.6.1], mutatis mutandis. An analogous condition was
considered much earlier in the context of the additive Chow
groups (see, e.g. [4, (6.4)], [22, Def. 2.2], [25, Def. 3.1)).

In the first version of this paper, we imposed the condition that
M is locally integral; it is now removed. The main reason for
this change is that this condition is not stable under products
or extension of the base field. The next remark shows that this
removal is reasonable (see also Remark 1.3.8).

Let M be a modulus pair. Then M?° is dense in M, since the
Cartier divisor M* is everywhere of codimension 1. Moreover,
M is reduced. (In particular, M has no embedded component.)
Indeed, take x € M and let f € Osz., be a local equation for
M. Then f is not a zero-divisor (since M is Cartier), and
hence Og; , — Ogz,[1/f] is injective, but Oz ,[1/f] is reduced
as M?° is smooth. In particular, M is integral if M® is.

Let M be a modulus pair, and let f : M; — M be a morphism
such that f(T') ¢ |[M*| for any irreducible component T of M

and M? := M, — |f*M®>| is smooth. Then M, = (M, f*M>)
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defines a modulus pair. We call it the minimal modulus struc-
ture induced by f. We shall use this construction several times.
Also, f defines a minimal morphism f : M; — M in the sense
of Def. 1.3.4 below.

(5) If Z is an admissible elementary correspondence as in Definition
1.1.1 (2), then | M x M,|NZ D |My x M°|NZ since Z — Z
is surjective. On the other hand, the inequality (M x My)|5 >
(M x M§®)|7 may fail. As an example, let C be the affine cusp
curve Speck[z,y]/(z* — y?). Tts normalization is A', via the
morphism ¢ +— (3,¢?). Let M, = (C,(z)) and My = (C, (y)).
Then 1¢ defines an admissible correspondence M; — M, even
though (x) > (y) does not hold on C.

The following lemma will play a key role:

Lemma 1.1.3. Let X € Sch and let X be an open dense subscheme of
X. Assume that X € Sm and that X — X is the support of a Cartier
divisor. Then for any modulus pair N we have

U Coradm(M7 N) = COF(X7 NO)7
M

where M ranges over all modulus pairs such that M = X and M° = X.
(Note that by definition we have Coragm (M, N) C Cor(X, N°).)

Proof. This is proven in [11, Lemma 2.6.2]. In loc. cit. X and N°
are assumed to be quasi-affine, and X and N proper and normal (see
Remark 1.1.2). But these assumptions are not used in the proof. (Nor
is the assumption on Cartier divisors, but the latter is essential for the
proof of Proposition 1.2.4 below.) O

1.2. Composition. To discuss composability of admissible correspon-
dences, we need the following lemma of Krishna and Park [17, Lemma
2.2].

Lemma 1.2.1. Let f : X — Y be a surjective morphism of normal
integral schemes, and let D, D" be two Cartier divisors on'Y . If f*D' <
f*D, then D" < D.

We also need the following “containment lemma” from [17, Prop.
2.4], [6, Lem. 2.1], [21, Lem. 2.4]. We provide a proof for self-
containedness.

Lemma 1.2.2. Let M = (M, M>) be a modulus pair. Let V! CV C
M° = M — |M®| be two integral closed subschemes. Let V' and V' be

‘ = =N~ = —=N == o
their closures in M and V- — V, V' — V' the normalizations. If
M|~ is effective, so is M| .
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Proof. Set Z = vy xv V' and consider the following commutative
diagram:
f
7V
Zév Zy Z
ﬁn.surj‘lh fin. SUI‘J l l \
v VeV
incl. incl. )

Here, Z, C Z is an irreducible component of Z such that the composite
map

Z,—~Z =V
is finite surjective. To see that such a Z, exists, it suffices to note that

VY - V is finite surjective, hence so is its base change Z — V (recall
that for any scheme S of finite type over k, the normalization S — S
is a finite surjective morphism). Then Zév is also irreducible. Since
Zév — V7 is dominant, the vertical map h on the left exists by the
universal property of normalization, and is finite surjective. Note that
we can pullback the Cartier divisor M* to any scheme except for Z in
the diagram, since none of their irreducible components maps into the
support |[M>| € M. Since the pullback of an effective Cartier divisor
is effective, the assumption that M|~ is effective implies that

JHMZ[pn) = M|z = h*(M>|g)

is effective. By Lemma 1.2.1, M OO| —n is effective since h is surjective.
This finishes the proof. O

Definition 1.2.3. Let M, My, M5 be three modulus pairs, and let
a € Coryam (M, M), 5 € Coragm(Ms, M3). We say that a and [ are
composable if their composition fa in Cor(M?, Mg) is admissible.

Proposition 1.2.4. With the above notations, assume o« and B are
integral and let & and B be their closures in My x My and My x Ms
respectively.  Then o and 3 are composable provided the projection
a X3z, B — My x Ms is proper. This happens in the following cases:
(i) a— M, is proper.
(ii) B — Ms is proper.
(iii) My is proper over k.

Proof. Note that a Xy 3 is a closed subscheme of (M7P x Mg) X
(M3 x M3) = My x Mg x Mg; we have |Ba| = |pis.(a Xag B)| where
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pig © MY x Mg x Mg — M7P x Mg is the projection. Let v be a
component of a Xy 8. We have a commutative diagram

Y @ X g B MY X Mg x Mg~ MY x Mg <8

| I

’7C—>d XMQ BC—>M1 XMQ XM3£>M1 XM3<—>5

where p;; : My x My x My — M; x Mj denotes the projection, § =
p13(7), and ~ denotes closure. The hypothesis implies that 7 — § is
proper surjective. The same holds for W% appearing in the second of
the two other commutative diagrams:

Q O_CN Fa Ml XMQ ’_}/NLM1 XMQ XHg
Tﬂ'w Tﬁlz lw% J{ﬁlS
’7<7’7Ni>M1XM2XM3 5N$M1XM3
lﬂ'w J{st

§ s - M x Ms

where ¥ means normalisation. (Note that 7., and 75 need not extend
to the normalisations, as they need not be dominant.) We have the
admissibility conditions for o and f:

(1.2.1) (M1 x M3®) < @ (M7 x M>)
(1.2.2) @5 (My x Ms®) < @j(Ms® x Ms).
Applying Lemma 1.2.2%, we get inequalities
QDj;(Ml X Mz X Mgo) < ng;(Ml X M;O X Mg) < ()Oi';(Mfo X MQ X Mg),
which implies by the right half of the above diagram
(1.2.3) (m3%5) @5 (M1 x Mg®) < (m35)" 05 (M7® x M)
hence %(M; x M3®) < @5(M® x M) by Lemma 1.2.1.

Finally, one trivially checks that (i) or (ii) implies that the projection
a Xy, B — My x M3 is proper, and that (iii) implies both of (i) and
(ii). O
Ezample 1.2.5. Let My = M3 = P!, My = A', M, = A", M>® = o,
Ms® = (), M$® =200, « = 3 = graph of the identity on A'. Then «
and [ are admissible but 3 o « is not admissible because co > 2 - 0o

2To apply this lemma, factor 7, and 7,3 into dominant morphisms followed by
closed immersions.
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does not hold. (Note that neither of @ = « or 3 = /3 is proper over
Pl)

Definition 1.2.6. Let M, N be two modulus pairs. A correspondence
a € Cor(M°, N°) is left proper (relatlvely to M, N) if the closures of
all components of a are proper over M: this is automatic if N is proper.

Proposition 1.2.7. Let My, My, M3 be three modulus pairs and let
a € Cor(My, M3), p € Cor(Ms, M3) be left proper. Then Ba is left
proper.

Proof. We may assume a and 3 are irreducible. The assumption on 3
means 3 — M, is proper, hence so is its base change @ x 7 s B — @. The
assumption on o means @ — M is proper, hence so is @ X7 e B — M,
as a composition of proper morphisms. This implies the left properness
of Ba, smceﬁalsthelmageofozxM Bin My x Ms. O

1.3. Categories of modulus pairs.

Definition 1.3.1. By Propositions 1.2.4 and 1.2.7, modulus pairs and
left proper admissible correspondences define an additive category that
we denote by MCor. We write MCor for the full subcategory of
MCor whose objects are proper modulus pairs (see Definition 1.1.1

(1))

In the context of modulus pairs, the category Sm and the graph
functor Sm — Cor are replaced by the following:

Definition 1.3.2. We write MSm for the category with the same
objects as MCor, and a morphism of MSm(M;, M) is given by a
(scheme-theoretic) k-morphism f : M — MS$ whose graph belongs
to MCor(My, My). We write MSm for the full subcategory of MSm
whose objects are proper modulus pairs.

We will need some variants of these categories.

Definition 1.3.3.

(1) We write MCor™ for the subcategory of MCor with the same
objects and the following condition on morphisms: o« € MCor(M, N)
belongs to MCor™ (M, N) if and only if, for any component Z
of a, the projection Z — M is finite, where Z is the closure of
Z in M x N. The same argument as in the proof of Proposition
1.2.7 shows that MCor™ is indeed a subcategory of MCor. We
write MCor™ for the full subcategory of MCor whose objects
are proper modulus pairs.
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(2) We write MSm"™ for the subcategory of MSm with the same
objects and such that a morphism f : M — N belongs to
MSm®™ if and only if f° : M° — N° extends to a k-morphism
f: M — N. Such extension f is unique because M° is dense
in a reduced scheme M and N is separated ([10, Chap. II, Ex.
4.2]). This yields a forgetful functor MSm™ — Sch, which
sends M to M.

We write MSm™ for the full subcategory of MSm whose
objects are proper modulus pairs.

(3) We write

¢: MSm — MCor,
(1.3.1) ¢: MSm — MCor,
A MSm™™ — MCorf®

for the functors which are the identity on objects and which
carry a morphism f to the graph of f°.

Let f : M — N be a morphism in MSm™. Since f(M°) C N°,
none of the images of the generic points of the irreducible components
of M is contained in |N*°|, hence the pullback of the Cartier divisor
7*]\7 > is well-defined. For ease of notation, we simply write it f*N°.

Definition 1.3.4. A morphism f : M — N in MSm™ is minimal if
we have f*N* = M.

Remark 1.3.5. We remark the following.

(1) Assume that M is normal. Then Zariski’s connectedness theo-
rem implies that for any N

MSm(M, N) N MCor™ (M, N) = MSm™ (M, N).

(Indeed, given an elementary correspondence belonging to the
left hand side, its closure in M x N is birational and finite
over an irreducible component of M, but such a morphism is
an isomorphism if M is normal by [EGA3, Corollaire 4.4.9]). If
f°: M° — N° extends to a morphism between ambient spaces
f: M — N, then the graph of f° is admissible if and only if
we have M > ?*NO".

(2) For M € MSm™ set M"Y := (MN,MO‘“\MN) where p : LY
M is the normalization and M|~ is the pull-back of M> to

M. Then p: MN — M is an isomorphism in MCor™ and
MSm (but not in MSm™ in general).
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(3) Let M = (M,M>) and N = (N, N*) be two modulus pairs
and let Z C M x N be an integral closed subscheme which is
finite and surjective over an irreducible component of M, such
that Z ¢ M x N> and that M>|~v > N*|_~, where 7" is
the normalization of Z. Then Z = Z N (M° x N) belongs to
Cor(M?°, N°) and its closure in M x N is Z: this follows from
Remark 1.1.2 (4).

(4) For any morphism f : M — N in MSm, there exists a mor-
phism M’ — M in MSm®™ which is invertible in MSm such
that the induced morphism M’ — N is in MSm®™. More gen-
erally, we have the following lemma.

Lemma 1.3.6 (The graph trick). Let f : M — N be a morphism in
MSm. Then there exists a minimal morphism p : My — M in MSm™
such that it is invertible in MSm and the composite fop : My — M —
N is a morphism in MSm™. Moreover, if f© : M® — N° extends to
a morphism U — N for an open subset U C M, then we can choose
M, such that My — M is an isomorphism over U (note that we can
always take U = M°).

Proof. Let T' be the graph of the morphism U — N, and let T be its
closure in M x N. Then we have natural projections p; : I — M
and p, : I' = N. Since we have I' = U, Lemma 1.3.7 below implies
that p; is an isomorphism over U and we have p; '(U) = I'. Defining
M, = (T, p; M), the morphism p; induces a morphism p; : My — M
in MSm™ such that fop, : My - M — N comes from MSm"
defined by p,. Also note that I' — M is proper since f is, which
implies that p; : M; — M is an isomorphism in MSm. This finishes
the proof. O

Lemma 1.3.7 (No extra fibre lemma). Let f : X — Y be a separated
morphism of schemes, and let U C X be an open dense subset. Assume
that the image f(U) of U is open in'Y', and the induced morphism U —
f(U) is proper (e.g., an isomorphism). Then, we have f~1(f(U)) =U.

Proof. Consider the commutative diagram
U~ [Mf(U) —X
proper isep. O f | sep-
f(U) Y

where all the horizontal arrows are open immersions, the square is
cartesian and the two vertical morphisms are separated. The triangle
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diagram on the left implies that j is proper ([10, Ch. II, Cor. 4.8]),
hence it is a closed (and open) immersion. Since U is dense in X, it is
dense in f~1(f(U)) as well, hence the conclusion. O

Remark 1.3.8. Let M € MCor™. Assume that M° = M? ] Mg; let
M be the closure of M? in M and M?® be the pull-back of M to M.
Then M; = (M;, M®) are modulus pairs, the inclusions M < M®°
yield morphisms M; — M in MSm™, and the induced morphism in
MCor™

My, & My — M

is an isomorphism in MCor™. The proof is easy and left to the reader.
This remark may help in reducing some reasonings to the case where
M? is irreducible.

1.4. The functors (—)™.
Definition 1.4.1. Let n > 1 and M = (M, M>) € MCor. We write
M®™ = (M, nM>).

This defines an endofunctor of M Cor. These come with natural trans-
formations

(1.4.1) M® — MO if m <.
Lemma 1.4.2. The functor (—)™ is fully faithful.

Proof. This follows from the definition and the fact that if A is an
integral domain with quotient field K, then a € K is integral over A if
and only if so is a™. U

1.5. Changes of categories. We now have a basic diagram of addi-
tive categories and functors

(1.5.1) MCor . MCor

Cor

with
T(M)=M; w(M)=M wM)=M; MX)=(X,0).

All these functors are faithful, and 7 is fully faithful; they “restrict”
to analogous functors 7s,ws,w,, As between MSm, MSm and Sm.
Note that w o (=)™ = w for any n. Moreover:
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Lemma 1.5.1. We have wt = w. Moreover, X\ is left adjoint to w, and
the restriction of A to Cor™°? (finite correspondences on smooth proper
schemes over k) is “right adjoint” to w. (That is, Cor(w(M),X) =
MCor (M, (X)) for M € MCor and X € Cor”™?). The same state-
ments are valid for Ts,ws,w,, A\s when restricted to MSm, MSm and
Sm.

Proof. The first identity is obvious. For the adjointness, let X € Cor,
M € MCor and a € Cor(X, M°) be an integral finite correspondence.
Then « is closed in X x M, since it is finite over X and M is separated;
it is evidently finite (hence proper) over X. It also satisfies ¢*M*> = 0
where ¢ is the composition oV — o — M° — M, because M| = 0.
Therefore & € MCor(\(X), M).

For the second statement, assume X proper and let 5 € Cor(M°, X)
be an integral finite correspondence. Then 3 is trivially admissible, and
its closure in M x X is proper over M, so 3 € MCor(M, A\(X)). The
last claim is immediate. 0

The following theorem is an important refinement of Lemma 1.5.1.
The proof starts from §1.7 and is completed in §1.8.

Theorem 1.5.2. The functors w, 7, ws and 75 have pro-left adjoints
| | | |
w, T, w, and T, (see §A.2).

General definitions and results on pro-objects and pro-adjoints are
gathered in §§A.1 and A.2. We shall freely use results from there.

1.6. The closure of a finite correspondence. We shall need the
following result for the proof of Theorem 1.5.2.

Lemma 1.6.1. Let X be a Noetherian scheme, (m; : Z; — X)i<i<n @
finite set of proper surjective morphisms with Z; integral, and let U C X
be a normal open subset. Suppose that m; : 7TZ~_1(U) — U 1s finmite for
every i. Then there exists a proper birational morphism X' — X which
is an isomorphism over U, such that the closure of 7; *(U) in Z; x x X'

is finite over X' for every i.

Proof. By induction, we reduce to n = 1; then this follows from [23,
Cor. 5.7.10] applied with (S, X,U) = (X, Z;,U) and n = 0 (note that
quasi-finite + proper <= finite, and that an admissible blow-up of
an algebraic space is a scheme if the algebraic space happens to be a
scheme). O

Theorem 1.6.2. Let X,Y € Sch. Let U be a normal dense open
subscheme of X, and let a be a finite correspondence from U to Y.
Suppose that the closure Z of Z in X XY 1is proper over X for any
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component Z of a. Then there is a proper birational morphism X' —
X which is an isomorphism over U, such that o extends to a finite
correspondence from X' to'Y .

Proof. Apply Lemma 1.6.1, noting that Z = Z xx U by [11, Lemma
2.6.3]. O

The following lemma also relies on [23]: it will be used several times
in the sequel.

Lemma 1.6.3. Let f : U — X be an étale morphism of quasi-compact
and quasi-separated integral schemes. Let g : V — U be a proper bira-
tional morphism, T C U a closed subset such that g is an isomorphism
over U —=T and S the closure of f(T) in X. Then there ezists a closed
subscheme Z C X supported in S such that U x x Blz(X) — U factors
through V.

Proof. The following argument is taken from the proof of [27, Pr. 5.9].
Noting V' is étale over X — S, we apply the platification theorem [23,
Cor. 5.7.11) to V' — X and conclude that there exists a closed sub-
scheme Z supported in S such that the proper transform V' of V' under
X" = Blz(X) — X is flat over X’. By the construction the induced
morphism ¢ : V' — U xx X' is proper birational. On the other hand
@ is flat since it becomes flat when composed with the étale morphism
Uxx X" — X' ([10, II. 8.11 and III Ex. 10.3]). Hence it is an isomor-
phism. This proves the lemma since V' — U factors V — U. U

1.7. Proof of Theorem 1.5.2: case of w and w,. We need a defi-
nition:

Definition 1.7.1. Let X be the class of all morphisms M; — M, in
MCor given by the graph of an isomorphism M = Mg in Sm.

In view of Proposition A.6.2, the existence of the pro-left adjoint of
w is a consequence of the following more precise result:

Proposition 1.7.2. a) The class ¥ enjoys a calculus of right fractions.
b) The functor w induces equivalences of categories

Y 'MCor = Cor.
The same statement holds for ws : MSm — Sm.

Proof. a) We check the axioms of Definition A.5.1:

(1) Identities, stability under composition: obvious.
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(2) Given a diagram in MCor
M,

|

My, —— M,
with M9 = M}°, Lemma 1.1.3 provides a M] € MCor such
that M]° = MY and o € MCor(M], M}). We may choose M/
such that M} = M,. Then M! = (M, M!*°) with any M]|>
such that M|> > M, M| > M{* allows us to the square in
MCor.
(3) Given a diagram

!
My = My > M
g

with My, My, M} as in (2) and such that sf = sg, the underlying
correspondences to f and g are equal since the one underlying
s is 1pe. Hence f = g.
The above proof of (2) also shows that we have
lim  MCor(M’, N) = Cor(M, N).
M'es M
for any M, N € MCor. b) now follows from a) and Corollary A.5.5,
noting that w is essentially surjective. Indeed, any smooth k-scheme X

admits a compactification X by Nagata’s theorem; blowing up X — X,
we then make it a Cartier divisor. The case of w; is exactly parallel. [

Let w' : Cor — pro- MCor be the pro-left adjoint of w. By Propo-
sition A.6.2, we have for X € Cor:
W!X o« @ M.
Mes|X

and the same formula for the pro-left adjoint w' of w,. Let us spell out
the indexing set MSm(X) of these pro-objects, and refine them:

Definition 1.7.3.

(1) For X € Sm, we define a subcategory MSm(X) of MSm as
follows. The objects are those M € MSm such that M° = X.
Given My, My € MSm(X), we define MSm(X)(M;, Ms) to be
{1x} if 1x belongs to MSm and () otherwise.

(2) Let X € Sm and fix a compactification X such that X — X
is the support of a Cartier divisor (for short, a Cartier com-
pactification). Define MSm(X!X) to be the full subcategory
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of MSm(X) consisting of objects M € MSm(X) such that
M=X.

Lemma 1.7.4. a) For any X € Sm and any Cartier compactification
X, MSm(X) is a cofiltered ordered set, and MSm(X!X) is cofinal in
MSm(X).

b) Let X € Cor, and let M € MSm(X). Then {M™},5, defines a
cofinal subcategory of MSm(X).

Proof. a) “Ordered” is obvious and “cofiltered” follows from Proposi-
tions 1.7.2 and A.5.2 a); the cofinality follows again from Lemma 1.1.3.

b) Let M = (X, X*°). By a) it suffices to show that (M(),>, defines
a cofinal subcategory of MSm(X!X). If (X,Y) € MSm(X!X), Y
and X both have support X — X, so there exists n > 0 such that
nX>® >Y. O

1.8. Proof of Theorem 1.5.2: case of 7. We need a definition:

Definition 1.8.1. Take M = (M,M>) € MSm. Let Comp(M)
be the category whose objects are pairs (N, j) consisting of a mod-
ulus pair N = (N,N*) € MSm equipped with a dense open im-
mersion j : M < N such that N* = Mg + C for some effective
Cartier divisors Mg, C on N satisfying N \ |C] = j(M) and j in-
duces a minimal morphism M — N in the sense of Def. 1.3.4. Note
that for N € Comp(M) we have j(M°) = N° and N is equipped
with jxy € MSm™(M,N) ¢ MSm(M,N) which is the graph of
Jlare : M° = N°. For Ny, Ny € Comp(M) we define

Comp(M)(Nla NQ) = {7 S Msm(va N2) | Y Ole = jN2}'
Note that any 7 as above induces an isomorphism NP = NS in Sm.
Lemma 1.8.2. The category Comp(M) is a cofiltered ordered set.

Proof. That it is ordered is obvious as Comp(M ) (N7, Ny) has at most 1
element for any (N7, Ny). For “cofiltered”, we first show that Comp (M)
is nonempty. For this, choose a compactification jo, : M < Ny,
with Ny € Sch proper. Let N; = Bl %, ), (No); then jo lifts to
41 : M < N; by the universality of the blowup [10, Ch. II, Prop.
7.14], and N, — M is the support of an effective Cartier divisor C.
Consider now the scheme-theoretic closure N of M in N, and de-
fine N = Blye (N1), Mg = pull-back of N*, C = pull-back of C},
N>® = Mg+ C and N = (N, N®): then 7, lifts to j : M — N (by the
same reason as jo), which defines an object of Comp(M).
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Let N; and Ny be two objects in Comp(M ). Let I" be the graph of
the rational map N; --» N, given by 1p7.. Then we have morphisms
of schemes p : I' — N; and ¢ : ' — N, and there exists a natural
open immersion M — T'. Note that (I',p*N>®) and (T, ¢*Ns°) are
objects of Comp(M). Since (I', p*N{°) dominates Ny and (I, ¢* N5°)
dominates N5, we are reduced to the case that N; and N, have the
same ambient space N. Let C be the effective Cartier divisor on N
such that |C] = N — M, which exists since N; € Comp(M). Then
for a sufficiently large n we have N 4+ nC > N§° since N N M =
N$° MM = M*>. Therefore N3 = (N, N + nC) dominates both N,
and N,. This finishes the proof. O

For M € MCor and L € MCor we have a natural map
®: lim  MCor(N,L) = MCor(M,7L),
NeComp(M)
which maps a representative ay € MCor(N, L) to ay o jy. We also
have a natural map for M, L’ € MCor
U : MCor(L', M) — Jim MCor(L',TN),
NeComp(M)

which maps 8 to {jny o 8}n-.
The following is an analogue to Lemma 1.1.3:

Lemma 1.8.3. The maps ® and ¥ are isomorphisms. In other words,
the formula
T!M o« I&H ” N,
NeComp(M)
defines a pro-left adjoint to T, which is fully faithful.

Proof. We start with ®. Injectivity is obvious since both sides are
subgroups of Cor(M?°, L°). We prove surjectivity. Choose a dense
open immersion j; : M < N; with N proper such that Ny — M is
the support of an effective Cartier divisor Cj. Let M7{° be the scheme-
theoretic closure of M> in N;. (This may not be Cartier.) Let 7 :
Ny — N, be the blowup with center in M and put Ms° = M XN1N2
and Cy = C) X3, N,. Note that Ms® and Cy are effective Cartier
divisors on N,. By the universal property of the blowup [10, Ch.
I1, Prop. 7.14], j; extends to an open immersion j, : M — N, so
that j; = mjo. Then N, — MP° is the support of the Cartier divisor
N3° := Ms° + C5 so that

((N2,N5®), j2) € Comp(M).

Now the claim for ¢ follows from the following:
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Claim 1.8.4. For any v € MCor(M, L), there exists an integer n > 0
such that & € MCor((Ng, Ms° + nCs), L).

Indeed we may assume « is an integral closed subscheme of M° x L°.
We have a commutative diagram

—N J1 —N s —N

i

MxL-2-N, xL<"-NyxL

N N N

where @ (resp. @), resp. @y ) is the normalization of the closure of
o C M°x L%in M x L (resp. N1 x L, resp. Ny x L), and j; and 7
are induced by j; : M — N; and 7 : Ny — Ny respectively. Now the
admissibility of & € MCor(M, L) implies

P (M x L%) < ¢p (M x L).

Since @y — ji (@) is supported on ¢! (C; x L), this yields an inclusion
of closed subschemes

@i (N1 x L®) C @f (M +nC) x L)

for a sufficiently large n > 0. Applying 7* to this inclusion, we get an
inequality of Cartier divisors

(N2 x L) < 3, (M3° +nC2) x L)

which proves the claim.

Next we prove that W is an isomorphism. Injectivity is obvious since
both sides are subgroups of Cor(L°, M°). We prove surjectivity. Take
v E lim MCor(L, N). Then v € Cor(L°, M?) is such that any

NeComp(M)
component § C L° x M° of v satisfies the following condition: take
any (N,j) € Comp(M) and write N> = My + C as in Definition
1.8.1. Let 3" be the normalization of the closure of § in T x N with
the natural map s : 6" - T x N. Then we have

@3(L x (M +nC)) < @;(L™ x N)

for any integer n > 0. Clearly this implies that [0| does not intersect
with L x |C| so that § C Lx M. Since 6 is proper over L by assumption,
this implies § € MCor(L, M) which proves the surjectivity of ¥ as
desired. 0
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We come back to the proof of Theorem 1.5.2. It remains to consider
Ts. The natural maps
p:  lim MSm(N, L) - MSm(M, TL),
NeComp(M)
Y : MSm(L', M) — ILm MSm(L',7N)
NeComp(M)
are also bijective for any M,L' € MCor and L. € MCor. The
proof is identical to Lemma 1.8.3. In particular, the inclusion func-
tor 7, : MSm — MSm admits a pro-left adjoint given by 7'M =
“ @N "N, which commutes with the inclusions MSm <
€Comp (M)

MCor and MSm — MCor. This completes the proof of Theorem
1.5.2. O

1.9. More on MSm™ and MCor™.
Definition 1.9.1. A morphism f: M — N in MSm™ is in 2 if it
is minimal (Def. 1.3.4), f: M — N is a proper morphism and f° is an

isomorphism in Sm. We write £ for the class of morphisms in X
that belong to MSm.

In particular, we have ¥ C 3 (see Definition 1.7.1) and sin | M=
hin | M for M € MSm. Let us consider the inclusion functors

(1.9.1) b, : MSm™ — MSm, b: MCor™ — MCor.

The following commutative diagram of categories will become fun-
damental (cf. (2.7.1)):

(1.9.2) MCor —— MCor L MCor'™

R

MSm —" > MSm < MSm"" .

Proposition 1.9.2. a) The class ™ enjoys a calculus of right frac-
tions within MSm™ and MCor™.

b) The functors b, and b are localisations having left pro-adjoints b,
and b'. They induce equivalences of categories

(Zﬁn>71 Msmﬁn ~ Msm and (zﬁn)fl Mcorﬁn ~ MCOI‘ )

¢) A morphism in MCor™ (resp. MSm™ ) is invertible in MCor
(resp. MSm) if and only if it belongs to ™. A morphism f in MCor
(resp. MSm) is an isomorphism if and only if it can be written as
s = 8182_1 for some sy, s9 € yfin,

All statements hold for X (without an underline) as well.
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Proof. a) Same as the proof of Proposition 1.7.2 a), except for (2):
consider a diagram in MCor™

M,

/|
M; —— M,
with f € £ (in particular f° is an isomorphism). By the properness
of f, the finite correspondence a° : MY — M) satisfies the hypothesis
of Theorem 1.6.2. Applying this theorem, we find a proper birational
morphism f” : M’l — M, which is an isomorphism over M{ and such
that a° defines a finite correspondence o : M; — M; If we define
M[™ = f*M>, then f' € ¥ and o/ € MCor™ (M, Mj).

If o € MSm"™ (M, M,), then o is not in MSm®™ (M!, M}) in general
(unless M] is normal, see Remark 1.3.5 (1)). However, write M/ for
the closure of the graph of the rational map o' : m -3 m, and
7 for the projection M] — M]: by hypothesis, 7 is finite birational.
Define a modulus pair M} = (M7, M/™) by putting M/> := 7*M|>.
Then 7 defines a minimal morphism M} — M/ in MSm"™ hence the
morphism o : M} — M} determined by  is in MSm™.

For b), all assertions are obvious except for the equivalences, for
which it suffices as in Corollary A.5.5 to show that for any M, N €
MCor, the obvious maps

lim  MCor™(M', N) — MCor(M, N)

M’E;ﬁn\LM

and the corresponding map for b, are isomorphisms. These maps are

clearly injective, and its surjectivity follows again from Theorem 1.6.2.

It then follows from Proposition A.6.2 they have pro-left adjoints.
The first statement of c) is clear, and the second follows from b).
The same proof works for X", O

Corollary 1.9.3. For any M € MCor, the category L™ | M is
cofiltered.

Proof. This follows from Propositions 1.9.2 and A.5.2. U

Corollary 1.9.4. Let C be a category and let F : MCor™ — C,
G : MSm — C be two functors whose restrictions to the common

subcategory MSm™ are equal. Then (F,G) extends (uniquely) to a
functor H : MCor — C.

Proof. The hypothesis implies that F inverts the morphisms in X
the conclusion now follows from Proposition 1.9.2 b). O
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Corollary 1.9.5. Any modulus pair in MSm s isomorphic to a mod-
ulus pair M in which M is normal. Under resolution of singularities,
we may even choose M smooth and the support of M> to be a divisor
with normal crossings.

Proof. Let My, € MSm. Consider a proper morphism 7 : M — M,
which is an isomorphism over Mg. Define M := 7*Mg°. Then the
induced morphism 7 : M — My of MSm™ is in X, hence invertible
in MSm. The corollary readily follows. O

We also have the following important lemma:

Lemma 1.9.6. Let M,L,N € MSm. Let f: L — N be a minimal
morphism in MSm"™ such that f : L — N s faithfully flat. Then the
diagram

MCor(N, M) AN MCor(L, M)

| |

COf(NO, MO) W COI’(LO7 MO)

is cartesian. The same holds when MCor is replaced by MCor™.

Proof. As the second statement is proven in a completely parallel way,
we only prove the first one. Take a € Cor(N°, M°) such that (f°)*(«) €
MCor(L, M). We need to show a € MCor (N, M).

We first reduce to the case where « is integral. To do this, it suffices
to show that for two distinct integral finite correspondences V.V’ €
Cor(N°, M®), (f°)*(V) and (f°)*(V') have no common component.
For this, we may assume M° and N° integral. By the injectivity of
Cor(N°, M°) — Cor(k(N®),M°), this can be reduced to the case
where N° and L° are fields, and then the claim is obvious.

Now assume « is integral and put g := (f°)*(«). We have a com-
mutative diagram

Here @ (resp. () is the closure of a (resp. 3) in N x M (resp. L x M)
and o (resp. BN) is the normalization of @ (resp. (). By hypothesis
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a’ is proper and f is faithfully flat. This implies that a is proper [SGA1,
Exp. VIII, Cor. 4.8]. We also have

() (92 (N x M) = @3(f (N>) x M))
= 05(L> x M) 2 @3(L x M) = (fV) (¢o(N x M*))
(the second equality by the minimality of f). Note that f% is surjective

since f is. Hence Lemma 1.2.1 shows that o (N®°x M) > ¥ (N x M),
and we are done. O

1.10. Fiber products and squarable morphisms. We need the fol-
lowing elementary lemma.

Lemma 1.10.1. Let X be a scheme. For two effective Cartier divisors
D and E on X, the following conditions are equivalent:

(1) D xx E is an effective Cartier divisor on X.
(2) There ezist effective Cartier divisors D', E' and F' on X such
that D=D'+F, E=FE'+F and |D'|N|E'| = 0.
Moreover, the divisors D', E' and F' satisfying the conditions in (2) are
uniquely determined by D and E.

Proof. We may suppose X = Spec A is affine and D, F are defined by
non-zero-divisors d, e € A, respectively.

Suppose (1). This means that (d,e) = (f) for some non-zero-divisor
f € A, because D x x E = Spec A/(d, e). Thus there are d’, e’ € A such
that d = d'f and e = €'f. Since (f) = (d',€')(f) and f is a non-zero-
divisor, we have (d’,e') = A. Now (2) holds by taking D', E', F' to be
the Cartier divisors defined by (d'), (¢/) and (f).

(2) immediately implies F' = D x x F, whence (1). This formula also
implies the uniqueness of F', hence D' = D — F and E' = F — F are
unique as well. O

Definition 1.10.2. Let D and E be effective Cartier divisors on a
scheme X. If the conditions of Lemma 1.10.1 hold, we say that D and
E have a universal supremum, and write

sup(D,E):=D'+E +F(=D+FE - F).

Remark 1.10.3. Let D and E be effective Cartier divisors on X having
a universal supremum. The following are obvious from the definition.

(1) We have |sup(D, E)| = |D| U |E].

(2) If f:Y — X is a morphism such that f(T") ¢ |D| U |E] for
any irreducible component 7" of Y, then f*D and f*FE have a
universal supremum which is equal to f*sup(D, E) (hence the
name “universal”).
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(3) If moreover Y is normal, then f*sup(D,FE) agrees with the
supremum of f*D and f*FE computed as a Weil divisor on Y.

Let w; : U; — M be morphisms in MSm™ for i = 1,2 with projec-
tions p; : W, = U, X7 Uy, — U;. Denote by W, the union of irre-
ducible components 7' of W such that p;(T) ¢ |U| for each i = 1,2.
Observe that W is the closure of U := U? X 0 US in Wy. Indeed, let
Z be the closure of U in Wy. Then any irreducible component T of
Z meets U, which implies that 7 C W;. Conversely, any irreducible
component T of W, meets U, hence T N U is dense in T and thus
TCZ.

We write ¢; : W, — U, for the composition of the inclusion W, —
Wy and p;. By definition, we have effective Cartier divisors ¢} (U®) on
W, and q1 X @9 restricts to an isomorphism

(1.10.1) Wi\ a5 (U°) + g5 (U5%)] ~ U} X o U3
Proposition 1.10.4. Suppose that Uy X po U3 is smooth over k.

(1) If ¢;UX and ¢;Us® have a universal supremum, then
Wy = (W1, sup(q;Ur?, g;U5°)) € MSm™

represents the fiber product of Uy and U, over M in MSm™ as
well as in MSm. If further Uy, Uy, M € MSm®™, then it holds
in MSm™ as well as in MSm.

(2) If uy is minimal and Uy is normal, then ¢iU® and gsUS° have
a unwersal supremum, namely ¢yUS®, and the morphism Wy —
Uz is a minimal morphism in MSm™. If moreover @, is flat?,
we have W, = W,.

(3) In general, there is a proper birational morphism 7 : Wy — W
which restricts to an isomorphism over W1\ |qt (U) +q3(Us®)],
and such that riU° and r3Us° have a universal supremum,
where r; == q;w fori=1,2. For such W,

Wy i= (Wy, sup(r;U®, r3Us®)) € MSm

represents the fiber product of Uy and Uy over M in MSm. If
further Uy, Uy, M € MSm, then it holds in MSm.

Proof. (1) Let f; : N — U; be morphisms in MSm"™ for i = 1,2 such
that uy fi = us fo. Then the morphisms f N — U, for i = 1,2 induce
a unique morphism h : N — W, with f; = p;h fori =1,2. Smce fi are
morphisms in MSm®™, for any irreducible component T of N we have

3By the local criterion of flatness [10, Lemma II1.10.3.A], this is equivalent to
the flatness of Up® — M.
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£.(T) ¢ |U=|, and hence h factors though g : N — W, so that we have
f. = ¢;g. It remains to prove v*N>® > v*g*W*, where v : NN
is the normalization. As we have v*g*W° = v*g* sup(q; U, ¢3Us°) =
sup(v* LU, v*f,Us°) by definition and Remark 1.10.3, this follows
from the admissibility of f;, that is, 1/*7: U> <v*N*. We have shown
that W, represents the fiber product in MSm™". Propositions 1.9.2 and
A.5.6 show that the same holds in MSm as well. (This also follows
from (3) below.) The last statement is an immediate consequence of
the first.

(2) Let pw : Wiv — W1 and py, : Uiv — U, be the normalizations.
By the minimality of w;, we have ¢fU® = quiM™> = gusM> <
¢;Us°, where the last inequality holds by the admissibility of us and
the normality of Uy. Then ¢;Us® and ¢3Us® have a universal supremum
since q;U® C q3Us® implies Condition (1) of Lemma 1.10.1, which
also implies that W° = sup(¢;U®, ¢3Us°) = ¢3Us°. This shows the
minimality of W; — Us.

Suppose now @; flat, and let 7' be an irreducible component of W,.
Then p, : Wy — U, is also flat, hence T' dominates an irreducible com-
ponent E of U, [10, Prop. I11.9.5] and we cannot have po(T) C |US°|
since Us® is everywhere of codimension 1 in Us,. Suppose that py(T) C
|Ut°|. By the minimality of uy, this implies uaps(T) = uipi (T') C | M|,
hence us(E) C |[M*°|, contradicting the admissibility of us.

(3) If 7 is the blow-up of Wy with center ¢}(Uf®) X3, ¢5(U®), then
r1U X3, r3U3° is precisely the exceptional divisor by definition, which
is therefore an effective Cartier divisor, showing the first assertion.
Note that Wy = UP X p0 US by (1.10.1).

Now let f; : N — U; be morphisms in MSm for ¢ = 1,2 such that
uy f1 = uafo. Then the morphisms f? : N° — U? for i = 1,2 induce
a unique morphism h° : N° — W3 with f? = ph° for ¢+ = 1,2. It
suffices to prove that h° defines a [unique| morphism in MSm. By the
graph trick (Lemma 1.3.6), we may assume that f? and h° extend to
morphisms f, : N — U; and h : N — W,. Moreover we may assume
that N is normal by Remark 1.3.5 (2). It remains to prove N> >
R Ws°. As we have B W5 = sup(f,U°, f,Us°) by the assumption
and Remark 1.10.3, this follows from the admissibility of f;, that is,
FiU® < N> O

Remark 1.10.5. If W represents a fiber product U; x s Us (either in
MSm or in MSm™), then we have W° = U? x50 Ug. Indeed, the
functors MSm — Sm and MSm"™ — Sm given by M — M° have
the left adjoint X — (X, () (Lemma 1.5.1), hence commute with limits.
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Examples 1.10.6. Let B = k[zy,xs], A? = Spec B, D; = Spec(B/x;B)
and P = Dy N Dy. Let now M = (D U Dy, P) and U; = (D;, P) for
i = 1,2. Then W, is a point but W, = (), and W, = (0,0) indeed
represents the fiber product Uy x; Us. In particular, fiber products do
not commute with the forgetful functor M +— M from MSm"™ to Sch
of Definition 1.3.3 (2). Another counterexample: let M = (A? D),
U, = Blp(A?), u; : Uy — M be the minimal induced modulus struc-
ture, Uy = (Dy, P) and Uy — M be given by the inclusion. Then
W, € Wy is the proper transform of u;. See however Corollary 1.10.7

(1).

Recall [SGA3, IV.1.4.0] that a morphism f : M — N in a category
C is squarable if, for any g : N' — N, the fibred product N’ xy M is
representable in C. We have:

Corollary 1.10.7. The following assertions hold.

(1) If f : U — M s a minimal morphism in MSm™ (see Def-
inition 1.3.4) such that f° is smooth, then f is squarable in
MSm.  If f € MSm™, it is squarable in this category.
If moreover f is flat, then the pull-back by f of morphisms
from normal modulus pairs commutes with the forgetful func-
tor M — M from MSm™ to Sch of Definition 1.3.3 (2).

(2) If f: U — M is a morphism in MSm such that f° is smooth,
then f 1s squarable in MSm. If f € MSm, it is squarable in
this category.

Proof. (1) follows from Proposition 1.10.4 (1) and (2); (2) follows from
Proposition 1.10.4 (3). O

Corollary 1.10.8. Finite products exist in MSm and MSm.

Proof. This is the special case M = (Speck,{)) in Corollary 1.10.7
(2). O

2. PRESHEAF THEORY
2.1. Modulus presheaves with transfers.

Definition 2.1.1. By a presheaf we mean a contravariant functor to
the category of abelian groups.
(1) The category of presheaves on MSm (resp. MSm, MSm™) is
denoted by MPS (resp. MPS, MPS™).
(2) The category of additive presheaves on MCor (resp. MCor,
MCor™) is denoted by MPST (resp. MPST, MPST™))
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All these categories are abelian Grothendieck, with projective sets of
generators: this is classical for those of (1) and follows from Theorem
A.10.2 for those of (2). (See also proof of Proposition 2.6.1 below.)

Notation 2.1.2. We write

Zi, - MCor — MPST, MCor -+ MPST,
Zi . MCor™ — MPST™,
Zy, : Cor — PST

for the associated representable presheaves (i.e. Zy (M) € MPST is
given by Z,(M)(N) = MCor(N, M), etc.). We shall use the common
notation Z, but they will be distinguished by the context.

We now briefly describe the main properties of the functors induced
by those of the previous section.

2.2. MPST and PST. We say (fi, fo,..., fn) is a string of adjoint
functors if f; is a left adjoint of f;;; foreacht=1,...,n — 1.

Proposition 2.2.1. The functor w : MCor — Cor of §1.5 yields a
string of three adjoint functors (wy,w*, wy):

wy

—
MPST & PST,
ﬂ)

where w* is fully faithful and wy,w, are localisations; wy, has a pro-left
adjoint w', hence is exact.

Similarly, ws : MSm — Sm yields a string of three adjoint functors
(wWyt, WE, Wi ); W is fully faithful and wg, ws. are localisations; wg has a
pro-left adjoint w', hence is evact.

Proof. This follows from Theorems 1.7.2 and A.6.5. U

Let X € Sm and let M € MSm(X). Lemma 1.7.4 and Proposition
A.4.1 show that the inclusions {M™ | n > 0} € MSm(M!X) C
MSm(X) induce isomorphisms (see Def. 1.7.3)

(2.2.1)
w(F)(X) =~ lim  F(N)~  lim  F(N) > lim F(M™).

NeMSm(X) NeMSm(M'X) n>0
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2.3. MPST and PST.

Proposition 2.3.1. The adjoint functors (\,w) of Lemma 1.5.1 induce
a string of four adjoint functors (A = w', \* = w;, A\, = w*,w,):

ﬂ!
—

MPST — PST,

—
ﬂ*
—

where w,,w, are localisations while w' and w* are fully faithful. More-
over, if X € Cor is proper, we have a canonical isomorphism w*Z, (X)

=~ Ztr(X7 (D)

Proof. The only non obvious statement is the last claim, which follows
from Lemma 1.5.1. U

2.4. MPST and MPST.

Proposition 2.4.1. The functor T : MCor — MCor of (1.5.1) yields
a string of three adjoint functors (7, 7", T.):

ul
—

MPST [~ MPST,
T
where T, T, are fully faithful and 7 is a localisation; 7 has a pro-left
adjoint 7', hence is exact. There are natural isomorphisms
W WT, W MW, Ty, W Tw

The same holds for the functor 74 from Theorem 1.5.2. Namely, we
have a string of three adjoint functors (7e, T, Tsx) and they satisfy

Wal N WTel,  Wer ™ Wi Tew,  Wh 2 T,WL
Proof. This follows from Theorem 1.5.2 and Proposition A.4.1. U
Lemma 2.4.2.
(1) For G € MPST,G' € MPS and M € MSm, we have
lim  G(N) ~nG(M), lim  G'(N) = 79G'(M).

NeComp(M) NeComp(M)

(2) The unit maps Id — 77y and Id — 774 are isomorphisms.
(3) There is an natural isomorphism mw* ~ w*.

Proof. (1) This follows from Lemma 1.8.3, Theorem 1.5.2 and Propo-
sition A.4.1.
(2) This follows from (1) since Comp(M) = {M} for M € MSm.
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(3) For F' € PST and M € MCor, we compute

nw*F(M) = limy W F(N)
NeComp(M)
= hgl F(N°) = F(M°) =w"F(M).
NeComp(M)
We are done. 0
Remark 2.4.3. By Lemma 1.8.3 we have the formulas
TZe(M) = “lm” Zu(N), mTZua(M)= lm  Zyu(N),

NeComp(M) NeComp(M)

where the latter inverse limit is computed in MPST.
Question 2.4.4. Is 7' exact?
2.5. MPST™ and MPST.

Proposition 2.5.1. Let b, : MSm™ — MSm and b : MCor™ —
MCor be the inclusion functors from (1.9.1). Then b, and b yield
strings of three adjoint functors (by, b, b,,) and (b, b",b,):
Qs! Q!
o o
MPS™ &2 MPS, MPST™  MPST,
b

Zs% ke

where by, b,,, b, b, are localisations; b%, b* are exact and fully faithful;
b

b, by have pro-left adjoints, hence are exact. The counit maps bybs —
Id and bb" — 1d are isomorphisms. For Fs € MPSit F e MPST®
and M € Ob(MSm) = Ob(MCor), we have (see Def. 1.9.1)

Nexfin| M Nexfin | pr

Proof. This follows from the usual yoga applied with Proposition 1.9.2
and Lemma A.3.1. U

2.6. With and without transfers.

Proposition 2.6.1. Let ¢ : MSm — MCor be the functor from
(1.3.1). Then c yields a string of three adjoint functors (¢, c*,c,):

<]

—
MPS & MPST,

Cx

where ¢* is exact and faithful (but not full). We have
(2.6.1) C7P(M) = Zy(M)
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for any M € MSm, where ZP(M) is* the presheaf N — ZMSm(N, M)].

The same statements hold for ¢ : MSm — MCor and c*; MSm'™" —
MCor™ from (1.3.1). Precisely, they yield strings of three adjoint
functors (c, c*,c.) and (™, 8 ) ¢* and ™™ are exvact and faith-
ful. (The analogue of (2.6.1) also holds for ¢ and ¢, but we will not
need it.)

Proof. To define ¢, c* and c,, we use the free additive category Z MSm
on MSm [19, VIIL.3, Ex. 5 & 6]: it comes with a canonical functor
v : MSm — ZMSm and is 2-universal for contravariant functors to
additive categories. In particular:
e The functor ¢ induces an additive functor ¢ : Z MSm — MCor.
e By the 2-universality, the functor v induces an equivalence
v* . Mod—ZMSm = MPS, where Mod-Z MSm denotes the
category of additive contravariant functors ZMSm — Ab
e For M, N € MSm, we have a canonical isomorphism

2 MSm((N), (M) ~ Z[MSm(N, 1))
As usual, ¢ induces a string of three adjoint functors (¢, c*,¢,) (see

§A.4). We then define ¢, as ¢, o (v*)7!, etc. Everything follows from
this except the faithfulness of ¢*, which is a consequence of the essential

surjectivity of c. The cases of ¢ and ¢ are dealt with similarly. O
Lemma 2.6.2. (1) We have
(2.6.2) A =i, b =cby, b = by ™
(2) We have
(2.6.3) Tt =TI, 'no=Tac, gﬁn*ﬂﬁn = f!ncﬁn*.

Proof. The first two equalities of (1) follows from the equality b ¢ =
¢ b, (see (1.9.2)). Similarly, the first equality of (2) follows from 7¢ =
c7s. By (2.5.1), we have

CHP(M)= g F(N) 2 b,d™ F(M)
NGZﬁH\LM
for any F € MPST™ and M € MSm. (Note that all morphisms of
>fin | M are in MSm™, and that both of b, and b, can be computed by

using the same X | M.) This proves the last formula of (1). Lemma
2.4.2 (1) shows that

cnP(M)=  lig  F(N) 2y F(M)

NeComp(M)

4 We put a superscript p to distinguish it from its associated sheaf Z(M), to be
introduced in (4.4.1).
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for any ' € MPST and M € MSm. The last one of (2) is similar. [

2.7. A patching lemma. By the previous lemma, we obtain a com-
mutative diagram of categories (cf. (1.9.2)):

MPST —~ MPST —~ MPST™

(2.7.1) l l b iﬁ

MPS —*~ MPS ——> MPSf".

All vertical arrows are faithful and horizontal ones fully faithful.

Lemma 2.7.1. Both squares of (2.7.1) are “2-Cartesian”. More pre-
cisely, the following assertions hold.

(1) Let MPS Xypgsn MPST™ be the category of pairs (Fy, F))

consisting of Fy € MPS and F, € MPST™ such that their
restriction to the common subcategory MSm™ are equal. The
functor

MPST — MPS xy;pgin MPST™,

defined by F — (¢*F,b"F) is an equivalence of categories.

(2) Let MPS xpmps MPST be the category of triples (F, Ft, @)
consisting of Fs € MPS, F, € MPST and an isomorphism
w1 Fs = F, in MPS. The functor

MPST — MPS xpps MPST,

defined by F — (c*F,nF,0F), where O : T4c*F = ¢*nF is from

(2.6.3), is an equivalence of categories.
Proof. (1) is the content of Corollary 1.9.4. We show (2). Given
(Fs, Fy, ), we shall construct F' € MPST as follows. Set F(M) :=
Fy(eM) for any M € MCor. Since M is proper, we have an isomor-
phism

F(M) = F,(cM) = 14 Fy(1,cM) 2% ¢ Fy(ctM) = Fy(tM),

which we denote by ¢y For v € MCor(M, N), we define F(y) :=

ot Fi(7)@n. Tt is straightforward to see that (Fl, Fy, ¢) — F gives a
quasi-inverse. O

2.8. The functors ny and n*. Asin §A.4, the functor (—)™ of Defini-
tion 1.4.1 induces a string of adjoint endofunctors (ny, n*, n,) of MPST,
where n* is given by n*(F)(M) = F(M™). We shall not use n, in the
sequel.

Lemma 2.8.1. The functor ny s fully faithful.
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Proof. This follows formally from the same properties of (—)™. O

Proposition 2.8.2. For any F' € MPST, there is a natural isomor-
phism

W F ~ 0o*F,
where oo™ F (M) := limy | F(M™) (for the natural transformations (1.4.1)).

Proof. Let M € MCor and X = wM. Then

ww (M) = lig F(M"),
M’'eMSm(X)
and the claim follows from Lemma 1.7.4. O

Proposition 2.8.3. For all n > 1, the natural transformation w, —
wn® stemming from (1.4.1) is an isomorphism.

Proof. Let F' € MPST. For X € Cor, we have

wn'F(X) = lim  n'F(M)= lip FM")= lm F(M),
MeMSm(X) MeMSm(X) MeMSm(X)
where the last isomorphism follows from Lemma 1.7.4. 0

3. SHEAVES ON MSm™ AND MCor™
3.1. Nisnevich topology on MSm"™.

Definition 3.1.1. We call a morphism p : U — M in MSm™ a
Nisnevich cover if

(i) p:U — M is a Nisnevich cover of M in the usual sense;

(ii) p is minimal (that is, U® = p*(M*)).
Since the morphisms appearing in the Nisnevich covers are squarable
by Corollary 1.10.7 (1), we obtain a Grothendieck topology on MSm™.

The category MSm™ endowed with this topology will be called the
big Nisnevich site of MSm™ and denoted by MSm® .

Definition 3.1.2. Let us fix M € MSm™. Let My be the category
of minimal morphisms f : N — M in MSm®™ such that f is étale,
endowed with the topology induced by MSmf .

The following lemma is obvious from the definitions:

Lemma 3.1.3. Let M € MSm™. Let (M) be the (usual) small
Nisnevich site on M. Then we have an isomorphism of sites

Myis — (M)xis, N — N,

whose inverse is given by (p : X — M) — (X, p*(M*>)). (This iso-
morphism of sites depends on the choice of M*.) 0
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Lemma 3.1.4. Let a: M — N be a morphism in MCor™ and let p :
U — N be a Nisnevich over in MSm™. Then there is a commutative
diagram

where o : V — U is a morphism in MCor™ and p' : V — M is a
Nisnevich cover in MSm'™.

Proof. We may assume « is integral. Let @ be the closure of ain | MXE
Since @ is finite over M, we may find a Nisnevich cover p' : V. — M
such that p in the diagram (all squares being cartesian)

VXMX(EXU) —>aXNU — U

| | b
Vxgxa —— a@ —— N
v — M
pl
has a splitting s. Put V := (V,p""(M*>)) € MSm. The image of s
gives us a desired correspondence «o’. U

Remark 3.1.5. One can also define the Zariski and étale topologies on
MSm®. Most results of this section (notably Theorems 3.4.1, 3.5.3,
and Corollary 3.5.6) remain true for the étale topology, but not for the
Zariski topology (e.g. Lemma 3.1.4 already fails for it).

However, from the next section onward we will make essential use
of cd-structures. As the étale topology cannot be defined by a cd-
structure, we decide to stick to the Nisnevich topology from the begin-
ning.

3.2. A cd-structure on MSm™. Let Sq be the product category of
[0] = {0 — 1} with itself, depicted as

00 ——01
10 ——11.

For any category C, denote by CS9 for the category of functors from
Sq to C. A functor f:C — C' induces a functor f59: ¢S — ¢’/59,
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We refer to §A.7 for the notion of cd-structure, and its properties.

Definition 3.2.1.

(1) A Cartesian square

v

W ——V
(3.2.1) ql p
U —— X,
in Sch is called an elementary Nisnevich square if u is an open
embedding, p is étale and p~ (X \ U)ea — (X \ U)req is an
isomorphism. In this situation, we say U UV — X is an el-
ementary Nisnevich cover. Recall that an additive presheaf is
a Nisnevich sheaf if and only if it transforms any elementary
Nisnevich square into a cartesian square [29, Cor. 2.17], [30,
Thm. 2.2].
(2) A diagram (3.2.1) in MSm"™ is called an MV™-square if all
morphisms are minimal and it becomes an elementary Nisnevich

square (in Sch) after applying the forgetful functor of Definition
1.3.3 (2).

Lemma 3.2.2. A MV™ _square (3.2.1) is cartesian in MSm™.

Proof. The last part of Proposition 1.10.4 (2) shows that no irreducible
component of X has its image inside |U*| or |V*°| (i.e. W in loc. cit.
agrees with W), and then Proposition 1.10.4 (1) shows that X is the
fiber product since ¢*U> = v*V>° = W by minimality. U

Proposition 3.2.3. The following assertions hold.

(1) The topology on MSmI (cf Def 3.1.1) coincides with the
topology associated with the cd-structure Pypsn consisting of

MV _squares.
(2) The cd-structure Pyyyn is strongly complete and strongly regular
in the sense of Definition A.7.4, hence complete and reqular in

the sense of [29] (cf. Definition A.7.1).

Proof. (1) follows from Lemma 3.1.3 and [30, remark after Prop. 2.17].
The first assertion of (2) follows from (the proof of) [30, Th. 2.2]. The
second assertion of (2) follows from [29, Lemma 2.5, Lemma 2.11] O

3.3. Sheaves on MSm"™".

Definition 3.3.1. We define MNS™ to be the full subcategory of
MPS consisting of Nisnevich sheaves.
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Theorem 3.3.2. Let F € MNS™. Then Hi (X, F) = 0 for any
X € MSm™ and i > dim X (:= dim X° = dim X).

Proof. This is clear from Lemma 3.1.3 and the known properties of the
Nisnevich site. ]

Definition 3.3.3. An additive functor F' between additive categories
is strongly additive if it commutes with infinite direct sums.

This property is not used in the present paper, but it will be essential
in [13] when we deal with unbounded derived categories.

Lemma 3.3.4. The category 1\/INSﬁn 15 closed under infinite direct
sums and the inclusion functor i'%.. MNS — MPS™ s strongly
additive.

Proof. Indeed, the sheaf condition is tested on finite diagrams, hence
the presheaf given by a direct sum of sheaves is a sheaf (small filtered
colimits commute with finite limits, [19, IX.2, Th. 1]). O

Proposition 3.3.5. For any M € MSm we have
Qﬁn*Zfl;l(M), Qﬁn*l_)*Ztr(M> c MNSﬁn,

Zy, are the representable presheaves (notation 2.1.2) and the
it are from Propositions 2.5.1, 2.6.1.

where 72

tr

functors b* and ¢

Proof. We show the stronger statement that Z (M) restricts to an
étale sheaf on N, for any N € MCor™. Let p: U — N be an étale
cover and let U := (U, p*N*°). We have a commutative diagram

0 — MCor™ (N, M) — MCor™ (U, M) — MCor™ (U xy U, M)

0 —— MCor(N, M) —— MCor(U, M) —— MCor(U xy U, M)

| | |

0 —— Cor(N°, M°) Cor(U°, M°) —— Cor(U° X yo U°, M°).

The bottom row is exact by [18, Lemma 6.2]. The exactness of the top
and middle row now follows from Lemma 1.9.6. O

3.4. Cech complex. Let p: U — M be a Nisnevich cover in MSm™
We write U x,; U for the modulus pair corresponding to U x77 U
under the isomorphism of sites from Lemma 3.1.3. Note that it is a
fibre product in MSm™ and in MSm, thanks to Proposition 1.10.4.
Iterating this construction, we obtain the Cech complex

(3.4.1) -+ = MZMNU X3 U) — M™Z0(U) — 28 () — 0
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in MNS™.
Theorem 3.4.1. The complex (3.4.1) is exact in MINS™.

Remark 3.4.2. This result will be refined several times, see Corollary
3.5.6 and Theorem 4.5.7. Its proof is adapted from [28, Prop. 3.1.3].

Before starting the proof of Theorem 3.4.1, it is convenient to gen-
eralize the notion of relative cycles to the modulus setting.

Definition 3.4.3. Let S = (S, D), Z = (Z, Z*) be two pairs formed
of a scheme and an effective Cartier divisor, and let f : Z — S be a
morphism. (We don’t put any regularity requirement on S — |D| or
7 —|Z*|.) We write L(Z/S) for the free abelian group with basis the
closed integral subschemes 7" C Z such that T is finite and surjective
over an irreducible component of S and D|y~ > Z%°|p~, where TV — T
is normalization and (—)|r~ denotes pull-back of Cartier divisors.

Ezample 3.4.4. If S is a modulus pair and M = (M, M>) is another
modulus pair, then we have a canonical isomorphism MCor™ (S, M) ~
L(S x M/S), where S x M is the modulus pair (S x M, S x M*): this
follows from Remark 1.3.5 (3).

Define a category D(S) as follows: objects are pairs (Z, f) as in
Definition 3.4.3. A morphism (Z, f) — (Z’, f’) is a minimal morphism
¢ : Z — 7' such that f = f' o . Composition is obvious.

Lemma 3.4.5. The push-forward of cycles makes (Z, f) — L(Z/S) a
covariant functor on D(S).

Proof. Let ¢ : (Z, f) — (Z', f') be a morphism in D(S), and let T €
L(Z/S). Then o(T) is still finite and surjective over a component of S
[18, Lemma 1.4]. Moreover, it still verifies the modulus condition: this
follows from the minimality of ¢ and from Lemma 1.2.1. We set as usual
0. T = [k(T) : k(o(T))]e(T): this defines ¢, : L(Z/S) — L(Z'/S), and
the functoriality (v o @), = 1), o @, is obvious. U

Proof of Theorem 3.4.1. In view of Lemma 3.1.3, it suffices to show the
exactness of (3.4.1) evaluated at S

(3.4.2) ---— MCor™(S,U x; U) — MCor™ (S, U)
— MCor™ (S, M) — 0

for the henselisation S = (S, D) of any modulus pair N = (N, N*°) at
any point of N. As in [28], the strategy is to write (3.4.2) as a filtered
colimit of contractible chain complexes.
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Write £(S, M) for the collection of integral closed subsets of S° x
M° which belong to MCor™(S, M) (this is the canonical basis of
MCor™(S, M)). Let C(M) be the set of closed subschemes of S x M
that are quasi-finite over S and not contained in S x M, viewed as an
(ordered, cofiltered) category. To Z € C(M) we associate the subset
E(Z) C E(S, M) of those F' such that F' C Z.

Provide Z € C(M) with the minimal modulus structure induced by
the projection Z — M (in a sense slightly generalized from Remark
1.1.2 (4), as in Definition 3.4.3: the open subset Z — Z* is not neces-
sarily smooth). This yields a functor

C(M) — D(S)

where D(S) is the category defined above. In particular, we have a
subgroup L(Z/S) € MCor™ (S, M): it is the free abelian group on
E(Z).

Let u : M’ — M be an étale morphism in MSm™, as in Definition
3.1.2. For Z € C(M), define u*Z = Z x3; M . Then u*Z € C(M’), and

there is a commutative diagram

L(wZ/S) ——  L(Z/S)

| !

MCor™ (S, M') —“— MCor™ (S, M),

where the bottom horizontal map is composition by the graph of w.
This yields subcomplexes

(34.3) = L(Z x5 (Ux30)) = L(Z x7U) = L(Z) = 0

of (3.4.2), for Z € C(M).
Let C;(M) C C(M) be the subset of those Z which are finite over S.
It is a filtered subcategory, and we have

gS.M)= |J Ew2).

ZeCy(M)

Indeed, for 2" € C(M'), let Z = (Idg x u)(Z’) and let Zy = Upcg(z) F-
Then £(Z') C E(u*Z;) since (Idg x @) (F) is finite over S for F € £(Z").

This proves that (3.4.2) is obtained as the filtered inductive limit of
the complexes (3.4.3) when Z ranges over C¢(M). It suffices to show
the exactness of (3.4.3) for such a Z.

Since Z is finite over the henselian local scheme S, Z is a disjoint
union of henselian local schemes. Thus the Nisnevich cover Z x37U —
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Z admits a section sy : Z — Z X371 U. Define for k > 1

Sk = So Xﬁldﬁk A XMUk — 7 XMU XMUIC =7 XMU]H_I

where U" = U x4z -+ X37 U. Then the maps

L(Z x5 0") = L(Z x5 T
induced by s, via Lemma 3.4.5 give us a homotopy from the identity
to zero. ]

3.5. Sheafification preserves finite transfers. Let o, : MPS™
— MNS™ be the sheaﬁﬁcatlon functor, that is, the left adjoint of
the inclusion functor 4. : MNS™ <« MPS™. It exists for general
reasons and is exact [SGA4, 11.3.4].

Definition 3.5.1. Let MNST'™ be the full subcategory of MPST"
consisting of all objects F' € MPST™ such that ¢™F € MNS™ (see

Propositions 2.6.1 for ™).

Lemma 3.5.2. The category MNST™ is closed under infinite di-
rect sums in MPST™ and the inclusion functor i, : MNST™ —
MPST™ is strongly additive (Def. 3.3.3). The objects Z8(M) and
b* Z (M) belong to MNST™ for any M € MCor.

Proof. This follows from Lemma 3.3.4, because ¢ is strongly additive
as a left adjoint. The last claim follows from Proposition 3.3.5. 0

We write ¢Nis : MINST — MNS for the functor induced by cfi**
By definition, we have

finx -fin __ -fin _finNis
(3.5.1) € INis = LsNis€ .

Theorem 3.5.3. The following assertions hold.

(1) Let F € MPST. There exists a unique object Fxis € MPSTH®
such that ™ (Fyis) = @ (™ (F)) and such that the canoni-
cal morphism u : "™ (F) — ai. (" (F)) = ™ (Fis) extends
to a morphism in MPST™.

(2) The functor i has an exact left adjoint o, - MPST™ —
MNST™ satisfying

ﬁans fin _  fin fink
(352> ANis = sNisC :

In particular the category MINST!™ z's Grothendieck (§A.10).
(3) The functor ™ has a left adjoint i, = afin cfiviit. . More-
over, "N 4s exact, strongly additive (Def. 3.5.3), and faithful.
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Proof. This can be shown by a rather trivial modification of [28, Th.
3.1.4], but for the sake of completeness we include a proof. To ease
the notation, put F' := afit. [ F € MPS™. First we construct a
homomorphism

Oy 2 F'(M) — MPS™ (v zin (), F)

for any M € MSm. Take f € F'(M). There exists a Nisnevich cover
p:U — Min MSm™ and g € ™ F(U) = F(U) such that f|y = u(g)
in F'(U). There also exists a Nisnevich cover W — U X, U such that
glw = 0 in F(W). We have a%. c"*Zin(M) = 7 (M) because
A7 (M) € MPS™ by Prop. 3.3.5. Thus we get a commutative

diagram in which the horizontal maps are induced by afi. cfin*

0

MPS™ ("™ Z{y (M), F)

MPS™ (i Zfin(U), F') < MPST™(Z"(U), F)

|

MPS™ (™70 (U x5, U), F') <— MPST™(ZINU x5, U), F) )

MPST™(Z2 (W), F).

~

MPS™ (™ Zi (W), F)

Since F’ is a sheaf, Theorem 3.4.1 implies that the left vertical column
is exact except at the last spot, and that the map [ is injective. Since
g € F(U) = MPST™(Z»(U), F) satisfies s"(g9) = glw = 0, there
exists a unique h € MPS"™(c*Z (M), F") such that s(h) = s'(g).
One checks that h does not depend on the choices of p : U — M,
g € F(U) and W — U x, U by taking a refinement of covers. We
define @y, (f) := h.

Now we define G. On objects we put G(M) = F'(M) for M €
MSm. For a € MCor™ (M, N), we define o* : F'(N) — F'(M) as
the composition of

F'(N) =% MPS™ (™ Zi(N), F)
— MPS™ (™75 (M), F') — F'(M),
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where the middle map is induced by ¢™* () : ™ Z0 (M) — 7 (),
and the last map is given by f +— fu/(Idas). One checks that, with this
definition, G becomes an object of MPST?".

To prove uniqueness, take G, G' € MPST™ which enjoy the stated
properties. We have G(M) = G'(M) = F'(M) for any M € MSm.
We also have G(c*(q)) = G'(c™*(q)) = F’'(q) for any morphism ¢
in MSm™. Let a : M — N be a morphism in MCor™ and let
f € F'(N). Take a Nisnevich cover p : U — N of MSm™ and ¢ €
" F(U) = F(U) such that f|y = u(g) in F'(U). Apply Lemma 3.1.4
to get a morphism o/ : V' — U in MCor™ and a Nis-cover p/ : V. — M
of MSm™ such that ap’ = pa/. Then we have

G(p)G(a)(f) = G(@)G(p)(f) = G()(ulg)) = u(F(a)(g))

= G'(d)(ulg)) = G'(a )G (p)(f) = G'(P)G(@)(f) = GG ()(f).
Since p’ : V' — M is a Nisnevich cover and G is separated, this implies
G(a)(f) = G'(a)(f). This completes the proof or (1).

(2) is a consequence of (1) and the fact that MPST™ is Grothendieck

as a category of modules (see Theorem A.10.1 d)). Then (3) follows
from Lemma A.8.1. O

Remark 3.5.4. A different argument may be given by mimicking the
proof of [3, Cor. 2.2.26).

Definition 3.5.5. An additive functor ¢ between abelian categories
is faithfully exact if a complex F' — F — F" is exact if and only if
OF' — oF — oF" is.

This happens if ¢ is exact and either faithful or conservative. By
Theorems 3.5.3 and 3.4.1, we get:

Corollary 3.5.6. The functor ™™~ is faithfully exact. In particular,
if p: U — M is a Nisnevich cover in MSm"™, then the Cech complex

(3.5.3) e = U x U) = ZU) — Z5 (M) — 0
is exact in MINSTH®,
3.6. Cohomology in MINST"",

Notation 3.6.1. Let M € MSm"™ and let F € MNS™ (resp. F €
MNST™). We write Fy; for the sheaf on (M )y, induced from F (resp.
M9 F7) via the isomorphism of sites from Lemma 3.1.3. (Note that Fy,
depends not only on M, but also on M>.) We thus have canonical
isomorphisms

(361) Hlilis<M7 F) = Hl’ilis(Ma FM)’
(3.6.2) Hy (M, ¢ F) & Hyg (M, Fa),
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where the right hand sides denote the cohomology of the (usual) small
site (M )nis-

Definition 3.6.2.

(1) Let S be a scheme. We say a sheaf F' on Syjs is flasque if
F(V) — F(U) is surjective for any open dense immersion U —
V. Flasque sheaves are flabby in the sense of Definition A.9.4
(see [24, lemme 1.40]).

(2) We say F € MNS™ is flasque if Fy, is flasque for any M €
MSm™ (see Notation 3.6.1). Again, flasque sheaves are flabby
by (3.6.1).

Lemma 3.6.3. Let I € MNST™ be an injective object. Then ¢™Ns(T)
e MNS™ is flasque, and hence flabby.

Proof. Let j : U — M be a minimal open immersion of modulus pairs
in MSm™. The morphism of sheaves Z" () is a monomorphism, hence
j*  I(M) — I(U) is surjective. Alternatively, one can apply Lemma
A.9.5 with (3.5.3) to show that ¢ (T) is flabby. (This proof also works

for the étale topology.) O

4. SHEAVES ON MSm AND MCor

4.1. A cd-structure on MSm. Let Pyy be the collection of com-
mutative squares in MSm which are isomorphic in MSm®? to b5%(Q)
for some MV™-square @ in Definition 3.2.1. Then Pyiv defines a cd-
structure on MSm (see §3.2).

Definition 4.1.1. The squares which belong to Py are called MV-
squares.

Theorem 4.1.2. The cd-structure Pyy s strongly complete and strong-
ly regular, in particular complete and reqular (see Definitions A.7.1 and

A7),
Proof. This follows from Propositions 3.2.3 and A.7.6. U
4.2. Sheaves on MSm.

Definition 4.2.1. Consider the Grothendieck topology on MSm gen-
erated by the squares in Pyy. The resulting site will be denoted by
MSmy,,. We write MNS for the full subcategory of sheaves in MPS.
We denote by 7.y;s : MNS — MPS the inclusion functor.

By the general properties of Grothendieck topologies [SGA4, Exp.
2], we have:



42 B. KAHN, H. MIYAZAKI, S. SAITO, AND T. YAMAZAKI

Theorem 4.2.2. The inclusion functor i, : MNS — MPS has an
exact left adjoint a,. The category MNS is Grothendieck (§A.10).
]

Lemma 4.2.3. The following conditions are equivalent for F € MPS.

(i) F € MNS.

(i) biF € MNS™;: in other words, (b:F)a is a Nisnevich sheaf
for any M € MSm (see (1.9.2) for b, and Notation 3.6.1 for
(=)n)-

(iii) F transforms any MV™-square

Wo——=W

(4.2.1) Qo i i
Uy —> M

mto an exact sequence
0 — F(M) — F(Uy) x F(Vp) = F(Wy).

Proof. In view of Theorem 4.1.2 and [29, Cor. 2.17], we have (i) <=
(iii). On the other hand, (ii) <= (iii) by adjunction and Proposition
3.2.3. U

Corollary 4.2.4. The category MINS s closed under infinite direct
sums in MPS and i is strongly additive (Def. 3.3.3).

Proof. This follows from Lemmas 3.3.4, 4.2.3 ((i) <= (ii)) and A.8.1
(2) because b} is strongly additive as a left adjoint. O

4.3. The adjunction (b, v, bY*).

s,Nis»

Definition 4.3.1. A map in MSmy;, is called a strict Nisnevich cover
if it is the image of a cover of MSm by b, : MSm"™ — MSm.

By definition, a strict Nisnevich cover is evidently a cover in MSmy;,.
Up to isomorphism, any cover of MSmy;, can be refined to such a cover.
More precisely, we have the following lemma.

Lemma 4.3.2. Any cover U — M in MSmy,, admits a refinement of
the form'V.— N — M, where V. — N 1is a strict Nisnevich cover and
N — M is a morphism in ¥™ (see Definition 1.9.1).

Proof. By Definition 4.2.1 and Proposition 1.9.2, there is a refinement
of U — M of the form

Un f# Un—l I

LECNEL N A v
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where for each i we have either (i) f; € ™ (ii) f; = ¢! for some
g € XM or (iii) f; is a strict Nisnevich cover. We proceed by induction
on n, the case n = 0 being trivial. Suppose n > 0. By induction,
we have a refinement of U,, — U; of the form V' — N’ — U; where
V' — N’ is a strict Nisnevich cover and N’ — U is in B

If f; € £ then we can take V = V' and N = N’, as the composition
N’ — U, — U, belongs to 2. Next, suppose f; = ¢g~! with g € 2.
Then we can take V = V' xy, Uy and N = N’ xy, Uy, where Uj is
regarded as a U;-scheme by g. Finally, suppose f; is a strict Nisnevich
cover. By Lemma 1.6.3, we may find a morphism N — U, in ™ such
that N” := N xy, Uy — U, factors through N’. Then we can take
V =V’ xn N”. This completes the proof. O

We define QSNiS : MNS — MNS to be the restriction of b:, cf.
Lemma 4.2.3 (ii). By definition, we have

(4.3.1) b i = i DN

~s%sNis ZsNisZs
Proposition 4.3.3. The following assertions hold.

(1) We have by(MNS"™) ¢ MNS. In particular, b, restricts to
bonis : MNSH 5 MINS so0 that we have

(432) Z—)sliglr\llis = ZsNisl—)sNis'
(2) The functor b, is an exact left adjoint of b\°. The functor

l_)ljis is fully faithful and preserves injectives. The counit map
boxib — 1d is an isomorphism and by RIS = 0 for ¢ > 0.

ZsNisZs

Proof. Let F € MINS™ and take M € MSm. We shall show that
(bib,F)a is a Nisnevich sheaf on M. For a given MV™-square in
Msmﬁn

W—V

.

U——M
its pullback via (N — M) € ¥ | M (which exists by Corollary 1.10.7

(1))
W Xy N —=V xp N

vk

is also an MV™-square. By Proposition 3.2.3 (2) and by [29, Cor.
2.17], the sequence

0= F(N) = F(U x5 N)® F(V x3s N) = F(W x5 N)




44 B. KAHN, H. MIYAZAKI, S. SAITO, AND T. YAMAZAKI

is exact. By Lemma 1.6.3, the pullback of £ | M via U — M is
cofinal in £ | U, and similarly for V. — M and W — M. Hence, by
taking its colimit over N € L8 | M, the above exact sequences and
(2.5.1) imply the desired exact sequence

0 = by F(M) = by F(U) ® by F(V) = by F(W).

In view of Lemma 4.2.3, this finishes the proof of (1).
(2) The adjunction (b, b0Y") follows from the adjunction (b, b?)

Zs Zslr Zs

(see Proposition 2.5.1), by the full faithfullness of i, and g?ﬁis, and
by the formulas (4.3.1) and (4.3.2). The full faithfulness of b} follows
from that of b% (see Proposition 2.5.1), 4.y and %, . Then the counit

map b,y b — Id is an isomorphism by Lemma A.3.1.

We prove the exactness of b,y as follows. Since it is right exact as
a left adjoint, it suffices to show its left exactness.
Assume given an exact sequence in MNS:

0—-F—-G—H-—=O.

Applying the left exact functor % : MNS™ — MPS™ and the
exact functor b, : MPS™ — MPS and using (4.3.2), we get an exact
sequence

0— Z.sNisZ—)sNisF - ZsNiSQsNisG — ZsNisI_)sNisH'
For every () € MINS, this gives rise to an exact sequence
0— HomMPS (ZSNiSQ’ ZsNisbsNisF) - HomMPS(ZsNisQ7isNisl_)sNisG)
- HomMPS (ZSNiSQ7 ZsNisl—)sNisH) .

Since 14y, is fully faithful, this gives an exact sequence
0 — Hommns (@, byxis ") — Hommns (@, bonisG) = Hommns (Q, boxis ),
which shows the exactness of

0 = bonisF" = bonisG = bonis

as desired. Therefore, b,y 1s exact.

Then bY* preserves injectives since it has an exact left adjoint bnis-
Moreover, applying R? (¢ > 0) to the counit isomorphism b y; b —
Id, we have

bania 103 2 R (boiob)™) = R1d ~ 0,
by Ex. A.9.2 and the exactness of b,;,. This concludes the proof. [

Corollary 4.3.4. We have a natural isomorphism a ;. = boisa 5 0.
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Proof. By the uniqueness of left adjoints, it suffices to check that the
right hand side is also left adjoint to iy;,. We first apply double adjunc-
tion by (bunie, 02°) (Prop. 4.3.3 (2)) and (a%,,45%.), then use (4.3.1)

~ZsNis» Zs =sNis» £sNis

and the full faithfulness of b7 (Prop. 2.5.1). O

4.4. Cohomology in MNS.

Notation 4.4.1. (1) Let M € MSm and F' € MNS. Using No-
tation 3.6.1, we define Fy; := (b)°F)y which is a sheaf on
(M)Nis-

(2) For M € MSm, let Z?(M) € MPS be the associated repre-
sentable additive presheaf (see (2.6.1)) and let

(4.4.1) Z(M) = a ZP(M) € MNS
be the associated sheaf.

Proposition 4.4.2. For M € MSm, F € MNS and ¢ > 0, we have
a natural isomorphism

(442) EXtiMNS (Z(M)7 F) = hﬂ Hli\fis(N7 FN)
Nexfin pr
= hﬂ Hlilis(wv (bls\hSF)N)
NEZEH\LM
Moreover, we have

(4.4.3) limg  Hy(N, (R "F)n) = 0 for all ¢ > 0.

Nexfi» | pr
Proof. Define functors Ff\/[ : MNS™ — Ab and Iy, : MINS — Ab by
PL(G) = Ty G(N), Ty(F) = F(M).

Nexfin  pr
We have I', = I'),b.i.. By Theorem A.9.1 and Lemma 4.4.3 below,

we get (RPL;;)banie = RPTY, for any p > 0 since by, is exact. Thus,
by Lemma 4.4.4 below we obtain

EtiMNs(ZUW)aQsNisG)g hﬂ Hll\)lis(N7GN)

Nexfin | pr

for any G € MNS™ and p > 0. Setting G = RIYSF, we get (4.4.2)
for ¢ = 0 (resp. (4.4.3) for ¢ > 0) thanks to Proposition 4.3.3 (2). O

Lemma 4.4.3. For an injective I € MNS™ b . T € MNS is flabby
(see Definition A.9.4).
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Proof. Write F' = by, [. By Lemma A.9.3, it suffices to show the van-
ishing of the canonical map HY(U/M, F) — H9(M, F) for any cover
U — M in MSmy;, and any ¢ > 0. By Lemma 4.3.2, we may assume
U — M is a strict Nisnevich cover (as any morphism in ™ is an iso-
morphism in MSm). Denote by U}, € MSm the n-fold fiber product
of U over M in MSm (which exists by Corollary 1.10.7 (1)). Then
HY(U/M, F) is computed as the cohomology of the complex whose
term in degree q is given by

g I(L,).

Ly Ezﬁn\LUXj’l

By Lemma 1.6.3, for any integer n > 0 and given L, € yin | U;{jl
for 0 < ¢ < n, there exists L € ™ | M in such that L x U}fjl —
Uf{jl factor through L, for all ¢ = 0,...,n. This implies that for
0 < q <n—1 the canonical map HI(U/M, by I) — HIY(M,byI)
factors through
lim  HYU xa L/L, D),
Lexfin | m

where H9(U xy; L/L,I) is the Cech cohomology of I with respect to
the cover U x,; L — L in MSm™, but it vanishes since I is injective
in MINS™. This proves the desired vanishing and completes the proof
of Lemma 4.4.3. U

Lemma 4.4.4. For any G € MNS™ and p > 0, we have
RT3 (G) = lim  HE (N, Gy).

NE;ﬁniM
Proof. Take an injective resolution G — I* in MINS™. Then we have

R'TY,(G) = HP(Ty,0°) = HP( lim  1°)

Nexfin
~ i HY(IM(N) 2 lm HG(N.G),
Ne;ﬁn\LM Negﬁ“\LM

where we used Corollary 1.9.3 for the last-but-one isomorphism, and
(3.6.1) for the last one. O

4.5. Sheaves on MCor.

Lemma 4.5.1. For F € MPST, one has c*F' € MNS if and only if
b*F € MNST™.

Proof. This follows from (2.6.2) and Definitions 3.5.1 and 4.2.1. O
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Definition 4.5.2. We define MNST to be the full subcategory of
MPST consisting of those F' enjoying the conditions of Lemma 4.5.1.
We denote by iy;, : MNST — MPST the inclusion functor.

Lemma 4.5.3. The category MINST is closed under infinite direct
sums in MPST, and iy, is strongly additive (Def. 3.3.3). It contains
Ly (M) for any M € MCor.

Proof. This follows from Lemma 3.5.2, because b* is strongly additive
as a left adjoint. The last statement follows from Lemma 3.5.2. U

By Definition 4.5.2 and Lemma 4.5.1, the functors 0" and c* restrict
to b : MINST — MNST™ and ¢V : MNST — MNS. It holds
that

* - _ +fin 3 Nis * - o Nis
(4.5.1) linis = inisl s Clinis = LgnisC

Nis Nis __finNisj Nis finNis ___Nis
byt =L, = ¢ by

bsNisQ
where for the last two formulas we used (2.6.2).
Proposition 4.5.4. The following assertions hold.

(1) We have by(MNST™) c MNST.
(2) Let by, : MNST™ — MNST be the restriction of b so that

we have

(4.5.2) l—)!iliilrils = InisOnis-
Then, the functor by, s an exact left adjoint of N which is
fully faithful.

(3) The functor BN preserves injectives.

Proof. (1) Tt suffices to show that ¢*b,(MINST™) ¢ MNS. By (2.6.2),
we have ¢*b, = b,,c™™. Moreover, ¢™ MNST™ ¢ MNS™ by Defi-
nition 3.5.1 and by MNS™ c MNS by Proposition 4.3.3 (1). In (2),
the adjointness and the full faithfulness are seen by using Proposition
2.5.1, (4.5.1) and (4.5.2). This proves that by, is right exact, and it
is also exact by (4.5.2) and Proposition 2.5.1 (see also the proof of
the exactness of b,y in Proposition 4.3.3 (2)). (3) is a consequence of

(2). O
Theorem 4.5.5. The inclusion functor iy, : MNST — MPST has
an exact left adjoint ay;,, given by ayi, = byi@Sb*.  In particular,

MNST is Grothendieck.

Proof. The formula defining ay;, vields a left adjoint to iy, by the full
faithfulness of b* (Proposition 2.5.1) and the adjunctions (af? , i ) and
(byis, ™) (use (4.5.1)). Tts exactness follows from the exactness of the
three functors. U
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Proposition 4.5.6. We have
(4.5.3) bNisQ%ils = anish, ANl = QNiSQNis'
Moreover, cN'® is faithful, exact, strongly additive (Def. 3.3.3) and has

a left adjoint cnig = anisCilanis Such that cnigaonis = anisG-

Proof. The first equality follows from the first formula of (4.5.1) by
adjunction. For the second, we use Theorems 4.2.2 and 4.5.5, to-
gether with (2.6.2), (3.5.2) and (4.5.1). The last statement follows
from Lemma A.8.1 (3). O

Theorem 4.5.7. If p: U — M is a cover in MSmy,,, then the Cech
complex

(4.5.4) coo 5 Ziy(U xy U) = 2 (U) = Zie (M) — 0

is exact in MINST. (Note that the fiber products exist in MSm by
Corollary 1.10.7 (1).) Moreover, the sequence

0= Ze(W) = 2Z2u(U)®Z(V) = Zi(X) — 0
is exact in MNST for any MV™-square (3.2.1) in MSm™.

Proof. By Lemma 4.3.2, we may assume M — U is a strict Nisnevich
cover. Then, by (3.5.3) the complex

o= LU x g U) = ZMNU) — Ze(M) — 0
is exact in MINST™, Applying the exact functor by, we get (4.5.4).

The second statement follows from the first and a small computation
(cf. [18, Prop. 6.14]). O

4.6. Cohomology in MINST.

Lemma 4.6.1. Let [ € MINST be an injective object. Then cN5(I) €
MNS s flabby.

Proof. This follows from Lemma A.9.5 and Theorem 4.5.7. U

Notation 4.6.2. Let M € MCor and F' € MNST. Using Notation
3.6.1, we define Fy; := (b F) ), which is a sheaf on (M ).

Theorem 4.6.3. Let F' € MINST, and let M € MCor. Then there
are canonical isomorphisms for any i > 0:
Extynst (Zo (M), F) = Extyns(Z(M), NF) = lim - Hy (N, Fy).
Nexfin |
(See (4.4.1) for Z(M).) Moreover, we have
lim  Hy (N, (RY(;®)F)n) = 0 for all ¢ > 0.

Ne;ﬁn\l/M
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Proof. Applying the last identity of Proposition 4.5.6 to ZF (M), we get
Enis(M) = a6 2P (M) = ayi Zie(M) = Zix (M)

where the second equality follows from (2.6.1), and the third one holds
by Lemma 4.5.3. This yields an isomorphism

MNS(Z(M), " F) ~ MNST (Z (M), F)

which is the case ¢+ = 0 of the first isomorphism in the proposition. The
general case ¢ > 0 then follows from Theorem A.9.1, Lemma 4.6.1 and
the exactness of ¢V (Proposition 4.5.6), and the second isomorphism
follows from Proposition 4.4.2 and (4.5.1). The last assertion follows
from (4.4.3). O

APPENDIX A. CATEGORICAL TOOLBOX, I

This appendix gathers known and less-known results that we use
constantly.

A.1. Pro-objects ([SGA4, 1.8], [2, App. 2]). Recall that a pro-object
of a category C is a functor F' : A — C, where A is a small cofiltered
category (dual of [19, IX.1]). They are denoted by {X,}aca or by
“lim "X, (Deligne’s notation), with X, = F(a). Pro-objects of C
form a category pro—C, with morphisms given by the formula

pro-C({Xa}aea; {Ys}pen) = lim lim C(X,, Ys).

=1

BeEB acA

There is a canonical full embedding ¢ : C < pro—C, sending an object
to the corresponding constant pro-object (A = {x}).

For the next lemma, we recall a special case of comma categories from
Mac Lane [19, I1.6]. If ¢ : A — B is a functor and b € B, we write
b | ¢ for the category whose objects are pairs (a, f) € A x B(b,¥(a));
a morphism (aq, fi) — (ag, f2) is a morphism g € A(ay,as) such that
fo = (g)f1- The category 1 | b is defined dually (objects: systems
(a) ER b, etc.) According to [19, IX.3], ¢ is final if, for any b € B, the
category v | b is nonempty and connected; here we shall use the dual
property cofinal (same conditions for b | 1). As usual, we abbreviate
Idglaandal Idg by Al aandal A

Let F = (F:A—C) ={Xa}taeca € pro-C. For each a € A, we
have a “projection” morphism 7, : F' — ¢(X,) in pro-C. This yields
an isomorphism in pro—C

F= Jim c(Xa)

acA
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(explaining Deligne’s notation) and a functor

0:A—F e, 0(a) = (Xa, Ta),
where we take A = C and B = pro—C in the above setting.
Lemma A.1.1. The functor 0 is cofinal.

Proof. Let F EN c(Y) (Y € C) be an object of F' | ¢. An object of

0l (F ERN c(Y)) is a pair (a,¢), with @ € A and ¢ : F(a) = Y such
that f = ¢(p)m,. This category is nonempty because an object o € A
and the morphism f yield the object f(«): F(a) — ¢(Y)(a) =Y, and

we have (a, f(a)) € 0 | (F ER c(Y)). Note also that it is cofiltered,
because A is. Since any cofiltered category is obviously connected, we
are done. O

(Warning: the use of co in (co)final and (co)filtered is opposite in
[19] and in [16]. We use the convention of [19].)

A.2. Pro-adjoints [SGA4, 1.8.11.5]. Let u : C — D be a functor: it
induces a functor pro—u : pro-C — pro—D.

Recall standard terminology for the functoriality of limits (=inverse
limits) and colimits (= direct limits):

Definition A.2.1. A functor v : C — D is left exact (resp. right exact,
resp. ezact) if it commutes with finite limits (resp. finite colimits, resp.
finite limits and colimits).

Proposition A.2.2 (dual of [SGA4, 1.8.11.4]). Consider the following
conditions:

(i) The functor pro—u has a left adjoint.

(ii) There exists a functor v : D — pro-C and an isomorphism

pI‘O—C(U(d), C) = D(d7 u(c))
contravariant in d € D and covariant in c € C.

(ili) w is left exact.
Then (i) <= (ii) = (iii), and (iii) = (i) if C is essentially small and
closed under finite inverse limits. O

(The condition on finite inverse limits appears in [2, p. 158], but is
skipped in [SGA4, 1.8.11.4].)

Definition A.2.3. In Condition (ii) of Proposition A.2.2, we say that
v is pro-left adjoint to u.



MOTIVES WITH MODULUS, I 51

A.3. Localisation ([8, Ch. I], see also [16, Ch. 7]). Let C be
a category, and let ¥ C Ar(C) be a class of morphisms: following
Grothendieck and Maltsiniotis, we call (C,X) a localiser. Consider
the functors F' : C — D such that F(s) is invertible for all s € X.
This “2-universal problem” has a solution Q : C — C[X7!]. One may
choose C[X7!] to have the same objects as C and @ to be the identity
on objects; then C[¥71] is unique (not just up to unique equivalence of
categories). If C is essentially small, then C[>7!] is small, but in general
the sets C[X7!](X,Y) may be “large”; one can sometimes show that it
is not the case (Corollary A.5.4). A functor of the form @ : C — C[X7!]
will be called a localisation. We have a basic result on adjoint functors
8, Prop. 1.1.3]:
Lemma A.3.1. Let G : C = D : D be a pair of adjoint functors (G is
left adjoint to D). Then the following conditions are equivalent:

(i) D s fully faithful.

(ii) The counit GD = Idp is a natural isomorphism.

(i) G is a localisation.
The same holds if G is right adjoint to D (replacing the counit by the
unit).

Definition A.3.2. Let (C,X) be a localiser, and let Q : C — C[X7]
be the corresponding localisation functor. We write

sat(X) = {s € Ar(C) | Q(s) is invertible}.
This is the saturation of 3; we say that ¥ is saturated if sat(¥X) = X.

Lemma A.3.3 ([8, Ch. I, Lemma 1.2]). Let (C,X) be a localiser, D
a category, F,G : C[X7'] — D two functors and u : FoQ = GoQ
a natural transformation, where Q : C — C[X7Y] is the localisation
functor. Then u induces a unique natural transformation u : F = G.

Proof. Define ux = uyx : F(X) — G(X) for X € ObC[L™1] = ObC.
We must show that 4 commutes with the morphisms of C[X7!]. This is
obvious, since u commutes with the morphisms of C and the morphisms
of C[X7!] are expressed as fractions in the morphisms of C. O

A.4. Presheaves and pro-adjoints. Let C be a category. We write
C for the category of presheaves of sets on C (i.e. functors C°® — Set);
it comes with the Yoneda embedding

y:C—)(f

which sends an object to the corresponding representable presheaf. If
u : C — D is a functor, we have the standard sequence of three adjoint
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functors
c X C
D 2, D

where w; extends u through the Yoneda embeddings [SGA4, Exp. I,
Prop. 5.4]; u; and u, are computed by the usual formulas for left and
right Kan extensions (loc. cit., (5.1.1)). If u has a left adjoint v, the
sequence (uy, u*, u,) extends to

(v, 0" = uy, v, = U", Uy)

(ibid., Rk. 5.5.2).

Let A be an essentially small additive category. Instead of presheaves
of sets on A, one usually uses the category Mod ~A of additive presheaves
of abelian groups; the above results transfer to this context, mutatis
mutandis.

Proposition A.4.1. a) The functor wy (resp. u., u*) commutes with
all representable colimits (resp. limits, limits and colimits). If u has a
left adjoint, then wy also commutes with all limits. If u has a pro-left
adjoint v (Def. A.2.3), so does wy which is therefore exact. Moreover,
wy 1s then given by the formula

(wF)(Y) =lim(Fouv(Y)), FeCY eD.

b) If u is fully faithful, so is wy.

c) If w is a localisation or is full and essentially surjective, then uy is a
localisation.

d) In the case of c), for C' € C the following conditions are equivalent:

(i) The representable functor ye(C) € C induces a functor on D
VLG U.

(ii) The unit map yc(C) — u*wye(C) ~ w*yp(u(C)) is an isomor-
phism.

(iii) For any C" € C, the map C(C',C) — D(u(C"),u(C)) induced

by u s bijective.
Proof. a) follows from general properties of adjoint functors, except for
the case of a pro-left adjoint. Let v admit a pro-left adjoint v, and let

Y € D: so there is an isomorphism of categories Y | u ~ v(Y) | c.
Hence, we get by Lemma A.1.1 a cofinal functor

A=Y |u,
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where A is the indexing set of v(Y). Thus, for F € C, w,F(Y") may be
computed as

wF(Y) = lim F(u(Y)(a)) = pro-Clye(v(Y)), o(F)).

aEA

The first equality is the formula in the proposition. The second one
shows that the pro-left adjoint v of w is defined at yp(Y') by ye(v(Y));
since any object of D is a colimit of representable objects, this shows
that v is defined everywhere.

For b), see [SGA4, Exp. I, Prop. 5.6]. In c), it is equivalent to
show that u* is fully faithful by Lemma A.3.1. Let F,G € f), and
let ¢ : uw'F — u*G be a morphism of functors. In both cases, u is
essentially surjective: given X € D and an isomorphism a : X = u(Y),
we get a morphism

Ux s F(X) S5 Fu(Y)) 25 Gu(Y)) <5 a(x).

The fact that 1 x is independent of (Y,a) and is natural in X is
an easy consequence of each hypothesis (see Lemma A.3.3 in the first
case).

In d), the equivalence (ii) <= (iii) is tautological and (iii) = (i) is
obvious. The implication (i) = (iii) was proven in [8, .4.1.2] assuming
that u is a localisation enjoying a calculus of left fractions; let us prove
(i) = (ii) in general. Under (i), we have y¢(C) ~ u*F for some F € D;
the unit map becomes

Nurp - U EF — wwu”F.

On the other hand, the counit map er : wu*F — F is invertible
by the full faithfulness of u*. By the adjunction identities, we have
u*(ep) o Nyrp = ly+p. Hence the conclusion. ]

We shall usually write u' for the pro-left adjoint of w;, when it exists.

A.5. Calculus of fractions.
Definition A.5.1 (dual of [8, I.1.2]). A localiser (C,X) (or simply %)
enjoys a calculus of right fractions if:

(i) The identities of C are in X.
(ii) X is stable under composition.
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(iii) (Ore condition.) For each diagram X’ 2 X <~ Y where s € %,
there exists a commutative square

u/

Y — X'
tl Sl where t € Y.

Y —— X
(iv) (Cancellation.) If f,g : X == Y are morphisms in C and s :
Y — Y’ is a morphism of ¥ such that sf = sg, there exists a
morphism ¢ : X’ — X in X such that ft = gt.

Proposition A.5.2. Suppose that ¥ enjoys a calculus of right frac-
tions. For ¢ € C, let X | ¢ denote the full subcategory of the comma
category C | ¢ given by the objects ¢ = ¢ with s € . Then

a) ¥ | c is cofiltered.

b) [8, 1.1.2.3] For any d € C, the obvious map

(A.5.1) lig C(¢',d) — C[S (e, d)

deXle

s an isomorphism.

c) Any morphism in C[X7Y] is of the form Q(f)Q(s)™! for f € Ar(C)
and s € X; if f1, fo are two parallel arrows in C, then Q(f1) = Q(f2) if
and only if there exists s € X such that fis = fss.

Proof. a) We need to check the two conditions (which are dual to those
from [19, p. 211}): (1) given two objects d,d’ € ¥ | ¢, there are arrows
d+e—d inX | ¢ (2) given two parallel arrows f,g:e - din ¥ | ¢,
there is an arrow h : ¢ — e in ¥ | ¢ such that fh = gh. (1) (resp.
(2)) follows from Axioms (iii) and (ii) (resp. (iv) and (ii)) of Definition
A5.1.

b) The “obvious map” (A.5.1) sends a pair (¢’ = ¢, EN d) with
se XY and f eC(d,d) to Q(f)Q(s)~!. To show it is an isomorphism,
we follow the strategy of [8, pp. 13/14]. We consider a category X 'C
with the same objects as C and for ¢,d € C the Hom set X7!C(c, d) is
given by the left hand side of (A.5.1). Using Axioms (ii) and (iii), we
define for three objects ¢, d, e € C a composition

liny C(d,d) x limy C(d,e) — liny C(d,e)

cdexlce d'exld ceXle
which is shown to be well-defined and associative thanks to Axiom
(iv). Now (A.5.1) yields a functor £7!C — C[X7']. But there is also
an obvious functor C — X 7IC that is the identity on objects. (We use
Axiom (i) to define the maps for the Hom sets.) It is easily seen to have
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the universal property of C[¥7!]. Hence (A.5.1) is an isomorphism for
all (¢, d).

c¢) The first statement has already been observed; the second one
follows readily from (A.5.1). O

Notation A.5.3. We shall write ¥7!C instead of C[X7!] if ¥ enjoys a
calculus of fractions.

Corollary A.5.4. If ¥ admits a calculus of right fractions and if for
any c € C, the category X | ¢ contains a small cofinal subcategory, then
the Hom sets of X~1C are small. O

Corollary A.5.5. Let (C,X) be a localiser such that 2 enjoys a calculus
of right fractions. Let F': C — D be a functor. Suppose that F' inverts
the morphisms of ¥ and that, for any c,d € C, the obvious map

liy C(¢',d) — DIF(e), F(d)

deXle
is an isomorphism. Then the functor X™1F : ¥71C — D induced by F
15 fully faithful. 0

Proposition A.5.6. a) Let (C,X) be a localiser. Assume that X enjoys
a calculus of right fractions. Then the localisation functor @ : C —
Y7IC is left exact; if limits indexed by a finite category I exist in C,
they also exist in ¥1C.

b) Let C be an essentially small category closed under finite limits,
and let G : C — D be a left exact functor. Let ¥ = {s € Ar(C) |
G(s) is invertible}. Then ¥ enjoys a calculus of right fractions; the
induced functor ¥~'C — D is conservative and left exact.

Proof. After passing to the opposite categories, a) is [8, Prop. 1.3.1
and Cor. 1.3.2] and b) is [8, Prop. 1.3.4]. O

A.6. Pro-Y-objects.

Definition A.6.1. Let (C,X) be a localiser. We write proy,—C for the
full subcategory of the category pro—C of pro-objects of C consisting of
filtered inverse systems whose transition morphisms belong to . An
object of proy,—C is called a pro-X-object.

Proposition A.6.2. Suppose that ¥ has a calculus of right fractions
and, for any c € C, the category 3 | ¢ contains a small cofinal subcat-
egory. Then Q : C — Y7'C has a pro-left adjoint Q', which takes an
object Y € X7IC to “ @XGZW "X (see §A.1 for the notation “@”).
In particular, Q'(X~'C) C pro
of ¥ (Definition A.53.2).

sat(s)C, where sat(X) is the saturation
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Proof. In view of Corollary A.5.4 and Proposition A.5.6, this follows
from Proposition A.5.2 b). O

Remark A.6.3. Consid(?r the localisation functor @ : C — X7!C: it has
a left Kan extension Q : progsy-C — Y7'C [19, Ch. X] along the
constant functor C — prog,s~C, given by the formula

Q(“im”C,) = lm Q(CL).

(The right hand side makes sense as an inverse limit of isomor-
phisms.) Then one checks easily that @' is left adjoint to ().

Theorem A.6.4. Let (C,X) be a localiser verifying the conditions of
Proposition A.6.2. Let Q : C — Y7 'C denote the localisation furictar,
and consider the string of adjoint functors (Qy, Q*, Q) between C and

10 from §A.4. Then:

(1) Qi has a pro-left adjoint, and is therefore exact.
(2) For F€C andY € X7'C, we have

QFY)= lm F(X).
Xes|y

Proof. This follows from Propositions A.4.1 a) and A.6.2. O

If (A, X) is a localiser with 4 additive and X enjoys a calculus of right
fractions, then X! A is additive and so is the functor Q : A — X1 A [8,
[.3.3]. For future reference, we give the additive analogue of Theorem
A.6.4 (see the paragraph before Prop. A.4.1 for Mod —A):

Theorem A.6.5. Let (A,X) be a localiser; assume that A is an
additive category and that ¥ has a calculus of right fractions. Let
Q : A — X1 A denote the localisation functor, as well as the string of
adjoint functors (Qi, Q*, Q) between Mod ~A and Mod -1 A. Then:

(1) Qi has a pro-left adjoint, and is therefore exact.
(2) For '€ Mod -A and Y € 7' A, we have

QFY) = lm F(X).
xesly

A.7. cd-structures. Let C be a category with an initial object. Ac-
cording to [29], a cd-structure on C is given by a collection of commu-
tative squares stable under isomorphisms, called distinguished squares.
Any cd-structure defines a topology on C: the smallest Grothendieck
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topology such that for a distinguished square of the form
W —— V
(A.7.1) S ql pl
U —— X,
the sieve generated by the morphisms {p : V — X, v : U — X} is a
cover sieve and such that the empty sieve is a cover sieve of the initial

object (.
Recall from [29] some important properties of cd-structures.

Definition A.7.1. Let C be a category with an initial object (.

(1) Let P be a cd-structure on C. The class Sp of simple covers is
the smallest class of families of morphisms of the form {U; —
X }ier satisfying the following two conditions:

e for any isomorphism f, {f} is in Sp

e for a distinguished square @ of the form (A.7.1) and fam-
ilies {p; : Vi = V}ier and {q; : U; — U}jes in Sp the
family {p o p;, w0 q;}ierjes is in Sp.

(2) A cd-structure on C is called complete if any cover sieve of an
object X € C which is not isomorphic to () contains a sieve
generated by a simple cover.

(3) A cd-structure P is called regular if for S € P of the form
(A.7.1) one has

e S is a pullback square (i.e., is cartesian)
e 1 is a monomorphism
e the morphisms of sheaves

Al p@) = p(V)|] (W) X o) p(W) = p(V) X0x) p(V)

is surjective, where for C' € C we denote by p(C) the sheaf
associated with the presheaf represented by C, and A is
induced by the diagonal map.

Lemma A.7.2 (29, Lemma 2.5]). A cd-structure is complete provided:
(1) any morphism with values in () is an isomorphism, and

(2) for any distinguished square S of the form (A.7.1) and for any

morphism X' — X, the square 8" = X' xx S is defined and

distinguished. O

Lemma A.7.3 ([29, Lemma 2.11)). A cd-structure is reqular provided,
for any distinguished square S of the form (A.7.1) we have

(1) S is cartesian,
(2) w is a monomorphism, and
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(3) the objects V- xx V and W xy W exist in C and the derived
square

w . V
(A?Q) d(S) : AW/Ui lAv/X
w XU W —V X x V

15 distinguished. U

Definition A.7.4. A cd-structure verifying the conditions of Lemma
A.7.2 (resp. A.7.3) is called strongly complete (resp. strongly reqular).

Remark A.7.5. The square (A.7.2) is cartesian. This is a formal con-
sequence of Lemma A.7.3, since any distinguished square with respect
to a regular cd-structure is cartesian by definition. However, there is a

more direct proof: let Z % V and Z Lw Xy W be two morphisms
making the corresponding square commute. Then b amounts to two
morphisms by,by : Z — W such that (with the notation of (A.7.1))
gby = qby and a = vb; = vby. Since S is cartesian by (1), we have
by = by : Z — W, which is a solution to the universal problem.

Proposition A.7.6. Let (C,X) be a localiser such that ¥ admits a
calculus of right fractions.

(1) If C has an initial object verifying Conditon (1) of Lemma
A.7.2, so does X71C.

(2) Assume (1) and let Q : C — X7IC be the localisation func-
tor. Suppose given a cd-structure P on C, and let P’ be the cd-
structure on Y~'C given by all squares isomorphic to a square
of the form Q(S), where S € P. If P is strongly complete (resp.
strongly regular), so is P'.

Proof. (1) Let () be an initial object of C. Since @ is (essentially)
surjective, Q(0)) admits a morphism to any object; Condition (1) of
Lemma A.7.2 for () implies that this morphism is unique, and this in
turn implies the same condition for Q(0).

(2) By Proposition A.5.6 a), @ commutes with finite limits. This
implies Condition (2) of Lemma A.7.2. Conditions (1), (3) of Lemma
A.7.3 for P’ follow from the same conditions for P (note that the di-
agonals are preserved by @), since they are finite limits). It remains to
show that @) carries a monomorphism « : U — X to a monomorphism.
Let f,g:V — U be two morphisms in 7'C such that Q(u) f = Q(u)g.
By calculus of fractions, we may write f = Q(f)Q(s)™! and g =
Q(7)Q(s)~" for some f,§ € Ar(C) and s € X. Then Q(uf) = Q(ug).



MOTIVES WITH MODULUS, I 59

By Proposition A.5.2 ¢), we may find t € ¥ such that wft = ugt, which

implies ft = gt since u is a monomorphism. This shows f = g, as
desired. t

A.8. A pull-back lemma. We shall use the following elementary
lemma several times.

Lemma A.8.1. Let C,D be abelian categories and let C' C C,D' C D
be full abelian subcategories. Let ¢ : C — D and  : C' — D’ be additive
functors satisfying cic = ipc, where ic : C' = C and ip : D' — D are
inclusion functors.

(1) If c is faithful, so is c.

(2) Suppose that ip is strongly additive or has a strongly additive
left inverse (for example, a left adjoint). If ¢ andic are strongly
additive, so is c.

(3) Suppose that ic has a left adjoint ac. If ¢ has a left adjoint d,
then d' = acdip is a left adjoint of <. If d and a¢ are exact, so
is d'. Moreover, acd = d'ap if ip has a left adjoint ap.

(4) Suppose that ic and ip have left adjoints ac and ap, that ap is
exact, and that apc = cac. If ¢ is exact, then so is .

Proof. (1) is obvious. (2) Let {F;};cr be a family of objects of C'. We
must show that the natural map

f:@c’(ﬂ)%c’(@ﬂ)

i€l i€l
is an isomorphism. The composition

DincF % in(@(F) 2 ind (D F)

iel iel iel
is an isomorphism by the strong additivity of ¢ and i¢. If 7p is strongly
additive, ¢ is also an isomorphism and we are done. If now ip has a
strongly additive left inverse ap, we apply it to the diagram and get a
composition

@ ap iDC,E 1) ap @iDCIE ﬂ) aDiD(GB C/(E)) iD—zELf—) aDiDc/( @ E)
i€l iel iel iel
which is an isomorphism and naturally isomorphic to f. This concludes
the proof of (2).

(3) For F € C'and G € D', we have C'(acdipF,G) = D(ipF, cicG) =
D(ipF,ipdG) = D'(F,dG). This proves the first claim; therefore if d
and ac are exact, d' is left exact, hence exact since it is right exact as
a left adjoint. The last isomorphism follows from taking left adjoints
of the isomorphism cie = ipc.
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(4) Let us take an exact sequence 0 - FF - G — H — 0 in C.
Put K := Coker(icG — icH) € C. Since apcK = dacK = 0, we
get an exact sequence 0 — apcicF — apcicG — apcicH — 0 by
the exactness of ¢ and ap. Using apc = dac and acic = Id (Lemma
A.3.1), we conclude 0 — ¢'F — /G — ¢ H — 0 is exact. O

The proof of Lemma A.8.1 (2) implicitly used the following (trivial)
lemma, which we state for the sake of clarity.

Lemma A.8.2. Let D C C be a full embedding of categories. Suppose
that a direct (resp. inverse) system (d,) of objects of D has a colimit
(resp. a limit) in C, which is isomorphic to an object d of D. Then d
represents the (co)limit of (dy) in D.

A.9. Homological algebra. Recall Grothendieck’s theorem [9, Th.
2.4.1):

Theorem A.9.1. Let A 5 B % C be a string of left exact functors
between abelian categories. Suppose that A and B have enough injec-
tives and that F' carries injectives of A to G-acyclics. Then, for any
A € A, there is a convergent spectral sequence

EP? = RPGRIF(A) = RPT9(GF)(A).

Examples A.9.2. If F has an exact left adjoint, it carries injectives to
injectives. If G is exact, the hypothesis on F' is automatically verified.

The following is a slight generalization of [20, III 2.12], (where the
underlying category of S is supposed to be a category of schemes).

Lemma A.9.3. Let F' be a sheaf of abelian groups on a site S. The
following conditions are equivalent.
(1) We have HY(X,F) =0 for any X € S and q > 0.
(2) We have HI(X,F) =0 for any X € S and q > 0.
(3) We have HY(U/X,F) = 0 for any cover U — X in S and
q > 0.
(4) The sheaf F is is-acyclic, where ig is the inclusion functor of
the category of sheaves to that of presheaves.

Proof. For X € S, we write I'y (resp. I'Y) for the functor F' — F(X)
from the category of sheaves (resp. presheaves) to Ab. We have I'y =
I'Yis. Since I'Y is exact, Theorem A.9.1 implies RT"xy = 'Y, R%s, and
hence HY(X, F) = R%gF(X). This proves the equivalence of (1) and
(4). The rest is shown in the same way as [20, IIT 2.12]. O

Definition A.9.4. We say F'is flabby if the conditions of Lemma A.9.3
are satisfied.
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Lemma A.9.5. Let S be the category of abelian sheaves on a site C, T
an abelian category, and ¢* : T — S an additive functor which has a left

adjoint ¢, : S — T. Suppose that any cover in C admits a refinement
U — X such that ¢,(C(U/X)) is exact in T, where

CU/X) = (- = y(U xx U) = y(U) = y(X) = 0)

is the Cech complex associated to U — X (y denotes the Yoneda func-
tor). Then ¢*I is flabby for any injective object I € T .

Proof. (Compare [28, 3.1.7].) Tt suffices to show HY(U/X,c*I) = 0 for
any ¢ > 0 and for any U — X as in the assumption. If we denote by U}
the n-fold fiber product of U over X, then H4(U/X,c*I) is computed
as the cohomology of the complex

U™ = SUL), ') = T(ew(US), 1),
which is acyclic by the assumption and the injectivity of I. 0

A.10. Grothendieck categories. Recall that a Grothendieck abelian
category (for short, a Grothendieck category) is an abelian category
verifying Axiom AB5 of [9]: small colimits are representable and ex-
act, and having a set of generators (equivalently, a generator). These
generators are generators by strict epimorphisms. We have the follow-
ing basic facts:

Theorem A.10.1. a) Any Grothendieck category is complete and has
enough injectives.

b) Let F : C — D be a functor, where C is a Grothendieck category.
Then F' has a right adjoint if and only if it commutes with all colimits.
c) Let C be a Grothendieck category, B C C be a Serre subcategory,
D =C/B and G : C — D the (exact) localisation functor. Then G has
a right adjoint D if and only if B is stable under infinite direct sums.
In this case, B and D are Grothendieck.

d) Let G : C = D : D be a pair of adjoint additive functors between
additive categories, with D fully faithful. If C is Grothendieck and G is
exact, D is Grothendieck.

Proof. a) See [9, Th. 1.10.1], [SGA4, V.0.2.1] or [16, Th. 8.3.27 (i)
and 9.6.2]. b) See [16, Prop. 8.3.27 (iii)]. ¢) See [7, Ch. III, Prop. 8
and 9]. d) Let B be the kernel of G. Then B is easily seen to be a
Serre subcategory (e.g. [7, Ch. III, Prop. 5]), so the claim follows from

c). O

Theorem A.10.2. For any additive category A, Mod -A is a Gro-
thendieck category with a set of projective generators.
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Proof. See e.g. [1, Prop. 1.3.6] for the first statement; the projective
generators are given by & = {y(A) | A € A}. O
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