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MOTIVIC HOMOTOPY THEORY WITH RAMIFICATION FILTRATIONS

JUNNOSUKE KOIZUMI, HIROYASU MIYAZAKI, AND SHUJI SAITO

Abstract. The aim of this paper is to connect two important and apparently unrelated theories:
motivic homotopy theory and ramification theory. We construct motivic homotopy categories
over a qcqs base scheme S, in which cohomology theories with ramification filtrations are repre-
sentable. Every such cohomology theory enjoys basic properties such as the Nisnevich descent,
the cube-invariance, the blow-up invariance, the smooth blow-up excision, the Gysin sequence,
the projective bundle formula and the Thom isomorphism. In case S is the spectrum of a per-
fect field, the cohomology of every reciprocity sheaf is upgraded to a cohomology theory with a
ramification filtration represented in our categories. We also address relations of our theory with
other non-A1-invariant motivic homotopy theories such as the logarithmic motivic homotopy
theory of Binda, Park, and Østvær and the theory of motivic spectra of Annala-Iwasa.
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Introduction

The motivic homotopy theory initiated by Morel and Voevodsky provides a framework for
treating cohomology theories of schemes in a homotopy theoretic manner and has been proved to
be a very powerful tool in algebraic geometry. For example, it played a pivotal role in Voevodsky’s
proofs of the Milnor and Bloch-Kato conjectures. Morel-Voevodsky’s motivic homotopy theory
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is an A1-homotopy theory, namely, the affine line A1 is used as an analogue of the unit interval
[0, 1], and all A1-invariant cohomology theories are represented as mapping spaces in the category.
On the other hand, it is impossible to capture in this framework non-A1-invariant phenomena
such as wild ramification of Galois representations and D-modules with irregular singularities. A
main motivation of this work is to construct a motivic homotopy theory which captures such non-
A1-invariant phenomena to encompass theories apparently unrelated to homotopy theory such as
ramification theory.

In ramification theory, a central role is played by the ramification filtration {GrK}r∈Q≥0
on the

Galois group GK of a henselian discrete valuation field K: In case the residue filed of K is perfect,
this is classical. The general case was established by Abbes-Saito [AS02]. It endows the presheaf1

(0.1) H1
ét : U 7→ H1

ét(U,Q/Z) = Homcont(π1(U, u),Q/Z)

on the category Smk of smooth schemes over a field k with a ramification filtration

(0.2) MH1
ét(X,D) ⊂ H1

ét(U,Q/Z)

parametrized by pairs (X,D) with a k-scheme X and a Q-Cartier divisor D on X such that
U = X − |D|; an element χ in RHS is contained in LHS if for every henselian DVF K and
ρ : SpecK → U whose composite with U →֒ X factors through SpecOK , the pullback ρ∗(χ) :
GK → Q/Z annihilates GrK with r = vK(ρ∗D), where vK is the normalized valuation of K. One
can check that the association (X,D) 7→ MH1

ét(X,D) gives a Nisnevich sheaf on a suitable category
of such pairs. Then, a question is whether the associated cohomology theory is representable in
suitable motivic homotopy categories.

In this paper, we answer this question. Specifically, choosing a connective commutative ring
spectrum Λ as a coefficient ring, we define the stable∞-category mSH(S,Λ) over a qcqs base scheme
S, which is a refinement of the stable motivic homotopy category SH(S,Λ) of Morel-Voevodsky,
i.e., a stabilization of the full subcategory spanned by the A1-local objects in the ∞-category of
Nisnevich sheaves with values in ModΛ on the category SmS of smooth schemes over S. In our
theory, we use a pair called the cube, denoted by � = (P1, [∞]) as a substitute of the affine line A1

used in A1-invariant theory. This modification offers the advantage of accommodating cohomology
theories that could not be treated in the classical framework. For example, Hodge cohomology
RΓ(−,Ωq) is not A1-invariant and hence cannot be handled in the traditional motivic homotopy
theory. However, the Hodge cohomology with ramification filtration RΓ(−,MΩq), introduced
by Kelly and Miyazaki, is representable in our category (see Example 0.2 below). The same
holds also for the Hodge-Witt cohomology (see Example 0.3 below), so our theory has potential
applications to p-adic cohomology theories. We also show that the cohomology theory RΓ(−,MH1

ét)
arising from (0.2) is also representable in our category, which exhibits a connection of our theory
with ramification theory. Interestingly, it brings about a new motivic viewpoint on unramified
chomology (see §8.6). Moreover, we will show that there is a canonical way to upgrade the Nisnevich
cohomology RΓ(−, F ) of any reciprocity sheaf F in the sense of [KSY16], [KSY22] to a cohomology
theory with ramification filtration which is representable in our category (see (0.7)), and also
show that the cohomology theories RΓ(−,MΩq) and RΓ(−,MH1

ét) are special cases of the general
construction.

1Here, π1(U, u) is the fundamental group of U with a chosen geometric point u,
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0.1. Overview of the construction. Now, we explain the construction of our categorymSH(S,Λ).
In a nutshell, it is defined as the localizations with respect to the cube-invariance and the SNC
blow-up invariance of the categories of Nisnevich sheaves on the category mSmS of log-smooth
Q-modulus pairs over S, followed by a certain stabilization process: A log-smooth Q-modulus pair
over S is a pair X = (X,D) where X ∈ SmS and D is a relative Q-SNCD over S (see Definition
1.1). A morphism of log-smooth Q-modulus pairs f : (X,D)→ (Y,E) is a morphism of S-schemes
f : X → Y such that D ≥ f∗E. The category mSmS has a natural symmetric monoidal structure
⊗ given by (X,D) ⊗ (Y,E) = (X × Y, pr∗1D + pr∗2E). We can also define a modulus version of
the Nisnevich topology on mSmS (see Definition 1.9). We then consider the following classes of
morphisms in mSmS (see Definition 1.8 for SNC blow-ups):

CI = {X ⊗�→ X | X ∈ mSmS}, BI = {SNC blow-ups Y → X}.

Choosing a coefficient category C ∈ {Spc, Spc∗, Sp,ModΛ}, we define the C-valued motivic homo-
topy category with modulus mH(S, C) to be the full ∞-subcategory of the category ShNis(mSmS , C)
of C-valued Nisnevich sheaves on mSmS spanned by the (CI ∪ BI)-local objects. It is a standard
fact that mH(S, C) underlies a presentably symmetric monoidal ∞-category, where the monoidal
structure is the Day convolution of the tensor product ⊗ on mSmS . It is equipped with a functor

(0.3) M: mSmS
y
−→ ShNis(mSmS , C)

Lmot−−−→ mH(S, C),

where y is the Yoneda functor and Lmot : ShNis(mSmS , C)→ mH(S, C) is the localization functor2.
We write mSHS1(S,Λ) for mH(S,ModΛ).

The stable category mSH(S,Λ), equipped with a natural functor M : mSmS → mSH(S,Λ), is
then obtained from mSHS1(S,Λ) by stabilizing the endofunctor S1

t ⊗ (−) on mSH(S,Λ), where S1
t

is the Tate circle with modulus defined as

S1
t = M(P1, [0] + [∞])/M({1}) ∈ mSHS1(S,Λ).

When Λ is the sphere spectrum, we simply write mSH(S) for mSH(S,Λ).

The following properties follow immediately from the definition:

(1) (Nisnevich descent) For any elementary distinguished Nisnevich square in mSmS , its image
under M from (0.3) is a coCartesian square.

(2) (Cube-invariance) For any X = (X,D) ∈ mSmS , the canonical morphism M(X ⊗ �) →
M(X ) is an equivalence.

(3) (Blow-up invariance) For any SNC blow-up Y → X , the induced morphism M(Y)→ M(X )
is an equivalence.

Besides the above, we will prove the following (see Theorems 2.3, 2.9, 4.5).

Theorem 0.1. Let C ∈ {Sp,ModΛ}
3 be as above and M be as (0.3). Let X = (X,D) ∈ mSmS

and let Z ⊂ X be a smooth closed subscheme which is transversal to |D| (see Definition 1.2).

2i.e. left adjoint to the inclusion functor.
3In fact, we prove similar statements in the unstable category, allowing the case C = Spc

∗
too.
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(1) (Smooth blow-up excision) Let E denote the exceptional divisor of the blow-up π : BlZ X →
X. Then, the following square is coCartesian:

M(E, π∗D|E) //

��

M(BlZ X, π
∗D)

��
M(Z,D|Z) // M(X ).

(2) (Tame Hasse-Arf theorem) Suppose that Z ⊂ X has codimension 1. Then for any ε ∈
(0, 1] ∩Q, the natural morphism

M(X,D + Z)→ M(X,D + εZ)

is an equivalence.
(3) (Gysin sequence) Let π : NZX → Z be the normal bundle of Z, and set NZX := (NZX, π

∗(D|Z)).
Then there exists a canonical cofiber sequence

M(BlZ X, q
∗D + E)→ M(X )→ MTh(NZX),

where q : BlZ X → X is the blow-up along Z, E is the exceptional divisor, and MTh(NZX)
is the Thom space of NZX (see Definition 4.3).

We will also prove the projective bundle formula and the Thom isomorphism for oriented ring
spectra in mSH(S) (see Theorem 5.6 and Corollary 5.11). These are essentially reworkings of the
corresponding material in the logarithmic motivic homotopy theory [BPØ22, §7].

0.2. Relation with other motivic homotopy categories. Here, we mention the relation be-
tween mSH(S,Λ) and other motivic homotopy categories.

Firstly, we have a localization functor from mSH(S,Λ) to the A1-invariant motivic homotopy
category (see Corollary 1.16). Let SHS1(S,Λ) ⊂ ShNis(SmS ,ModΛ) be the full ∞-subcategory
spanned by the A1-local objects, and let SH(S,Λ) be the stabilization of SHS1(S,Λ) with respect
to the Tate circle (A1 − {0})/{1}. Then, we will see that there exists an adjunction

ω! : mSH(S,Λ) ⇄ SH(S,Λ): ω∗,

with ω! symmetric monoidal, ω∗ fully faithful and ω! M(X ) ≃ M(X ◦). Moreover, we prove that the
functor ω! is obtained as the A1-localization of mSH(S,Λ) in §3.5.

Annala-Iwasa [AI] constructed a non-A1-invariant motivic homotopy category MSS which they
call the category of motivic spectra. The category MSS is is the localization of the category of
Zariski sheaves of spectra on SmS with respect to the elementary blow-up excision (see Definition
3.25). The smooth blow-up excision for mSH(S) (see Theorem 0.1) implies that there exists a pair
of adjoint functors

(0.4) MSS mSH(S),
λ!

λ∗

such that λ!(Σ
∞
P1X+) = M(X,∅) (see Theorem 3.26).
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Finally, we compare mSH(S,Λ) with the logarithmic motivic homotopy category logSH(S,Λ)
defined by Binda, Park, and Østvær (see Corollary 3.24). We construct a string of adjoint functors

(0.5) mSH(S,Λ) logSH(S,Λ),
t!

t∗

t∗

where t! ⊣ t∗ is a symmetric monoidal adjunction, and t∗ ⊣ t∗ is an adjunction. Moreover, t∗ is
fully faithful and

t! M(X,D) ≃ Mlog(X,M|D|), t∗ Mlog(X,MD) ≃ colim
ε→0

M(X, εD),

where MD denotes the log structure on X associated to an SNCD D on X , and Mlog is the
logarithmic counterpart of (0.3). The essential image of t∗ is identified with the full subcategory
generated by Q-modulus pairs (X,D) where all components of D have multiplicity ≤ 1. Also, by
construction, we have the following commutative diagram:

mSH(S)

ω!

%%❑❑
❑❑

❑❑
❑❑

❑❑

t!

��

MSS

λ!

::ttttttttt

λ# $$❏
❏❏

❏❏
❏❏

❏❏
❏

SH(S)

logSH(S)

ω#

99ssssssssss

where the functors λ# and ω# are defined in [BPØ, Constructions 4.0.8, 4.0.18].

We would like to note that the idea of comparing the category of motives with modulus and the
category of log motives was originally proposed by Shane Kelly in the private letter to the second
author [Kel20] in 2020, and the unstable version of the compariosn is treated in [Kel25], where the
notion of Q-modulus pairs is not used. A merit of the use of Q-modulus pairs in the present paper
is that t∗ in (0.5) has a description in terms of representables.

0.3. Representability of cohomology theories with ramification filtrations. In the sec-
ond part of this paper, we fix a perfect base field k and work in the categories mDAeff(k) :=

mSHS1(Spec k,Z) and mDA(k) := mSH(Spec k,Z) = mDAeff(k)[(S1
t )

−1]. We give examples of

cohomolgy theories on mSmk which are representable in mDAeff(k) and mDA(k).

Example 0.2. (The Hodge cohomology with modulus, §6.1) This is a cohomology theory RΓ(−,MΩq)
on mSmk constructed by Kelly and the second author ([KMa], [KMb]) and also by the first author
([Koi]). It is an extension to mSmk of the Hodge cohomology RΓ(−,Ωq) defined on Smk and has
the following simple description:

MΩq(X ) = Γ(X,ΩqX(log |D|)(⌈D⌉ − |D|)) for X = (X,D) ∈ mSm .

It is proved in loc.cit. that RΓ(−,MΩq) is (CI ∪ BI)-local, which implies that for any q ≥ 0, there

is an object mΩq ∈ mDAeff(k) such that there is a natural equivalence (see Theorem 6.5)

mapmDAeff (k)(M(X ),mΩq) ≃ RΓ(X ,MΩq).
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Moreover, the S1
t -loop space of mΩq is isomorphic to mΩq−1 (see Lemma 6.8) so they constitute

an oriented ring spectrum mΩ := (mΩ0,mΩ1,mΩ2, . . . ) ∈ mDA(k) and we have

(0.6) HommDA(k)(M(X ),Σp,qmΩ) ≃ Hp−q(X ,MΩq),

where Σp,qE = (S1
t )

⊗q ⊗ Σp−qE for E ∈ mDA(k).

Example 0.3. (The Hodge-Witt cohomology with modulus, §6.2) Assume that ch(k) = p > 0.
This is a cohomology theory RΓ(−,MWnΩ

q) on mSmk constructed by Shiho ([Shi]) as an exten-
sion of the Hodge-Witt cohomology RΓ(−,WnΩ

q) defined on Smk. If a Q-modulus pair (X,D)
can be lifted to a Q-modulus pair over Wn(k), there exists an explicit description of the group
MWnΩ

q(X,D) (see §6.2). It is proved in loc.cit. to be (CI ∪ BI)-local, which implies that for any

n ≥ 1 and q ≥ 0, there is an object mWnΩ
q ∈ mDAeff(k) such that there is a natural equivalence

(Theorem 6.18)
mapmDAeff (k)(M(X ),mWnΩ

q) ≃ RΓ(X ,MWnΩ
q).

Moreover, the S1
t -loop space of mWnΩ

q is isomorphic to mWnΩ
q−1 (see Lemma 6.20) so they

constitute an oriented ring spectrum mWnΩ in mDA which represents the Hodge-Witt cohomology
with ramification in the same way as (0.6).

These examples motivate the following question:

Question 0.4. Is there a canonical way to upgrade the Nisnvich cohomology RΓ(−, F ) for a given
Nisnevich sheaf F of abelian groups on Smk to a cohomology theory on mSmk which is representable
in mDAeff(k) as in the above examples?

To answer this question, we first recall that Ωq and WnΩ
q are objects of the category RSCNis

of reciprocity sheaves introduced in [KSY16] [KSY22]. Later in the introduction, we will briefly
review its definition (see also Definition 8.1). An answer to a similar question in the context of
logarithmic homotopy theory was given in [Sai23] by constructing a functor

(−)log : RSCNis → logDAeff(k),

such that there is a natural equivalence for F ∈ RSCNis and X ∈ Smk

maplogDAeff (k)(M
log(X, tri), F log) ≃ RΓ(X,F ),

where logDAeff(k) is defined in [BPØ22, p. 5.2.1] and viewed as the logarithmic counterpart of

mDAeff(k) and Mlog(X, tri) is the object of logDAeff(k) associated to the log scheme with trivial log
structure via the logarithmic conterpart of (0.3). For F ∈ RSCNis, F

log is defined as the cohomology
of a sheaf whose value on a log scheme X = (X,MD) associated to X ∈ Smk and D, a SNCD on X ,
is a subgroup of F (X−D) consisting of those sections which have logarithmic poles along D. The
existence of such a functor connecting the theory of reciprocity sheaves and logarithmic motives,
has a fundamental importance. In this paper, we will refine (−)log by constructing a functor

(0.7) (−)mod : RSCNis → mDAeff(k)

such that there is a natural equivalence for F ∈ RSCNis and X ∈ Smk

mapmDAeff (k)(M(X,∅), Fmod) ≃ RΓ(X,F ),

where (X,∅) ∈ mSmk is the modulus pair with the empty modulus. The functor (0.7) gives a rich

source of supply of cohomology theories with ramification filtrations representable in mDAeff(k).
For F ∈ RSCNis, F

mod is defined as the cohomology of a sheaf whose value on X = (X,D) ∈ mSmk
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is a subgroup of F (X − |D|) consisting of those sections whose ramification along |D| is bounded
by D (see (0.9)). Moreover, we will show that there exists a natural equivalence of functors (see
Theorem 8.15):

t∗ ◦ (−)
mod = (−)log,

where t∗ is the functor from (0.5). In Theorem 8.23, we will compute (Ωq)mod explicitly and
prove that it coincides with mΩq from Examples 0.2. We also show that (H1

ét)
mod represents the

cohomology theory RΓ(−,MH1
ét) (see (0.1) and (0.2)), which exhibits a connection of mDAeff(k)

with ramification theory (see Theorem 8.32). We will also show that the filtrations capturing the
irregular singularities of rank 1 connections on smooth schemes over a field of characteristic 0 are
representable in our motivic homotopy category (see Theorem 8.41).

In a forthcoming work, we hope to conduct a similar computation for mWmΩq from Example
0.3.

It is interesting to ask whether we can S1
t -deloop Fmod for any F ∈ RSCNis to produce an

S1
t -spectrum in mDA(k). This would follow if we can extend the cancellation theorem ([MS23,

Corollary 3.6]) to Q-modulus pairs. An interesting observation (see Conjecture 8.36) is that we
should be able to S1

t -deloop (H1
ét)

mod by using unramified cohomology.

Finally, we briefly review RSCNis and the construction of (0.7). Roughly speaking, reciprocity
sheaves, the objects of RSCNis, are a generalization of A1-invariant Nisnevich sheaves with transfers,
which played a fundamental role in the theory of mixed motives à la Voevodsky. For the convenience
of the reader, we provide a concise recollection of the definition of reciprocity sheaves.

Let Cor be Voevodsky’s category of finite correspondences on Smk: It has the same objects as
Smk and Cor(X,Y ) (X,Y ∈ Smk) is the free abelian group on the set of integral closed subschemes
of X×Y finite and surjective over a component of X . The A1-invariance of a presheaf F on Cor is
rephrased by the condition that for every X ∈ Smk, a ∈ F (X) and T ∈ Smk and α, β ∈ Cor(T,X)
which are A1-homotopic, we have α∗a = β∗a ∈ F (T ). Here, α, β are A1-homotopic if

(†) there is γ ∈ Cor(T × A1, X) such that γ|T×0 = α and γ|T×1 = β.

A reciprocity sheaf is a Nisnevich sheaf of abelian groups on Cor satisfying the following modulus
refinement of the A1-invariance:

(♠) For every X ∈ Smk and a ∈ F (X), there exists a proper k-scheme Y and an effective
Q-Cartier divisor E on Y with X = Y − |E| such that (Y,E) is a modulus of a, i.e., for
any T ∈ Smk and α, β ∈ Cor(T,X) which are cube-homotopic with respect to (Y,E), we
have α∗a = β∗a ∈ F (T ).

Here, α, β are cube-homotopic with respect to (Y,E) if one can take γ in (†) from a subgroup
MCor(T ⊗�, (Y,E)) of Cor(T ×A1, X) generated by integral closed subschemes Z ⊂ T ×A1 ×X
satisfying a modulus condition with respect to the Q-Cartier divisors ∞ on P1 and E on Y (see
Definition 7.1 for details).

By the definition, every A1-invariant Nisnevich sheaf on Cor is a reciprocity sheaf (see Remark
8.2 and [BRS, §11.1] for examples of reciprocity sheaves which are non-A1-invariant). By [Sai20,
Th.0.1], the category RSCNis of reciprocity sheaves is abelian.

For any reciprocity sheaf, there is a canonical way to associate a Nisnevich sheaf on mSmk.
Namely, there is a functor

(0.8) ωCI : RSCNis → ShNis(mSmk,Ab),
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where ShNis(mSmk,Ab) denotes the category of Nisnevich sheaves of abelian groups on mSmk,
such that for X = (X,D) ∈ mSmk, we have (see Definition 7.11 for a compactification of X )

ωCIF (X ) =

{
a ∈ F (X − |D|)

∣∣∣∣
There exists a compactification (X,D,Σ) of X
such that (X,D +Σ) is a modulus for a

}
.

Finally, we define a functor

ωexc : RSCNis → ShNis(mSmk,Ab)

by setting

ωexcF (X ) = colim
ε→0

ωCIF (X, (1− ε)D)

for X = (X,D) ∈ mSmk, and consider its cohomology

(0.9) Fmod := RΓNis(−, ω
excF ) ∈ ShNis(mSmk,ModZ) for F ∈ RSCNis .

Then, we show that Fmod is local with respect to CI and BI using the main results of [Sai20] and

[Koi] due to the first and the third authors, and hence Fmod is representable in mDAeff(k).

Acknowledgements. The authors would like to thank Marc Hoyois and Naruki Masuda for
answering questions about ∞-categories. We thank Shane Kelly for his interest on our work, and
for sharing his ideas about the comparison between the modulus theory and log theory. We thank
Ryomei Iwasa for a helpful discussion on the existence of the pair of adjoint functors (0.4), and for
many helpful comments on an earlier version of the paper. We also thank Federico Binda, Bruno
Kahn, Doosung Park, and Kay Rülling for their interest on our work.

Notation and conventions. We use the following notation.

SchS category of separated finite type S-schemes
SmS category of smooth separated finite type S-schemes
Spc ∞-category of spaces
Spc∗ ∞-category of pointed spaces
Sp ∞-category of spectra

PrL ∞-category of presentable ∞-categories and colimit-preserving functors
MapC(−,−) mapping space in an ∞-category C
mapC(−,−) mapping spectrum in a stable ∞-category C
HomC(−,−) π0 MapC(−,−)
PSh(C,D) ∞-category of D-valued presheaves on C
Shτ (C,D) ∞-category of D-valued τ -sheaves on C

For an integral domain A, we write AN for its integral closure. Similarly, for an integral scheme
X , we writeXN for its normalization. ForX ∈ SmS , a coordinate onX means a family of functions
x1, . . . , xd ∈ Γ(X,OX) which defines an étale morphism X → AdS . We say that an S-scheme X
is essentially smooth over S if there exists a cofiltered diagram {Xi}i∈I in SmS , whose transition
maps are étale and affine, such that X = limi∈I Xi. We often extend a presheaf F on SmS to
essentially smooth schemes by setting

X = lim
i∈I

Xi =⇒ F (X) := colim
i∈I

F (Xi),

where the right hand side does not depend on the choice of the diagram.
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Unless otherwise specified, cohomologies are taken with respect to the Nisnevich topology. For
a ring A, we write A{t1, . . . , td} for the henselization of A[t1, . . . , td] along (t1, . . . , td).

Part 1. Constructions and basic properties

1. Construction of the motivic homotopy categories with modulus

Throughout this section, we fix a qcqs scheme S.

1.1. Relative Q-SNCD. For a smooth S-scheme X , we write CDiv+(X/S) for the monoid of
relative effective Cartier divisors on X over S.

Definition 1.1. Let X be a smooth S-scheme. A relative SNCD on X over S is an element
D ∈ CDiv+(X/S) with the following property:

− Zariski-locally onX , there is a coordinate x1, · · · , xn onX over S such thatD = div(x1x2 · · ·xm)
for some m ≤ n.

Definition 1.2. Let X ∈ SmS and let D be a relative SNCD on X over S. Let Z ⊂ X be a smooth
closed subscheme. We say that Z has normal crossings to D if Zariski locally on X , there is a
coordinate x1, . . . , xn on X over S such that D = {x1x2 · · ·xm = 0} and Z = {xi1 = · · · = xik = 0}.
If moreover we have Z 6⊂ D, then we say that Z is transversal to D.

We also define a “Q-divisor version” of relative SNCD:

Definition 1.3. Let X be a smooth S-scheme. A relative Q-SNCD on X over S is an element
D ∈ CDiv+(X/S)⊗N Q≥0 with the following property:

− Zariski-locally onX , there is a coordinate x1, · · · , xn onX over S such thatD =
∑m

i=1 ri div(xi)
for some m ≤ n and r1, · · · , rm ∈ Q>0.

We say that D has multiplicity ≤ 1 if ri ≤ 1 holds for all i.

Definition 1.4. Let X be a smooth S-scheme and D be a relative Q-SNCD on X over S. If
there is a coordinate x1, · · · , xn on X over S such that D =

∑m
i=1 ri div(xi) for some m ≤ n and

r1, · · · , rm ∈ Q>0, then we define the support of D by

|D| = div(x1x2 · · ·xm).

In general, we define |D| by gluing the above construction. By definition, |D| is a relative SNCD
on X over S.

Lemma 1.5. Let X ∈ SmS and let D be a relative Q-SNCD on X over S. Let Z ⊂ X be a smooth
closed subscheme of codimension n which is transversal to |D|. Then Zariski locally on X, there is
a commutative diagram

Z� _

��

Z
idoo ∼ //

� _

��

Z × {0}
� _

��
X X ′poo q // Z × An

where p and q étale, the squares are Cartesian, and p∗D = q∗pr∗1(D|Z).
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Proof. This is [KS21, Lemma 8] in case S = Spec k for a field k. The same proof works over a
general base. We include it for the sake of the readers (see also [MV99, Lem.3.2.28] for an argument
over a general base). We may assume S = SpecR is affine. By Definition 1.2, we may assume that
there exists an étale morphism ρ : X → Ar+n = SpecR[T1, . . . , Tr+n] such that Z = ρ−1(Ar×{0})
and |D| = ρ−1({T1 · · ·Ts = 0}) with s ≤ r. Define Γ = X ×Ar+n (Z × An), where the right

morphism comes from the composition Z → X
ρ
→ Ar+n → Ar. Then we have

Γ×Ar+n (Ar × {0}) = (Z × An)×Ar+n X ×Ar+n (Ar × {0}) = (Z × An)×Ar+n Z = Z ×Ar Z.

Since Z → Ar is étale, the last term is a disjoint union of the diagonal Z → Z ×Ar Z and a closed
subscheme Σ ⊂ Z ×Ar Z. Put X ′ = Γ − Σ with projections p : X ′ → X and q : X ′ → Z × An.
Since ρ : X → Ar+n and Z × An → Ar+n are étale, p and q are étale. By the construction,

p−1(Z) ≃ Z, q−1(Z × {0}) ≃ Z × {0}, p∗D = q∗(D|Z × An),

which implies the lemma. �

1.2. log-smooth Q-modulus pairs.

Definition 1.6. A log-smooth Q-modulus pair over S is a pair X = (X,D) where X ∈ SmS and D
is a relativeQ-SNCD over S. For a log-smoothQ-modulus pair X = (X,D), we write X ◦ := X−|D|
and call it the interior of X . A morphism of log-smooth Q-modulus pairs f : (X,D) → (Y,E) is
a morphism of S-schemes f : X → Y such that f(X ◦) ⊂ Y◦ and D ≥ f∗E hold. We write mSmS

for the category of log-smooth Q-modulus pairs.

Example 1.7. We write � = (P1, [∞]) ∈ mSmS and call it the cube.

For two log-smooth Q-modulus pairs X = (X,D) and Y = (Y,E), we set X ⊗ Y = (X ×
Y, pr∗1D + pr∗2E). It is easy to see that this gives a symmetric monoidal structure on mSmS . By
left Kan extension, this extends to a symmetric monoidal structure on the category PSh(mSmS)
of presheaves of abelian groups on mSmS .

Definition 1.8. Let X = (X,D) ∈ mSmS . Let Z be a smooth closed subscheme of X which has
normal crossings to |D|. We write

BlZ X := (BlZ X, π
∗D)

where π : BlZ X → X is the blow-up along Z. A morphism Y → X in mSmS is called an SNC
blow-up if there is a smooth closed subscheme Z ⊂ |D| which has normal crossings to |D| such that
BlZ X ∼= Y.

1.3. Nisnevich topology on mSmS.

Definition 1.9. An elementary distinguished square in mSmS is a commuative diagram in mSmS

which is isomorphic to a diagram of the form

(V,D|V ) //

��

(Y,D|Y )

��
(U,D|U ) // (X,D),

where the associated diagram of underlying S-schemes is an elementary distinguished square. This
defines a cd-structure and hence a topology on mSmS , which we call the Nisnevich topology on
mSmS . We also define the Zariski topology on mSmS in the same manner.



MOTIVIC HOMOTOPY THEORY WITH RAMIFICATION FILTRATIONS 11

Let C ∈ {Spc, Spc∗,ModΛ}, where Λ is a connective commutative ring spectrum. We write
mSmS,Nis for the site defined by the Nisnevich topology, and ShNis(mSmS , C) for the associated
∞-category of C-valued sheaves. The inclusion functor ShNis(mSmS , C) → PSh(mSmS , C) admits
a left adjoint aNis. There is a sequence of functors

mSmS → ShNis(mSmS , Spc)
(−)+
−−−→ ShNis(mSmS , Spc∗)

Λ⊗Σ∞(−)
−−−−−−−→ ShNis(mSmS ,ModΛ).

We write y : mSmS → ShNis(mSmS , C) for the canonical functor appearing in the above sequence,
and call it the Yoneda functor.

1.4. Construction of the motivic homotopy categories.

Definition 1.10. We define classes of morphisms CI,BI in mSmS as follows:

CI ={X ⊗�→ X | X ∈ mSmS},

BI ={SNC blow-ups Y → X}.

Let C ∈ {Spc, Spc∗, Sp,ModΛ}, where Λ is a connective commutative ring spectrum. We define
the C-valued motivic homotopy category with modulus

mH(S, C)

to be the full∞-subcategory of ShNis(mSmS , C) spanned by the objects which are local with respect
to CI and BI. We write Lmot : ShNis(mSmS , C) → mH(S, C) for the left adjoint to the inclusion
functor. We define M: mSmS → mH(S, C) to be the composition

M: mSmS
y
−→ ShNis(mSmS , C)

Lmot−−−→ mH(S, C),

where y is the Yoneda functor. The ∞-category mH(S, C) underlies a presentably symmetric
monoidal ∞-category, where the monoidal structure is the Day convolution of the tensor product
⊗ on mSmS [Lur, Proposition 2.2.1.9].

Remark 1.11. We use the following notation:

mH(S, C) =





mH(S) (C = Spc),

mH∗(S) (C = Spc∗),

mSHS1(S) (C = Sp),

mSHS1(S,Λ) (C = ModΛ).

When Λ is a classical ring, we write mDAeff(S,Λ) for mSHS1(S,Λ).

Remark 1.12. By construction, the category mH(S, C) has the following properties:

(1) (Nisnevich descent) For any elementary distinguished square in mSmS , its image under M
is a coCartesian square.

(2) (Cube-invariance) For any X ∈ mSmS , the canonical morphism M(X ⊗ �)→ M(X ) is an
equivalence.

(3) (Blow-up invariance) For any SNC blow-up Y → X in mSmS , the induced morphism
M(Y)→ M(X ) is an equivalence.

Definition 1.13. For ε ∈ (0, 1] ∩Q, we write �
ε
= (P1, ε[∞]).

Lemma 1.14. For any X ∈ mSmS and ε ∈ (0, 1] ∩ Q, the morphism M(X ⊗ �
ε
) → M(X ) in

mH(S, C) is an equivalence.
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Proof. It suffices to show that M(�
ε
)→ M(pt) is an equivalence. Consider the multiplication map

µ : A1 × A1 → A1. It extends to a map µ : Bl(0,∞),(∞,0)(P
1 × P1)→ P1 and gives a morphism

µ : Bl(0,∞),(∞,0)(�
ε
⊗�)→ �

ε

in mSmS . The canonical inclusions

iν : �
ε ∼
−→ �

ε
⊗ {ν} →֒ �

ε
⊗� (ν = 0, 1)

lift to ιν : �
ε
→ Bl(0,∞),(∞,0)(�

ε
⊗ �). Consider the following commutative diagram:

M(�
ε
)

i1

uu❦❦❦❦
❦❦
❦❦
❦❦
❦❦
❦❦
❦

ι1

��

id

((◗◗
◗◗

◗◗
◗◗

◗◗
◗◗

◗◗
◗

M(�
ε
⊗�) M(Bl(0,∞),(∞,0)(�

ε
⊗�))

∼oo µ // M(�
ε
)

M(�
ε
)

i0

ii❙❙❙❙❙❙❙❙❙❙❙❙❙❙❙❙
ι0

OO

// M(pt).

0

OO

We have i0 ≃ i1 since they are sections of the equivalence M(�
ε
⊗ �) → M(�

ε
). Therefore we

have ι0 ≃ ι1 and thus the composition M(�
ε
)→ M(pt)→ M(�

ε
) is homotopic to the identity. �

1.5. Comparison with Morel-Voevodsky’s categories. In this subsection, we construct com-
parison functors between our categories and Morel-Voevodsky’s motivic homotopy categories. First
we recall the definition of Morel-Voevodsky’s categories:

Definition 1.15. We define a class of morphisms HI in SmS by

HI = {X × A1 → X | X ∈ SmS}.

Let C ∈ {Spc, Spc∗, Sp,ModΛ}, where Λ is a connective commutative ring spectrum. The C-valued
motivic homotopy category

H(S, C)

is defined to be the full ∞-subcategory of ShNis(SmS , C) spanned by the objects which are local
with respect to HI. We write Lmot : ShNis(SmS , Spc)→ H(S, C) for the left adjoint to the inclusion
functor. We define M: SmS → H(S, C) to be the composition

M: SmS
y
−→ ShNis(SmS , C)

Lmot−−−→ H(S, C),

where y is the Yoneda functor. We use the following notation:

H(S, C) =





H(S) (C = Spc),

H∗(S) (C = Spc∗),

SHS1(S) (C = Sp),

SHS1(S,Λ) (C = ModΛ).

When Λ is a classical ring, we write DAeff(S,Λ) for SHS1(S,Λ).
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Let us compare H(S, C) with our category mH(S, C). Consider the functor

ω : mSmS → SmS ; X 7→ X ◦,

which admits a left adjoint X 7→ (X, ∅). It is easy to see that ω gives a morphism of sites
SmS,Nis → mSmS,Nis. Therefore the functor ω induces an adjunction between sheaf categories

ω! : ShNis(mSmS , C) ⇄ ShNis(SmS , C) : ω
∗,

where ω! is symmetric monoidal and ω!y(X ) ≃ y(X ◦), ω∗F (X ) ≃ F (X ◦). Since the functor ω
admits a left adjoint X 7→ (X, ∅), we also have ω!F (X) ≃ F (X, ∅). Moreover, the functor ω∗ is
fully faithful because ω! ◦ ω∗ ≃ id.

By the above formula for ω!, we see that the functor ω∗ : ShNis(SmS , C) → ShNis(mSmS , C)
sends HI-local objects to (CI ∪ BI)-local objects. This implies the following:

Corollary 1.16. Let C ∈ {Spc, Spc∗, Sp,ModΛ}, where Λ is a connective commutative ring spec-
trum. Then there is an adjunction

ω! : mH(S, C) ⇄ H(S, C) : ω∗

where ω! is symmetric monoidal, ω∗ is fully faithful, and ω! M(X ) ≃ M(X ◦).

2. Properties of motivic homotopy categories with modulus

In this section, we fix C ∈ {Spc∗, Sp,ModΛ} and study basic properties of the functor

M: mSmS → mH(S, C).

2.1. Motive of (Pn,Pn−1). First we prepare a lemma about the motive of (Pn,Pn−1) and its
blow-ups. Here, we identify Pn−1 with a hypersurface inside Pn.

Lemma 2.1. The following statements hold true:

(1) M(Pn,Pn−1)→ M(pt) is an equivalence.
(2) If x : pt→ Pn−1 is a section, then M(Blx(P

n,Pn−1))→ M(∗) is an equivalence.
(3) If x : pt → Pn\Pn−1 is a section, then M(E,∅) → M(Blx(P

n,Pn−1)) is an equivalence,
where E is the exceptional divisor.

Proof. We proceed by induction on n. If n = 1, then we have (P1,P0) ∼= Blx(P
1,P0) ∼= �, so all

statements follow from the cube-invariance. Suppose n ≥ 2. If x ∈ Pn−1 (resp. x ∈ Pn − Pn−1),
then Blx(P

n,Pn−1) is a cube-bundle over (Pn−1,Pn−2) (resp. (E,∅)). Therefore the claims (2)
and (3) follow from the Nisnevich descent and the cube-invariance. The claim (1) follows from (2)

via the blow-up invariance; M(Blx(P
n,Pn−1))

∼
−→ M(Pn,Pn−1). �

2.2. Smooth blow-up excision. In this subsection we prove the smooth blow-up excision follow-
ing Kelly-Saito’s argument [KS21].

Definition 2.2. Let X = (X,D) ∈ mSmS and let Z ⊂ X be a smooth closed subscheme which is
transversal to |D|. Let E denote the exceptional divisor of the blow-up BlZ X → X . Consider the
following commutative diagram:

M(E,D|E) //

��

M(BlZ X )

��
M(Z,D|Z) // M(X ).
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We say that (SBU)(X ,Z) holds if the total cofiber of the above square is zero.

Theorem 2.3 (Smooth blow-up excision). Let X = (X,D) ∈ mSmS and let Z ⊂ X be a smooth
closed subscheme which is transversal to |D|. Then (SBU)(X ,Z) holds.

Lemma 2.4. Let X = (X,D) ∈ mSmS and let Z ⊂ X be a smooth closed subscheme which is
transversal to |D|. If (SBU)(X ,Z) holds, then (SBU)(X⊗Y,Z×Y ) holds for any Y = (Y,E) ∈ mSmS.

Proof. This is a consequence of the fact that the functor M(Y,E)⊗ (−) preserves colimits. �

Lemma 2.5. Let X = (X,D) ∈ mSmS and let Z ⊂ X be a smooth closed subscheme which
is transversal to |D|. Let {Ui}i∈I be a Zariski covering of X . For each finite non-empty subset
J ⊂ I, we set UJ =

⋂
j∈J Uj. If (SBU)(UJ ,ZJ ) holds for every finite non-empty subset J ⊂ I, then

(SBU)(X ,Z) holds.

Proof. This follows immediately from the Nisnevich descent. �

Lemma 2.6. Let x = [0 : · · · : 0 : 1]. Then (SBU)((Pn,Pn−1),x) holds.

Proof. Let E denote the exceptional divisor of the blow-up Blx P
n → Pn. We have to show that

the total cofiber of the following square is zero:

M(E,∅) //

��

M(Blx(P
n,Pn−1))

��
M(pt)

[0:···:0:1] // M(Pn,Pn−1).

By Lemma 2.1, the horizontal morphisms are equivalences, so the diagram is coCartesian. �

Lemma 2.7. Let X = (X,D) ∈ mSmS and let Z ⊂ X be a smooth closed subscheme which is
transversal to |D|. Let X ′ → X be an étale morphism which induces an isomorphism X ′×XZ ∼= Z,
and set X ′ = (X ′, D|X′). Then we have

(SBU)(X ′,Z) ⇐⇒ (SBU)(X ,Z).

Proof. Let E denote the exceptional divisor of the blow-up BlZ X → X , which can be identified
with the exceptional divisor of the blow-up BlZ X

′ → X ′. Let U = X − Z and U ′ = X ′ − Z.
Consider the following commutative diagram:

M(U ′, D|U ′)

��

// M(U,D|U )

��
M(BlZ X

′)

��

// M(BlZ X )

��
M(X ′) // M(X ).
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The upper square and the total rectangle are coCartesian by the Nisnevich descent. By the pasting
law, the lower square is also coCartesian. Next, we consider the following commutative diagram:

M(E,D|E) //

��

M(BlZ X ′)

��

// M(BlZ X )

��
M(Z,D|Z) // M(X ′) // M(X ).

We have seen that the right square is coCartesian. This implies that the total cofiber of the left
square is isomorphic to that of the total rectangle. Therefore (SBU)(X ′,Z) holds if and only if
(SBU)(X ,Z) holds. �

Proof of Theorem 2.3. By Lemma 1.5 and Lemma 2.5, we may assume that there is a commutative
diagram

(2.1) Z� _

��

Z
idoo id //

� _

��

Z × {0}
� _

��
X X ′poo q // Z × An �

� // Z × Pn,

where p and q étale, the squares are Cartesian, and p∗D = q∗pr∗1(D|Z) for the projection pr1 :
Z × A1 → Z. By Lemma 2.6 and Lemma 2.4, we see that (SBU)((Z×Pn,Z×Pn−1),Z) holds. Using
Lemma 2.7 twice, we conclude that (SBU)(X ,Z) holds. �

2.3. Tame Hasse-Arf theorem. In this subsection we prove the following result:

Definition 2.8. Let X = (X,D) ∈ mSmS and let Z ⊂ X be a smooth divisor which is transversal
to |D|. We say that (THA)(X ,Z) holds if for any ε ∈ (0, 1] ∩Q, the cofiber of the morphism

M(X,D + Z)→ M(X,D + εZ)

is zero.

Theorem 2.9 (Tame Hasse-Arf theorem). Let X = (X,D) ∈ mSmS and let Z ⊂ X be a smooth
divisor which is transversal to |D|. Then (THA)(X ,Z) holds.

Lemma 2.10. Let X = (X,D) ∈ mSmS and let Z ⊂ X be a smooth divisor which is transversal
to |D|. If (THA)(X ,Z) holds, then (THA)(X⊗Y,Z×Y ) holds for any Y = (Y,E) ∈ mSmS.

Proof. This is a consequence of the fact that the functor M(Y,E)⊗ (−) preserves colimits. �

Lemma 2.11. Let X = (X,D) ∈ mSmS and let Z ⊂ X be a smooth divisor which is transversal
to |D|. Let {Ui}i∈I be a Zariski covering of X . For each finite non-empty subset J ⊂ I, we set
UJ =

⋂
j∈J Uj. If (THA)(UJ ,ZJ ) holds for every finite non-empty subset J ⊂ I, then (THA)(X ,Z)

holds.

Proof. This follows immediately from the Nisnevich descent. �

Lemma 2.12. (THA)((P1
S
,∅),∞) holds.

Proof. What we have to show is that the cofiber of M(�)→ M(�
ε
) is zero. This morphism is an

equivalence by Lemma 1.14 and the cube-invariance. �
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Lemma 2.13. Let X = (X,D) ∈ mSmS and let Z ⊂ X be a smooth divisor transversal to
|D|. Let X ′ → X be an étale morphism which induces an isomorphism X ′ ×X Z ∼= Z and set
X ′ = (X ′, D|X′). Then we have

(THA)(X ′,Z) ⇐⇒ (THA)(X ,Z)

Proof. Let U = X − Z and U ′ = X ′ − Z. Consider the following commutative diagram:

M(U ′, D|U ′)

��

// M(X ′, D|X′ + Z) //

��

M(X ′, D|X′ + εZ)

��
M(U,D|U ) // M(X,D + Z) // M(X,D + εZ).

The left square and the total rectangle are coCartesian by the Nisnevich descent. By the pasting
law, the right square is also coCartesian, so we have an equivalence between the cofibers of two
horizontal morphisms of the right square. Therefore (THA)(X ′,Z) holds if and only if (THA)(X ,Z)

holds. �

Proof of Theorem 2.9. As in the proof of Theorem 2.3, the result follows from Lemma 1.5, Lemma
2.10, Lemma 2.11, Lemma 2.12, and Lemma 2.13. �

3. Relation with logarithmic motivic stable homotopy theory

Let S be a qcqs scheme and Λ be a connective commutative ring spectrum. In this section,
we construct a localization functor from our category mSHS1(S,Λ) to the category of logarithmic
motives logSHS1(S,Λ) defined by Binda-Park-Østvær [BPØ].

We would like to mention here that Shane Kelly kindly shared his idea of this type of comparison
(in a slightly different form since we didn’t have the notion ofQ-modulus pairs) in 2020 in the private
communication with the second (and afterwards with the third) authors [Kel20]. Afterwards, Kelly
and the second author independently realized that the strategy doesn’t work if we use the category
of sheaves with transfers (which are constructed in [Kah+21a; Kah+21b; Kah+22] over a field and
in [KM21] over any noetherian scheme), but it perfectly works for sheaves without transfers. An
unstable version of the comparison result is in Kelly’s note [Kel25].

3.1. Logarithmic motivic stable homotopy category. First we recall the construction of the
logarithmic motivic stable homotopy category due to Binda-Park-Østvær. We write SmlSmS for
the category of log-smooth separated fs log schemes of finite type over S, whose underlying scheme
is smooth over S.

Definition 3.1. A log pair over S is a pair X = (X,D) where X ∈ SmS and D is a relative SNCD
on X over S. We write X◦ = X −D.

If (X,D) is a log pair over S, then we can construct a log scheme (X,M(X,D)) ∈ SmlSmS where
M(X,D) is the compactifying log structure induced by X−D →֒ X . Suppose that X = (X,D) and
Y = (Y,E) be log pairs over S. Then, a morphism of S-schemes f : X → Y induces a (unique)
morphism of log schemes (X,M(X,D)) → (Y,M(Y,E)) if and only if f(X◦) ⊂ Y◦. Conversely, for
any X ∈ SmlSmS , there exists a unique relative SNCD D on X over S such that X ∼= (X,M(X,D))
[BPØ22, Lemma A.5.10]. Therefore we get the following result:

Lemma 3.2. The category SmlSmS is equivalent to the following category:
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− The objects are log pairs over S.
− A morphism from X = (X,D) to Y = (Y,E) is a morphism of S-schemes f : X → Y such

that f(X◦) ⊂ Y◦.

For the rest of the paper, we identify SmlSmS with the category of log pairs. The category
SmlSmS has Cartesian products: (X,D)×(Y,E) = (X×Y, pr∗1D+pr∗2E). We write� = (P1, [∞]) ∈
SmlSmS .

Definition 3.3. Let X = (X,D) ∈ SmlSm and let Z ⊂ D be a smooth closed subscheme which
has normal crossings to D. We write

BlZ X := (BlZ X, π
−1(D))

where π : BlZ X → X is the blow-up along Z. A morphism f : Y → X in SmlSmS is called an
SNC blow-up if there is a smooth closed subscheme Z ⊂ D which has normal crossings to D such
that f is isomorphic to π : BlZ X→ X.

Definition 3.4. An elementary distinguished square in SmlSmS is a commuative diagram in
SmlSmS which is isomorphic to a diagram of the form

(V,D|V ) //

��

(Y,D|Y )

��
(U,D|U ) // (X,D),

where the associated diagram of underlying S-schemes is an elementary distinguished square. This
defines a cd-structure and hence a topology on SmlSmS , which we call the strict Nisnevich topology
on SmlSmS . We also define the Zariski topology on SmlSmS in the same manner.

Let Λ be a connective commutative ring spectrum. We write SmlSmS,sNis for the site defined by
the strict Nisnevich topology, and ShsNis(SmlSmS ,ModΛ) for the associated sheaf category. The
inclusion functor ShsNis(SmlSmS ,ModΛ) → PSh(SmlSmS ,ModΛ) admits a left adjoint asNis. We
write y for the canonical functor

SmlSmS → ShsNis(SmlSmS , Spc)
Λ⊗Σ∞

+ (−)
−−−−−−−→ ShsNis(SmlSmS ,ModΛ).

Definition 3.5. We define classes of morphisms CIlog,BIlog in SmlSmS as follows:

CIlog ={X×�→ X | X ∈ SmlSmS},

BIlog ={SNC blow-ups Y→ X}.

Let Λ be a connective commutative ring spectrum. The S1-stable logarithmic motivic homotopy
category

logSHS1(S,Λ)

is defined to be the full ∞-subcategory of ShsNis(SmlSmS ,ModΛ) spanned by the objects which

are local with respect to CIlog and BIlog. We write Lmot : ShsNis(SmlSmS ,ModΛ)→ logSHS1(S,Λ)

for the left adjoint to the inclusion functor. We define Mlog : SmlSmS → logSHS1(S,Λ) to be the
composition

Mlog : SmlSmS
y
−→ ShsNis(SmlSmS ,ModΛ)

Lmot−−−→ logSHS1(S,Λ),
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where y is the Yoneda functor. The ∞-category logSHS1(S,Λ) underlies a presentably symmetric
monoidal∞-category, where the monoidal structure is the Day convolution of the Cartesian product
in SmlSmS [Lur, Proposition 2.2.1.9].

Remark 3.6. The definition of logSHS1(S,Λ) given above is different from the original one [BPØ,

Remark 2.6.11 and Corollary 3.5.4]; what we have defined is denoted by logSHSmAdm
S1 (S,Λ) in that

paper. However, two definitions are equivalent by [BPØ, Remark 2.6.11 and Corollary 3.5.4].

Remark 3.7. In the original paper [BPØ], the object Mlog(X) ∈ logSHS1(S,Λ) is denoted by

Λ⊗ Σ∞
S1,+(X). When Λ is a classical ring, we write logDAeff(S,Λ) for logSHS1(S,Λ).

Remark 3.8. By construction, the category logSHS1(S,Λ) has the following properties:

(1) (Nisnevich descent) For any elementary distinguished square in SmlSmS , its image under

Mlog is a coCartesian square.
(2) (Cube-invariance) For any X ∈ SmlSmS , the canonical morphism Mlog(X×�)→ Mlog(X)

is an equivalence.
(3) (Blow-up invariance) For any SNC blow-up Y → X in SmlSmS , the induced morphism

Mlog(Y)→ Mlog(X) is an equivalence.

3.2. Construction of the localization functor.

Lemma 3.9. For (X,D) ∈ mSmS and (Y,E) ∈ SmlSmS, we have

HomSmlSmS
((X, |D|), (Y,E)) ∼= colim

ε→0
HommSmS

((X,D), (Y, εE)).

Proof. Let f : X → Y be an S-morphism. Then f gives a morphism of log pairs (X, |D|)→ (Y,E)
if and only if |f∗E| ⊂ |D|. Since X is quasi-compact, this assumption is equivalent to saying that
nD ≥ f∗E holds for n≫ 0, that is, f ∈ colimn→∞ HommSmS

((X,nD), (Y,E)). The claim follows
from the canonical isomorphism HommSmS

((X,nD), (Y,E)) ∼= HommSmS
((X,D), (Y, (1/n)E)). �

Definition 3.10. We define a symmetric monoidal functor t : mSmS → SmlSmS by (X,D) 7→
(X, |D|). By Lemma 3.9, the functor t admits an ind-right adjoint (X,D) 7→ “ colimε→0 ”(X, εD).

Lemma 3.11. The functor t gives a morphism of sites SmlSmS,sNis → mSmS,Nis.

Proof. It is easy to see that t gives a continuous map of sites. To prove that t gives a morphism of
sites, it suffices to show that the comma category X ↓ t is cofiltered for any X = (X,D) ∈ SmlSm.
Let yi = ((Yi, Ei), fi : X → (Yi, |Ei|)) (i = 1, 2) be two objects in X ↓ t. By Lemma 3.9, there is
some n > 0 such that fi gives a morphism (X,nD) → (Yi, Ei) for i = 1, 2. We define an object
x = ((X,nD), id : X → (X, |nD|)) of X ↓ t. Then fi gives a morphism x → yi for i = 1, 2, so we
obtain a diagram y1 ← x → y2 in X ↓ t. If there are two morphisms g, h : y1 → y2 in X ↓ t, then
we have g ◦ f1 = f2 = h ◦ f1 by definition of X ↓ t. Therefore X ↓ t is cofiltered. �

By Lemma 3.11, the functor t : mSmS → SmlSmS induces an adjunction

t! : ShNis(mSmS ,ModΛ) ⇄ ShNis(SmlSmS ,ModΛ) : t
∗,(3.1)

where t!y(X,D) ≃ y(X, |D|) and t∗F (X,D) ≃ F (X, |D|). The functor t! is symmetric monoidal.
Since the functor t admits an ind-right adjoint (X,D) 7→ “ colimε→0 ”(X, εD), we have

t∗y(X,D) ≃ colim
ε→0

y(X, εD).

Moreover, the functor t∗ is fully faithful because t! ◦ t∗ ≃ id.
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Lemma 3.12. The functor t∗ preserves colimits.

Proof. For any F ∈ ShNis(SmlSmS ,ModΛ) and X = (X,D) ∈ mSmS , we have (t∗F )(X,D) ≃
F(X,|D|) as a sheaf on XNis. Since the colimits in ShNis(mSmS ,ModΛ) and ShNis(SmlSmS ,ModΛ)
can be computed on each XNis, it follows that t

∗ preserves colimits. �

Lemma 3.13. The functor t∗ is symmetric monoidal.

Proof. It suffices to show that for F,G ∈ ShNis(SmlSmS ,ModΛ), the canonical morphism

(t∗F )⊗ (t∗G)→ t∗t!((t
∗F )⊗ (t∗G))

≃
−→ t∗(F ⊗G)

is an equivalence. Since t∗ preserves colimits by Lemma 3.12, we may assume that F = y(X) and
G = y(Y) for X = (X,D), Y = (Y,E) ∈ SmlSmS . In this case, the morphism in question is

colim
ε→0

y(X, εD)⊗ colim
ε→0

y(Y, εE)→ colim
ε→0

y(X × Y, ε(pr∗1D + pr∗2E)),

which is clearly an equivalence. �

Definition 3.14. We define a functor

t∗ : ShNis(mSmS ,ModΛ)→ ShsNis(SmlSmS ,ModΛ)

to be the right adjoint of t∗.

In summary, there is a string of adjoint functors

ShNis(mSmS ,ModΛ) ShsNis(SmlSmS ,ModΛ),
t!

t∗

t∗

where t! ⊣ t∗ is a symmetric monoidal adjunction, and t∗ ⊣ t∗ is an adjunction. Moreover, t∗ is
fully faithful, and we have

t!y(X,D) ≃ y(X, |D|), t∗F (X,D) ≃ F (X, |D|),(3.2)

t∗y(X,D) ≃ colim
ε→0

y(X, εD), t∗F (X,D) ≃ lim
ε→0

F (X, εD).(3.3)

Our next task is to upgrade these adjunctions to the level of motivic stable homotopy categories.
By the above formula for the functor t!, we see that the functor t

∗ sends (CIlog∪BIlog)-local objects
to (CI ∪ BI)-local objects. This implies that there is an induced adjunction

t! : mSHS1(S,Λ) ⇄ logSHS1(S,Λ): t∗.

As for the other adjunction t∗ ⊣ t∗, we need the following lemma:

Lemma 3.15. The functor t∗ : ShNis(mSmS ,ModΛ) → ShsNis(SmlSmS ,ModΛ) sends (CI ∪ BI)-

local objects to (CIlog ∪ BIlog)-local objects.

Proof. It suffices to show that for any morphism f : X → Y in CIlog ∪ BIlog, the image of the
morphism t∗y(f) under Lmot : ShNis(mSmS ,ModΛ) → mSHS1(S,Λ) is an equivalence. First we

take f ∈ CIlog. In other words, we consider the canonical morphism f : X ⊗ � → X, where
X = (X,D) ∈ SmlSmS . By the formula (3.3), we get

t∗y(f) ≃ [colim
ε→0

y((X, εD)⊗�
ε
)→ colim

ε→0
y(X, εD)].

Lemma 1.14 implies that for any ε ∈ (0, 1] ∩ Q, the image of the morphism y((X, εD) ⊗ �
ε
) →

y(X, εD) under Lmot is an equivalence. This proves the claim for f ∈ CIlog.
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Next we take f ∈ BIlog. In other words, we consider an SNC blow-up f : Y → X, where
X = (X,D),Y = (Y,E) ∈ SmlSmS . Then we have |f∗D| = E, and f : (Y, f∗D) → (X,D) is an
SNC blow-up in mSmS . By the formula (3.3), we get

t∗y(f) ≃ [colim
ε→0

y(Y, εE)→ colim
ε→0

y(X, εD)]

≃ [colim
ε→0

y(Y, ε(f∗D))→ colim
ε→0

y(X, εD)].

The blow-up invariance implies that the image of the morphism y(Y, ε(f∗D)) → y(X, εD) under

Lmot is an equivalence. This proves the claim for f ∈ BIlog. �

By Lemma 3.15, the functor t∗ commutes with the localization functor Lmot. In particular, t∗

is symmetric monoidal. In summary, we have the following result:

Corollary 3.16. There is a string of adjoint functors

mSHS1(S,Λ) logSHS1(S,Λ),
t!

t∗

t∗

where t! ⊣ t∗ is a symmetric monoidal adjunction, and t∗ ⊣ t∗ is an adjunction. Moreover, t∗ is
fully faithful and

t!M(X,D) ≃Mlog(X, |D|), t∗ Mlog(X,D) ≃ colim
ε→0

M(X, εD).

Theorem 3.17. Let X = (X,D) ∈ mSmS and suppose that D has multiplicity ≤ 1. Then

M(X )→ t∗t!M(X ) is an equivalence in mSHeff(S,Λ).

Proof. We have t∗t! M(X ) = colimε→0 M(X, εD). Therefore the claim follows immediately from
the tame Hasse-Arf theorem (Theorem 2.9). �

3.3. Stabilization with respect to the Tate circle. In this section, we construct the motivic
stable homotopy category with modulus by imitating the construction of the logarithmic motivic
stable homotopy category described in [BPØ22, §2.5].

Definition 3.18. The Tate circle with modulus is defined by

S1
t = M(P1, [0] + [∞])/M({1}) ∈ mSHS1(S,Λ).

By Theorem 3.17, we have S1
t ≃ t

∗S1,log
t , where S1,log

t is the log Tate circle

S1,log
t = Mlog(P1, [0] + [∞])/Mlog({1}) ∈ logSHS1(S,Λ)

defined in [BPØ, Definition 2.5.5].

Lemma 3.19. There is a canonical equivalence in mSHS1(S,Λ)

M(P1,∅)/M({1}) ≃ S1 ⊗ S1
t .

Proof. This statement is proved for logSHS1(S,Λ) in [BPØ, Proposition 2.5.13]. Applying the
functor t∗, we get the desired equivalence in mSH(S,Λ). �

Lemma 3.20. The object S1
t ∈ mSHS1(S,Λ) is symmetric. That is, the cyclic permutation on

(S1
t )

⊗3 is homotopic to the identity.

Proof. This statement is proved for logSHS1(S,Λ) in [BPØ, Proposition 3.2.15]. Applying the
functor t∗, we get the desired result in mSH(S,Λ). �
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Definition 3.21. Let Λ be a connective commutative ring spectrum. We define the P1-stable
Λ-linear motivic homotopy category with modulus

mSH(S,Λ)

to be the formal inversion of S1
t in mSHS1(S,Λ):

mSH(S,Λ) := mSHS1(S,Λ)[(S1
t )

−1]

(see [Rob15, Definition 2.6]). We write mSH(S) for mSH(S, S). When Λ is a classical ring, we write
mDA(S,Λ) for mSH(S,Λ). By Lemma 3.20 and [Rob15, Corollary 2.22], we have an equivalence
of ∞-categories

mSH(S,Λ) ≃ colim
PrL

(
mSHS1(S,Λ)

Σ
S1
t−−→ mSHS1(S,Λ)

Σ
S1
t−−→ · · ·

)

≃ lim
Cat∞

(
· · ·

Ω
S1
t−−→ mSHS1(S,Λ)

Ω
S1
t−−→ mSHS1(S,Λ)

)
,

where ΣS1
t
= S1

t ⊗ (−) and ΩS1
t
is its right adjoint. Recall that PrL denotes the ∞-category whose

objects are presentable ∞-categories and whose morphisms are colimit-preserving functors.

Lemma 3.22. Let C,D be presentably symmetric monoidal ∞-categories. Suppose that there is a
symmetric monoidal adjunction

C D
F

G

such that G is fully faithful and colimit-preserving. Let T be an object of D. Then, there is an
induced symmetric monoidal adjunction

C[G(T )−1] D[T−1]
F ′

G′

such that G′ is fully faithful and colimit-preserving.

Proof. We can regard C as an object of CAlg(PrL)D/ via G. Since we have F ◦G ≃ id, the functor G

can be regarded as a morphism in CAlg(PrL)D/. By [Rob15, Proposition 2.9], the formal inversion
of T is given by the tensor product functor

(−)⊗D D[T
−1] : CAlg(PrL)D/ → CAlg(PrL)D[T−1]/.

Moreover, since this functor is CAlg(PrL)-linear, it actually gives a 2-functor between the (∞, 2)-
enhancement of these categories (see [Ste, Theorem 1.1.2]). Therefore, the symmetric monoidal
adjunction F ⊣ G induces a symmetric monoidal adjunction F ′ ⊣ G′ between C[G(T )−1] and
D[T−1], where G′ is colimit-preserving. Since F ◦G ≃ id, we have F ′ ◦G′ ≃ id, which means that
G′ is fully faithful. �

Remark 3.23. There is an alternative proof of Lemma 3.22 based on [AI, Proposition 1.3.14, Lemma
1.5.4]. We thank Ryomei Iwasa for pointing this out. The nontrivial part is to see that the induced
functors F ′, G′ are adjoint to each other. By loc. cit., F ′ is a localization with respect to the class of
morphisms consisting of the “shifts” of F -equivalences, and hence the objects in the essential image
of G′ are readily local for F ′-equivalences. Since F ′G′ ≃ id by construction, this characterizes G′

as a right adjoint of F ′. Note that we haven’t used the fact that G is colimit-preserving for the
existence of the adjunction. If G is colimit preserving, then so is G′ by construction.
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Corollary 3.24. There is a string of adjoint functors

mSH(S,Λ) logSH(S,Λ)
t!

t∗

t∗

where t! ⊣ t∗ is a symmetric monoidal adjunction, and t∗ ⊣ t∗ is an adjunction. Moreover, t∗ is
fully faithful and

t!M(X,D) ≃Mlog(X, |D|), t∗ Mlog(X,D) ≃ colim
ε→0

M(X, εD).

Proof. This follows from Corollary 3.16 and Lemma 3.22. �

3.4. Relation with Annala-Iwasa’s category. Annala-Iwasa [AI] defined the category MSS
(following the notation of [AHI25]) of motivic spectra as follows.

Definition 3.25. A closed immersion i : Z →֒ X in SmS is called elementary if, Zariski-locally
on X , it is the zero section of AnZ ⊔ Y for some n ≥ 0 and some Y ∈ SmS . Let F ∈ PSh(SmS , Sp)
be a presheaf of spectra on SmS . We say that F satisfies elementary blow-up excision if F (∅) = 0
and for any elementary closed immersion i : Z →֒ X in SmS , F sends the blow-up square

E
� � //

��

BlZ X

��
Z � � i // X

(3.4)

to a Cartesian square. Consider the full subcategory of PSh(SmS , Sp) spanned by presheaves
satisfying Zariski descent and elementary blow-up excision. The category MSS is defined to be the
formal inversion of the pointed projective line P1 in this ∞-category.

Let us compare MSS with our category mSH(S). Consider the symmetric monoidal functor

λ : SmS → mSH(S); X 7→ M(X,∅).

By the Nisnevich descent in mSH(S), the functor λ sends Zariski distinguished squares to co-
Cartesian squares. The smooth blow-up excision in mSH(S) (Theorem 2.3) implies that, for any
elementary closed immersion i : Z → X , the functor λ sends the blow-up square (3.4) to a co-
Cartesian square. Moreover, by Lemma 3.19, the object M(P1,∅)/M({1}) is invertible in mSH(S).
Therefore, we get a symmetric monoidal, colimit-preserving functor

λ! : MSS → mSH(S)

which satisfies λ!(Σ
∞
P1X+) ≃M(X). Setting λ∗ to be the right adjoint of λ!, we get the following:

Theorem 3.26. There is an adjunction

λ! : MSS ⇄ mSH(S) : λ∗

where λ! is symmetric monoidal and λ!(Σ
∞
P1X+) ≃M(X).

In summary, we have the following sequence of symmetric monoidal, colimit-preserving functors:

MSS
λ!−→ mSH(S)

t!−→ logSH(S)
ω♯
−→ SH(S).
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3.5. A1-localization. Finally, we will see briefly that the natural functor mSH(S) → SH(S) is
obtained by the A1-localization. In other words, we prove the following result.

Theorem 3.27. Let C ∈ {Sp,ModΛ}. The functor mSH(S, C) → SH(S, C) factors through the
A1-localization functor LA1 : mSH(S, C) → (A1)−1 mSH(S, C). Moreover, the induced functor
(A1)−1 mSH(S, C) → SH(S, C) is an equivalence, as a funny application of the tame Hasse-Arf
theorem. Here, we identify A1 with the Q-modulus pair (A1,∅).

In the following, we omit the coefficient category C for the simplicity of notation. We know that
the analogous functor

(A1)−1 logSH(S)→ SH(S)

exists and is an equivalence, thanks to [BPØ, Remark 4.0.9]. Therefore, to prove Theorem 3.27, it
suffices to show that the functor t∗ : logSH(S)→ mSH(S) induces an equivalence

(A1)−1 logSH(S)
∼
−→ (A1)−1 mSH(S).

Since t! sends M(A1) to Mlog(A1), it follows by adjunction that t∗ sends A1-local objects to A1-
local objects. Thus, we are reduced to showing that the fully faithful functor (A1)−1 logSH(S)→
(A1)−1 mSH(S) is essentially surjective.

Lemma 3.28. Let r be a positive rational number, and let CI(r) denote the class of morphisms

{pr1 : X ⊗ �
(r)
→ X | X ∈ mSmS} in mSmS, where �

(r)
:= (P1, r[∞]). Let mH(r)(S) denote

the full subcategory of ShNis(mSmS , Spc) consisting of (CI(r),BI)-local objects. Then, for any X =
(X,D) ∈ mSmS such that the multiplcity of each component of D is less than or equal to r, the
natural moprhism

M(X, r|D|)
∼
−→ M(X,D)

is an isomorphism.

Remark 3.29. This lemma says that inverting (P1, r[∞]) neglects the multiplicity ≤ r.

Proof. Consider the automoprhism mSm→ mSm;X → X (r) := (X, rD), which obviously induces

an equivalence mH(S)→ mH(r)(S). This sends M(X,D) to M(X, rD) by construction. Therefore,
the statement immediately follows from the tame Hasse-Arf theorem (Theorem 2.9) for mH(S). �

Lemma 3.30. The functor mH(S) → (A1)−1 mH(S) factors through mH(r)(S) for any posi-
tive rational number r. In particular, for any (X,D) ∈ mSm, there exists a canonical equiva-
lence M(X,D) ≃ M(X, |D|) in (A1)−1 mH(S). Consequently, the same assertion also holds in
(A1)−1 mSH(S).

Proof. To prove the first assertion, it suffices to show that the morphism M(X ⊗ �
(r)

) → M(X )
is an equivalence in (A1)−1 mH(S). The proof of Lemma 1.14 applies after replacing all � with

A1 = (A1,∅), �
ε
with �

(r)
, and the blow-up Bl(0,∞),(∞,0)(P

1 × P1) with its open subscheme

Bl(∞,0)(P
1 × A1). The rest of the assertion then follows from Lemma 3.28. �

Now, we are ready to prove the main theorem in this subsection.

Proof of Theorem 3.27. Let C be an A1-local object in mSH(S). We want to prove that there
exists an A1-local object D in logSH(S) with C ≃ t∗D.

Since t∗ sends Mlog(A1) to M(A1), it follows by adjunction that the functor t∗ sends A1-local
objects to A1-local objects. In particular, t∗C is A1-local. Thus, it remains to prove t∗t∗C ≃ C.
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Note that mSH(S) is compactly generated by representables (see e.g. [AI, Corollary 1.5.3]). For
any X ∈ mSm and i ∈ Z, we compute:

mapmSH(S)(M(X )[i], t∗t∗C) ≃ mapmSH(S)(t
∗t! M(X )[i], C)

≃ mapmSH(S)(M(Xred)[i], C)

≃ mapmSH(S)(M(X )[i], C),

where we used t∗t! M(X) ≃ M(Xred) with Xred := (X, |D|) from Corollary 3.24 and Theorem 2.9,
and the last isomorphism follows from Lemma 3.30. This proves the desired claim. �

4. Gysin sequence

In this section we construct the Gysin sequence in mSHS1(S) following [Mat23].

4.1. Thom space.

Definition 4.1. Let X = (X,D) ∈ mSmS . A vector bundle of rank n on X is a morphism
p : V = (V,DV ) → X such that the underlying morphism p : V → X is a vector bundle of rank n
and DV = p∗D. For a vector bundle p : V = (V,DV )→ X = (X,D), we set

P(V) = (P(V ), π∗D),

where π : P(V )→ X is the canonical projection.

Remark 4.2. For any vector bundle p : (V,DV ) → (X,D) in the sense of Definition 4.1, the zero
sectionX → V induces a morphism s : (X,D)→ (V,DV ) such that ps = id. We call this morphism
the zero section, too.

Definition 4.3. Let X = (X,D) ∈ mSmS and p : V = (V,DV ) → X be a vector bundle of rank
d. Consider the blow up q : BlX(V ) → V along the zero section X →֒ V . Then the Thom space
associated to p is defined by

MTh(V) := cofib
(
M(BlX(V ), q∗DV + E)→ M(V,DV )

)
,

where E denotes the exceptional divisor.

Proposition 4.4. Let X = (X,D) ∈ mSmS and V = (V,DV ) → X be a vector bundle. Regard
P(V) as the closed subscheme P(V ⊕O) at infinity. Then there exists a canonical equivalence

MTh(V)
∼
−→ cofib

(
M(P(V))→ M(P(V ⊕O))

)
.

Proof. Let Y = (Y,DY ) → V and Y ′ = (Y ′, DY ′) → P(V ⊕ O) be the blow-ups along the zero
sections, and let E ⊂ Y be the exceptional divisor. Note that V = P(V ⊕O)− P(V ) ⊂ P(V ⊕O)
is an open subscheme, and hence we obtain a commutative diagram

(Y,DY + E) //

��

(Y ′, DY ′ + E)

��
V // (P(V ⊕O), h∗D)

where h : P(V ⊕O)→ X is the projection. The underlying diagram of schemes is a pullback square.
After applying the motive functor M, the Nisnevich descent induces an equivalence between the
cofibers of the vertical morphisms:

(4.1) MTh(V)
∼
−→ cofib

(
M(Y ′, DY ′ + E)→ M(P(V ⊕O), h∗D)

)
.
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Consider the closed subscheme Z := P(V ) at infinity. There is a canonical inclusion Z :=
(Z,DZ) →֒ (Y ′, DY ′ + E), where DZ := DY ′ |Z . By the equivalence (4.1), it suffices to show that
the induced morphism M(Z)→ M(Y ′, DY ′ + E) is an equivalence.

To see this, we may assume that the vector bundle V is trivial since the problem is Zariski local.
Let π : P(V ) = Pn−1

X → X denote the canonical projection. Since the composite

(Z,DZ) →֒ (Y ′, DY ′ + E) ։ P(V) = (Pn−1
X , π∗D)

is an equivalence by construction, it suffice to show that the induced morphism

M(Y ′, DY ′ + E) ։ M(Pn−1
X , π∗D)

is an equivalence, but this follows from the fact that (Y ′, DY ′ +E′)→ (Pn−1
X , π∗D) is a �-bundle.

�

Theorem 4.5 (Gysin sequence). Let X = (X,D) ∈ mSmS and let Z ⊂ X be a smooth closed
subscheme which is transversal to |D|. Let π : NZX → Z be the normal bundle of Z, and set
NZX := (NZX, π

∗(D|Z)). Then there exists a canonical cofiber sequence

M(BlZ X, q
∗D + E)→ M(X )→ MTh(NZX)

in mSHS1(S), where q : BlZ X → X is the blow-up along Z and E is the exceptional divisor.

4.2. Reduction to the case of divisors. First we reduce to the case where Z has codimension
1:

Theorem 4.6 (Gysin sequence for divisors). Let X = (X,D) ∈ mSmS and let Z ⊂ X be a
smooth divisor which is transversal to |D|. Let π : NZX → Z be the normal bundle of Z, and set
NZX := (NZX, π

∗(D|Z)). Then there exists a canonical cofiber sequence

M(X,D + E)→ M(X )→ MTh(NZX)

in mSHS1(S).

Let X = (X,D) ∈ mSmS and let Z ⊂ X be a smooth closed subscheme which is transversal
to |D|. We write q : BlZ X → X for the blow-up of X along Z. Let π : NZX → Z be the normal
bundle of Z, and set NZX := (NZX, π

∗(D|Z)). Similarly, we write τ : NE BlZ X → E for the
normal bundle of E, and set NE BlZ X := (NE BlZ X, τ

∗(q∗D|E)).

Lemma 4.7. There is a canonical isomorphism of S-schemes NE BlZ X ∼= BlZ(NZX). Moreover,
the composition

NE BlZ X ∼= BlZ(NZX)→ NZX

induces an isomorphism P(NE BlZ X) ∼= P(NZX).

Proof. The first part can be easily checked by a local computation. As for the second part, observe
that the induced morphism

NE BlZ X − E → NZX − Z

is an isomorphism, since E is the exceptional divisor of the blow-up BlZ X → X . Taking the
quotient of both sides with respect to the canonical Gm-action, we obtain the desired isomorphism.

�
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Lemma 4.8. The following diagram in mSHS1(S) is coCartesian:

M(E, q∗D|E) //

��

MTh(NE BlZ X)

��
M(Z,D|Z) // MTh(NZX).

Proof. We use the following notation for the canonical projections:

τ : P(NE BlZ X ⊕O)→ E,

π : P(NZX ⊕O)→ Z,

τ0 : P(NE BlZ X)→ E,

π0 : P(NZX)→ Z.

By Lemma 4.7, P(NE BlZ X ⊕ O) can be regarded as the blow-up of P(NZX ⊕ O) along the
zero section. By the smooth blow-up excision in mSHS1(S) (Theorem 2.3), we have the following
coCartesian diagram:

M(E, q∗D|E) //

��

M(P(NE BlZ X ⊕O), τ
∗(q∗D|E))

��
M(Z,D|Z) // M(P(NZX ⊕O), π

∗(D|Z)).

Moreover, the induced morphism

M(P(NE BlZ X), τ∗0 (q
∗D|E))→ M(P(NZX), π∗

0(D|Z))

is an equivalence by Lemma 4.7. Therefore, the claim follows from Proposition 4.4. �

Proof of Theorem 4.5 from Theorem 4.6. Consider the following diagram:

M(E, q∗D|E) //

��

M(BlZ X, q
∗D) //

��

MTh(NE BlZ X)

��
M(Z,D|Z) //

33
M(X,D) //❴❴❴❴❴ MTh(NZX).

The left square is coCartesian by the smooth blow-up excision (Theorem 2.3), and the total
rectangle is coCartesian by Lemma 4.8. Therefore, the dashed arrow is canonically induced by the
universal property, and the right square is also coCartesian. In particular, we obtain a canonical
equivalence

fib(M(X,D)→ MTh(NZX)) ≃ fib(M(BlZ X, q
∗D)→ MTh(NE BlZ X)).

The right hand side is equivalent to M(BlZ X, q
∗D + E) by our assumption that Theorem 4.6 is

true. Therefore we obtain the desired cofiber sequence. �
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4.3. Modified blow-up excision. To prove Theorem 4.6, we need the following auxiliary result:

Proposition 4.9 (Modified blow-up excision). Let X = (X,D) ∈ mSmS and let Z ⊂ X be a
smooth divisor which is transversal to |D|. For any scheme Y over X × P1, we set

DY := (pr∗1D + pr∗2[∞])|Y .

Let B = BlZ×{0}(X × P1) and let E denote the exceptional divisor. Let ZB be the strict transform

of Z × P1 and ZE = ZB|E. Then the following square in mSHS1(S,Λ) is coCartesian:

M(E,DE + ZE) //

��

M(B,DB + ZB)

��
M(Z,DZ) // M(X ⊗�).

(4.2)

Remark 4.10. In the situation of Proposition 4.9, we have the coCartesian square

M(E,DE) //

��

M(B,DB)

��
M(Z,DZ) // M(X ⊗�)

(4.3)

by the smooth blow-up excision (Theorem 2.3). Proposition 4.9 can be regarded as a slight modi-
fication of this square.

Definition 4.11. Let X = (X,D) ∈ mSmS and let Z ⊂ X be a smooth divisor which is transversal
to |D|. We say that (MBU)(X ,Z) holds if the conclusion of Proposition 4.9 holds for X and Z.

Lemma 4.12. Let X = (X,D) ∈ mSmS and let Z ⊂ X be a smooth divisor which is transversal
to |D|. If (MBU)(X ,Z) holds, then (MBU)(X⊗Y,Z×Y ) holds for any Y = (Y,E) ∈ mSmS.

Proof. This is a consequence of the fact that the functor M(Y,E)⊗ (−) preserves colimits. �

Lemma 4.13. Let X = (X,D) ∈ mSmS and let Z ⊂ X be a smooth divisor which is transversal
to |D|. Let {Ui}i∈I be a Zariski covering of X . For each finite non-empty subset J ⊂ I, we set
UJ =

⋂
j∈J Uj. If (MBU)(UJ ,ZJ ) holds for every finite non-empty subset J ⊂ I, then (MBU)(X ,Z)

holds.

Proof. This follows immediately from the Nisnevich descent. �

Lemma 4.14. (MBU)((A1,∅),0) holds.

Proof. Let E denote the exceptional divisor of the blow-up Bl(0,0)(A
1 × P1)→ A1 × P1. We write

V ⊂ Bl(0,0)(A
1 × P1) for the strict transform of {0} × P1, and set W = A1 × {∞}. We need to

show that the following diagram in mSHS1(S,Λ) is coCartesian:

M(E, V |E) //

��

M(Bl(0,0) M(A1 × P1), V +W )

��
M(pt)

(0,0) // M(A1 × P1,W ).

(4.4)
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All divisors appearing in the above diagram have multiplicity ≤ 1. Therefore, by Theorem 3.17,
it suffices to show that the image of (4.4) under t! : mSHS1(S,Λ)→ logSHS1(S,Λ) is coCartesian.
In other words, it suffices to show that the following diagram in logSHS1(S,Λ) is coCartesian:

Mlog(E, V |E) //

��

Mlog(Bl(0,0)(A
1 × P1), V +W )

��
Mlog(pt)

(0,0) // Mlog(A1 × P1,W ).

(4.5)

We set Q = Bl[0:1:0] P
2. The open immersion

A1 × A1 →֒ P2 − {[0 : 1 : 0]}; (x, y) 7→ [x : y : 1]

extends to an open immersion A1 × P1 →֒ Q. We regard A1 × P1 as an open subscheme of Q
via this open immersion. The closure W of W in Q is the exceptional divisor of Q → P2. Let
L ⊂ Q denote the strict transform of {[x : y : z] | z = 0} ⊂ P2, which is equal to the complement

Q − A1 × P1. Then (4.5) is (the image under Mlog of) the restriction of the following diagram to
A1 × P1 ⊂ Q:

(E, V |E) //

��

(Bl[0:0:1]Q, V +W + L)

��
pt

[0:0:1] // (Q,W + L).

(4.6)

Let U = Q − (E ∪ V ). Then, Q is covered by two open subschemes A1 × P1, U . The vertical
morphisms of the above diagram are isomorphisms over U ⊂ Q. Therefore, by the Nisnevich
descent, it suffices to show that the image under Mlog of the diagram (4.6) is coCartesian.

We make use of the canonical projections π : Q → P2 and ̟ : Bl[0:0:1]Q → Bl[0:0:1] P
2. By

the blow-up invariance of motives, the morphism Mlog(pt)
[0:0:1]
−−−−→ Mlog(Q,W + L) isomorphic to

Mlog(pt)
[0:0:1]
−−−−→ Mlog(P2, π(L)), which is an isomorphism by Lemma 2.1 (1). On the other hand,

by the blow-up invariance, the morphism

Mlog(E, V |E)→ Mlog(Bl[0:0:1]Q, V +W + L)

is equivalent to

Mlog(E, V |E)→ Mlog(Bl[0:0:1] P
2, ̟(V ) +̟(L)),

which is an equivalence since (Bl[0:0:1] P
2, ̟(V )+̟(L)) is a cube-bundle over (E, V |E). This shows

that the diagram (4.6) is coCartesian. �

Lemma 4.15. Let X = (X,D) ∈ mSmS and let Z ⊂ X be a smooth divisor which is transversal
to |D|. Let X ′ → X be an étale morphism which induces an isomorphism X ′ ×X Z ∼= Z, and set
X ′ = (X ′, D|X′). Then (MBU)(X ,Z) holds if and only if (MBU)(X ′,Z) holds.
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Proof. Let U = X − Z and U ′ = X ′ − Z. Consider the following commutative diagram:

M(U ′, D|U ′)

��

// M(X ′, D|X′ + Z) //

��

M(X ′, D|X′ + εZ)

��
M(U,D|U ) // M(X,D + Z) // M(X,D + εZ).

The left square and the total rectangle are coCartesian by the Nisnevich descent. By the pasting
law, the right square is also coCartesian. This proves the claim. �

Proof of Proposition 4.9. As in the proof of Theorem 2.3, we may reduce to the caseX = (Z,D|Z)⊗
(A1,∅) using Lemma 1.5, Lemma 4.13, and Lemma 4.15. In this case the claim follows from Lemma
4.12 and Lemma 4.14. �

4.4. Gysin sequence. We return to the proof of Theorem 4.5. First we construct the Gysin map.

Definition 4.16. Let X = (X,D) ∈ mSmS and let Z ⊂ X be a smooth divisor which is transversal
to |D|. We define the motive of X supported on Z to be the cofiber

MZ(X ) = cofib
(
M(X,D + Z)→ M(X )

)
.

Lemma 4.17. Let X = (X,D) ∈ mSmS and let Z ⊂ X be a smooth divisor transversal to |D|.
Define B,E,ZB, ZE as in Theorem 4.5. Then

MZE
(E,DE)→ MZB

(B,DB)

is an equivalence.

Proof. Combining the coCartesian squares (4.2) and (4.3), we get a coCartesian square

M(E,DE + ZE) //

��

M(B,DB + ZB)

��
M(E,DE) // M(B,DB),

which implies the claim. �

Definition 4.18. Let X ∈ mSmS and let Z ⊂ X be a smooth divisor which is transversal to |D|.
Define B,E,ZB, ZE as in Theorem 4.5. Let s1 denote the composition

s1 : X
∼
−→ X × {1} →֒ B.

We define the Gysin map β(X ,Z) to be the composition

MZ(X )
s1−→ MZB

(B,DB)
∼
←−MZE

(E,DE) ∼= MTh(NZX),

where the last equivalence is induced by the identification E ∼= P(NZX ⊕O).

Definition 4.19. Let X = (X,D) ∈ mSmS and let Z ⊂ X be a smooth divisor which is transversal
to |D|. We say that (GS)(X ,Z) holds if the Gysin map

β(X ,Z) : MZ(X )→ MTh(NZX)

is an equivalence. By definition, this is equivalent to saying that s1 : MZ(X )→ MZB
(B,DB) is an

equivalence.
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Lemma 4.20. Let X = (X,D) ∈ mSmS and let Z ⊂ X be a smooth divisor which is transversal
to |D|. If (GS)(X ,Z) holds, then (GS)(X⊗Y,Z×Y ) holds for any Y = (Y,E) ∈ mSm.

Proof. This is a consequence of the fact that the functor M(Y,E)⊗ (−) preserves colimits. �

Lemma 4.21. Let X = (X,D) ∈ mSmS and let Z ⊂ X be a smooth divisor which is transversal
to |D|. Let {Ui}i∈I be a Zariski covering of X . For each finite non-empty subset J ⊂ I, we set
UJ =

⋂
j∈J Uj. If (GS)(UJ ,ZJ ) holds for every finite non-empty subset J ⊂ I, then (GS)(X ,Z) holds.

Proof. This follows immediately from the Nisnevich descent. �

Lemma 4.22. The following square in mSHS1(S,Λ) is coCartesian:

M(P1, [0] + [∞]) //

��

M(P1, [0])

��
M(P1, [∞]) // M(P1,∅).

Proof. By the Nisnevich descent, it suffices to prove that the restrictions of this square to A1,P1−
{0},A1 − {0} ⊂ P1 are coCartesian, which is obvious. �

Lemma 4.23. (GS)(�,0) holds.

Proof. Define B,E,ZB, ZE as in Theorem 4.5. Let s0 denote the closed immersion P1 ∼= E →֒ B.
This induces a morphism

s0 : M{0}(�)→ MZB
(B,DB).

This is an equivalence since we have M{0}(�) ∼= M{0}(P
1) ∼= MZE

(E,DE) ∼= MZB
(B,DB), where

the first equivalence follows from Lemma 4.22 and the last equivalence follows form Lemma 4.17.
Therefore, to show that the Gysin map is an equivalence, it suffices to show that s1 : M{0}(�)→

MZB
(B,DB) is homotopic to s0. Moreover, by Theorem 3.17, it suffices to prove this for Mlog(−)

instead of M(−).
To this end, we consider the map

h : A1 × A1 → A1 × A1; (s, t) 7→ (st, t).

This lifts to a map h̃ : Bl(0,∞),(∞,0)(P
1 × P1)→ B = Bl(0,0)(P

1 × P1) and gives a morphism of log

pairs Bl(0,∞),(∞,0)(� ⊗�)→ (B,DB). Moreover, this induces

h̃ : Mlog
π−1({0}×P1)(Bl(0,∞),(∞,0)(�⊗�))→ Mlog

ZB
(B,DB),

where π : Bl(0,∞),(∞,0)(P
1 × P1)→ P1 × P1 is the projection. The canonical inclusions

iν : P
1 ∼
−→ P1 × {ν} →֒ P1 × P1 (ν = 0, 1)

can be lifted to ιν : P
1 → Bl(0,∞),(∞,0)(P

1×P1) and induce morphisms of log pairs�→ Bl(0,∞),(∞,0)(�⊗

�). Moreover, they induce

ιν : Mlog
{0}(�)→ Mlog

π−1({0}×P1)(Bl(0,∞),(∞,0)(�⊗�)) (ν = 0, 1).
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Consider the following commutative diagram in tDAeff :

Mlog
{0}(�)

i0

tt✐✐✐✐
✐✐✐

✐✐
✐✐✐

✐✐
✐✐✐

✐✐

ι0

��

s0

**❚❚❚
❚❚

❚❚
❚❚

❚❚
❚❚

❚❚
❚❚

❚

Mlog
{0}×P1(�⊗�) Mlog

π−1({0}×P1)(Bl(0,∞),(∞,0)(� ⊗�))
h̃ //∼oo Mlog

ZB
(B,DB)

Mlog
{0}(�).

i1

jj❯❯❯❯❯❯❯❯❯❯❯❯❯❯❯❯❯❯
ι1

OO

s1

44❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥

We have i0 ≃ i1 since they are sections of the equivalence

pr1 : Mlog
{0}×P1(�⊗�)

∼
−→ Mlog

{0}(�).

Therefore we get ι0 ≃ ι1 and hence s0 ≃ s1. �

Lemma 4.24. Let X = (X,D) ∈ mSmS and let Z ⊂ X be a smooth divisor which is transversal
to |D|. Let X ′ → X be an étale morphism which induces an isomorphism X ′ ×X Z ∼= Z and set
X ′ = (X ′, D|X′). Then (GS)(X ,Z) holds if and only if (GS)(X ′,Z) holds.

Proof. For the pair (X , Z) (resp. (X ′, Z)), we define B,ZB (resp. B′, ZB′) as in Proposition 4.9.
It suffices to show that the following diagram is coCartesian:

MZ(X
′, D|X′)

s1 //

α

��

MZB′ (B
′, DB′)

β

��
MZ(X,D)

s1 // MZB
(B,DB).

We prove that the morphisms α and β are equivalences. As for α, we consider the following square,
where U = X − Z and U ′ = X ′ − Z:

M(U ′, D|U ′) //

��

M(X ′, D|X′ + Z) //

��

M(X ′, D|X′)

��
M(U,D|U ) // M(X,D + Z) // M(X,D).

The left square and the total rectangle are coCartesian by the Nisnevich descent. By the pasting
law, the right square is also coCartesian, which proves the claim. A similar argument shows that
β is also an equivalence. �

Lemma 4.25. (GS)((A1,∅),0) holds.

Proof. This follows from Lemma 4.23 and Lemma 4.24. �

Proof of Theorem 4.5. As in the proof of Theorem 2.3, we may reduce to the case X = (Z,D|Z)⊗
(A1,∅) using Lemma 1.5 and Lemma 4.21. In this case the claim follows from Lemma 4.24, Lemma
4.20 and Lemma 4.25. �
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5. Projective bundle formula and the Thom isomorphism

Let Λ be a connective commutative ring spectrum. In this section we prove the projective bundle
formula and the Thom isomorphism for oriented ring spectra in mSH(S,Λ) (cf. Definition 3.21).
The content dealt with in this section is essentially a reworking of the corresponding material in
logarithmic motivic homotopy theory [BPØ22, §7], so the proofs are kept concise.

Definition 5.1. We write M(P∞,∅) = colimn→∞ M(Pn,∅).

Definition 5.2. Let E be a homotopy commutative ring spectrum in mSH(S,Λ) and F be an
E-module. For X = (X,D) ∈ mSmS , we write

Ep,q(X ) := HommSH(S,Λ)(M(X ),Σp,qE),

F p,q(X ) := HommSH(S,Λ)(M(X ),Σp,qF ),

where Σp,qE = (S1
t )

⊗q ⊗ Σp−qE. We can define an action

(5.1) ∪ : Ep,q(X,∅)⊗ F p
′,q′(X )→ F p+p

′,q+q′(X )

by the following composition:

α ∪ β : X
∆
−→ (X,∅)⊗X

α⊗β
−−−→ Σp,qE ⊗ Σp

′,q′F
·
−→ Σp+p

′,q+q′F.

We fix a homotopy commutative ring spectrum E in mSH(S,Λ).

Definition 5.3. An orientation of E is a cohomology class c∞ ∈ E2,1(M(P∞,∅)/M(pt)) whose
restriction to M(P1,∅)/M(pt) is the class

Σ2,1(1) : M(P1,∅)/M(pt) ≃ Σ2,1 M(pt)→ Σ2,1E,

where the equivalence comes from Lemma 3.19 and the last map is induced by the unit of E. We
say that E is oriented if an orientation of E is specified.

Definition 5.4. Suppose that E is oriented. For X ∈ SmS , we consider the “classifying map”

Pic(X)→ HomlogSHS1(S,Λ)(M
log(X),Mlog(P∞)/Mlog(pt))

constructed in [BPØ22, (7.1.2)]. Composing with the functor t∗ and the functor mSHS1(S,Λ) →
mSH(S,Λ), we get a map

Pic(X)→ HommSH(S,Λ)(M(X,∅),M(P∞,∅)/M(pt))

Moreover, composing with the orientation class c∞ : M(P∞,∅)/M(pt) → Σ2,1E, we get the first
Chern class

c1 : Pic(X)→ E2,1(X,∅).

By definition, we have

(5.2) c1(OP1(1)) = Σ2,1(1) ∈ E2,1(P1).

For any morphism f : Y → X in SmS and any line bundle L on X , we have f∗c1(L) = c1(f
∗L).

Definition 5.5. Suppose that E is oriented, and let F be an E-module. Let X = (X,D) ∈ mSmS

and let V → X be a vector bundle of rank d + 1 on X . Let p : P(V) → X be the projectivization.
We define a map

ρV :

d⊕

i=0

F ∗−2i,∗−i(X )→ F ∗,∗(P(V))(5.3)
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by the following formula:

ρV(x0, . . . , xd) =

d∑

i=0

p∗(xi) ∪ c1(L)
i.

Here, L denotes the dual of the tautological line bundle on P(V ).

Theorem 5.6 (Projective bundle formula). Suppose that E is oriented, and let F be an E-module.
Let X = (X,D) ∈ mSmS and let V → X be a vector bundle of rank d + 1 on X . Then, the map
(5.3) is an isomorphism.

Remark 5.7. We thank Ryomei Iwasa for pointing out that Theorem 5.6 is a special case of the
formalism of P1-stable theories developed in [AI]. Indeed, in [AI, Lemma 3.3.5, 3.2.3], they discuss
P1-stable theories for any reasonable modules V over ShZar(SmS); in particular, one can apply the
results to V = mH∗ to obtain the projective bundle formula in our case. Nevertheless, we keep the
original argument below for the reader’s convenience.

Lemma 5.8. Suppose that E is oriented, and let F be an E-module. Define a map ψd : F
∗−2,∗−1(pt)→

F ∗,∗((Pd,∅)/pt) by
ψd(x) = p∗(x) ∪ c1(OPd(1)),

where p : Pd → pt and ∪ is from (5.1). Let i : P1 → Pd be the inclusion. Then, the following
diagram is commutative:

F ∗−2,∗−1(pt)

≃Σ2,1

��

F ∗−2,∗−1(pt)

ψd

��
F ∗,∗((P1,∅)/pt) F ∗,∗((Pd,∅)/pt).

i∗oo

Proof. Let q : P1 → pt. We have (cf. (5.2))

i∗ψd(x) = i∗(p∗(x) ∪ c1(OPd(1)))

= q∗(x) ∪ c1(OP1(1))

= q∗(x) ∪ Σ2,1(1)

= Σ2,1(x).

This shows that i∗ ◦ ψd coincides with the canonical isomorphism induced by Σ2,1. �

Lemma 5.9. In mSHS1(S,Λ), there is an equivalence

M(Pd,∅)/M(Pd−1,∅)
≃
−→ (M(P1,∅)/M(pt))⊗d.(5.4)

Proof. This statement is proved in [BPØ22, Lemma 7.2.1] for logSHS1(S,Λ). Applying the functor
t∗, we get the desired equivalence. �

Lemma 5.10. In mSHS1(S,Λ), there is a commutative diagram

(M(P1,∅)/M(pt))⊗d
ĩ // (M(Pd,∅)/M(pt))⊗d

M(Pd,∅)/M(Pd−1,∅)

≃(5.4)

OO

M(Pd,∅)/M(pt),oo

∆

OO
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where ĩ = i⊗d with the inclusion i : P1 → Pd and ∆ is the diagonal.

Proof. This statement is proved in [BPØ22, Lemma 7.2.2] for logSHS1(S,Λ). Applying the functor
t∗, we get the desired commutative diagram. �

Proof of Theorem 5.6. By the Nisnevich descent, we may assume that V is trivial. Replacing F
by FX , we may assume that X = pt. Therefore, have only to prove that

ρd :

d⊕

i=0

F ∗−2i,∗−i(pt)→ F ∗,∗(Pd,∅); (x0, . . . , xd) 7→
d∑

i=0

p∗(xi) ∪ c1(OPd(1))i

is an isomorphism, where p : Pd → pt. It suffices to show that the induced map

ρ̃d :

d⊕

i=1

F ∗−2i,∗−i(pt)→ F ∗,∗((Pd,∅)/pt)

is an isomorphism. We proceed by induction on d. The claim is trivial if d = 0. Let d > 0 and
Suppose that ρ̃d−1 is an isomorphism. Then, i∗ : F ∗,∗(Pd,∅)→ F ∗,∗(Pd−1,∅) is surjective, where
i : Pd−1 → Pd is the inclusion. From the long exact sequence

· · · → F ∗−1,∗((Pd,∅)/pt)
i∗
−→ F ∗−1,∗((Pd−1,∅)/pt)

F ∗,∗((Pd,∅)/(Pd−1,∅))→ F ∗,∗((Pd,∅)/pt)
i∗
−→ F ∗,∗((Pd−1,∅)/pt)→ · · · ,

we see that the sequence

0→ F ∗,∗((Pd,∅)/(Pd−1,∅))→ F ∗,∗((Pd,∅)/pt)
i∗
−→ F ∗,∗((Pd−1,∅)/pt)→ 0

is exact. Consider the following diagram with exact rows:

0 // F ∗−2d,∗−d(pt) //

≃

��

⊕d
i=1 F

∗−2i,∗−i(pt) //

ρ̃d

��

⊕d−1
i=1 F

∗−2i,∗−i(pt) //

≃ρ̃d−1

��

0

0 // F ∗,∗((Pd,∅)/(Pd−1,∅)) // F ∗,∗((Pd,∅)/pt)
i∗ // F ∗,∗((Pd−1,∅)/pt) // 0.

Here, the left vertical isomorphism is the composition

F ∗−2d,∗−d(pt)
Σ2d,d

≃
// F ∗,∗(((P1,∅)/pt)⊗d)

(5.4)

≃
// F ∗,∗((Pd,∅)/(Pd−1,∅)),

and the right vertical morphism is an isomorphism by the induction hypothesis. Therefore, it
suffices to show that the above diagram is commutative. This is equivalent to the commutativity
of the following diagram:

F ∗−2d,∗−d(pt)

≃Σ2d,d

��

F ∗−2d,∗−d(pt) //

ψ⊗d
d

��

0

��

F ∗,∗(((P1,∅)/pt)⊗d)

≃(5.4)

��

F ∗,∗(((Pd,∅)/pt)⊗d)oo

∆∗

��
F ∗,∗((Pd,∅)/(Pd−1,∅)) // F ∗,∗((Pd,∅)/pt)

i∗ // F ∗,∗((Pd−1,∅)/pt).
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The left squares are commutative by Lemma 5.8 and Lemma 5.10 respectively. Since the composi-
tion of the bottom row is zero, it follows that the right square is also commutative. This finishes
the proof of the projective bundle formula. �

Corollary 5.11 (Thom isomorphism). Suppose that E is oriented, and let F be an E-module. Let
X = (X,D) ∈ mSmS and let V → X be a vector bundle of rank d on X . Then, there is a canonical
isomorphism

F ∗,∗(X )
≃
−→ F ∗+2d,∗+d(MTh(V)).

Proof. By the projective bundle formula, we have the following commutative diagram:

⊕d
i=0 F

∗+2i,∗+i(X ) //

≃

��

⊕d
i=1 F

∗+2i,∗+i(X )

≃

��
F ∗+2d,∗+d(P(V ⊕O)) // F ∗+2d,∗+d(P(V)).

This induces an isomorphism between kernels of the horizontal maps. By Proposition 4.4, this
gives the desired isomorphism. �

Part 2. Representability of cohomology theories

6. Hodge and Hodge-Witt cohomology

From here until the end of this paper, we fix a perfect base field k and set S = Spec k. We
write mSm for mSmS . In this section, we prove that the Hodge cohomology with modulus [KMa]
[KMb] and the Hodge-Witt cohomology with modulus [Shi] are representable in the categories

mDAeff(k) = mSHS1(Spec k,Z) and mDA(k) = mSH(Spec k,Z).
We first recall from [Koi] (inspired by [RS21b]) a useful construction of a sheaf of abelian groups

on mSm from a collection of local data.

Definition 6.1. A geometric henselian DVF over k is a discrete valuation field (L, vL) that is
isomorphic to FracOhX,x for some X ∈ Sm and a point x ∈ X of codimension 1. Let Φ denote the
collection of all geometric henselisn DVFs over k. For each L ∈ Φ, write OL for the valuation ring
of L.

Definition 6.2. Let F be a Nisnevich sheaf of abelian groups on Sm. Suppose that we are
given a collection of increasing filtrations Fil = {FilrF (L)}r∈Q≥0

on F (L) indexed by L ∈ Φ. Let
X = (X,D) ∈ mSm. We say a section a ∈ F (X ◦) is bounded by D if for any L ∈ Φ and any
commutative diagram of the form

SpecL
ρ //

� _

��

X ◦
� _

��
SpecOL

ρ̃ // X,

where the vertical arrows are the natural inclusions, we have ρ∗a ∈ FilvL(ρ̃∗D)F (L). We set

FFil(X ) := {a ∈ F (X
◦) | a is bounded by D}.

One can easily see that this defines a Nisnevich sheaf of abelian groups FFil on mSm (cf. [Koi,
Lemma 2.5]).
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Definition 6.3. For a Nisnevich sheaf of abelian groups F on mSm and X = (X,D) ∈ mSm, we
set

RΓ(X , F ) := RΓ(X,F(X,D)).

6.1. Hodge cohomology with modulus. Kelly and the second author constructed an extension
RΓ(−,MΩq) of the Hodge cohomology to modulus pairs [KMa] [KMb]. The first author general-
ized their construction to Q-modulus pairs [Koi]. In this section we show that RΓ(−,MΩq) is

representable in mDAeff(k).
Fix a non-negative integer q ≥ 0. For L ∈ Φ, we define a filtration {Filr Ωq(L)}r∈Q≥0

on Ωq(L)
by

(6.1) FilrΩ
q(L) =

{
Ωq(OL) (r = 0),

t−⌈r⌉+1 · Ωq(OL)(log) (r > 0).

The sheaf associated to this filtration is denoted by MΩq ∈ ShNis(mSm,Ab). By [Koi, Lemma 4.5],
this sheaf has the following simple description:

(6.2) MΩq(X ) = Γ(X,ΩqX(log |D|)(⌈D⌉ − |D|)) for X = (X,D) ∈ mSm .

Note that we have MΩq(X,∅) = Ωq(X) and MΩq(X, |D|) = Γ(X,ΩqX(log |D|)). In other words,
the sheaf MΩq generalizes the usual sheaf of (logarithmic) differential forms.

Theorem 6.4 (Kelly-Miyazaki, Koizumi). For any q ≥ 0, the sheaf of spectra RΓ(−,MΩq) on
mSm is (CI ∪ BI)-local.

Proof. This is an direct consequence of [KMb, Corollary 5.2] and [Koi, Corollary 4.7]. �

Theorem 6.4 implies the following result stating that the Hodge cohomology with modulus is
representable in the S1-stable motivic homotopy category with Q-modulus over a perfect field of
arbitrary characteristic.

Theorem 6.5. For any q ≥ 0, there is an object mΩq ∈ mDAeff(k) such that there is a natural
equivalence

mapmDAeff (k)(M(X ),mΩq) ≃ RΓ(X ,MΩq).

Remark 6.6. In [KMb] and [Koi], a similar representability result in the category of motives with
modulus is proved, under the assumption that k admits resolution of singularities. Here, we have
avoided the use of resolution of singularities by modifying the construction of the motivic category.

Next, we construct an oriented ring spectrum mΩ ∈ mDA(k) which represents the Hodge
cohomology with modulus.

Lemma 6.7. Let X = (X,D) ∈ mSm. Then, there is a canonical isomorphism of OX×P1-modules

MΩqX⊗(P1,[0]+[∞]) ≃ pr∗1MΩqX ⊕ pr∗1MΩq−1
X .
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Proof. Let D̂ := ⌈D⌉ − |D| and E := [0] + [∞]. Using (6.2), we compute

MΩqX⊗(P1,[0]+[∞]) ≃ ΩqX×P1(log |pr
∗
1D + pr∗2E|)(pr

∗
1D̂)

≃ ΩqX(log |D|)(D̂)⊠ Ω0
P1

⊕ Ωq−1
X (log |D|)(D̂)⊠ Ω1

P1(logE)

≃ pr∗1Ω
q
X(log |D|)(D̂)⊕ pr∗1Ω

q−1
X (log |D|)(D̂)

≃ pr∗1MΩqX ⊕ pr∗1MΩq−1
X .

This finishes the proof. �

Lemma 6.8. In mDAeff(k), there is an equivalence

ΩS1
t
(mΩq) ≃ mΩq−1,

where ΩS1
t
is the right adjoint of ΣS1

t
= S1

t ⊗ (−).

Proof. Let X = (X,D) ∈ mSm. In mDAeff(k), we have

map(M(X )⊗M(P1, [0] + [∞]),mΩq)

≃ RΓ(X ⊗ (P1, [0] + [∞]),MΩq)

≃ RΓ(X × P1, pr∗1MΩqX )⊕ RΓ(X × P1, pr∗1MΩq−1
X )

≃ RΓ(X ,MΩq)⊕ RΓ(X ,MΩq−1).

Here, we used Lemma 6.7 for the second isomorphism. Recall that S1
t = M(P1, [0] + [∞])/M({1}).

Therefore, the above computation shows that

map(M(X ),ΩS1
t
(mΩq)) ≃ map(M(X ) ⊗ S1

t ,mΩq) ≃ map(M(X ),mΩq−1).

This finishes the proof. �

By Lemma 6.8, we can define the S1
t -spectrum

mΩ := (mΩ0,mΩ1,mΩ2, . . . ) ∈ mDA(k).

For any X ∈ mSm, we have Σp,qmΩ ≃ (Σp−qmΩq,Σp−qmΩq+1, . . . ) as an S1
t -spectrum and hence

(mΩ)p,q(X ) := HommDA(k)(M(X ),Σp,qmΩ) ≃ Hp−q(X ,MΩq).

Usual multiplication of differential forms

MΩq(X )⊗MΩq
′

(Y)→ MΩq+q
′

(X ⊗ Y)

defines a homotopy commutative ring structure on mΩ. Moreover, the usual first Chern class
c1(OPd(1)) ∈ H1(Pd,Ω1) ≃ (mΩ)2,1(Pd,∅) determines an orientation of mΩ. The projective bun-
dle formula (Theorem 5.6) and the Thom isomorphism (Theorem 5.11) imply the corresponding
properties of the Hodge cohomology with modulus.

Corollary 6.9. Let X = (X,D) ∈ mSmk and let V → X be a vector bundle of rank d + 1 on X .
Then, the map

d⊕

i=0

Hp−i(X ,MΩq−i)
≃
−→ Hp(P(V),MΩq); (x0, . . . , xd) 7→

d∑

i=0

p∗(x) ∪ c1(L)
i

is an isomorphism, where L is the dual of the tautological bundle on P(V).
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Proof. This is a consequence of the projective bundle formula in mDA(k) (Theorem 5.6). �

Corollary 6.10. Let X = (X,D) ∈ mSmk and let V → X be a vector bundle of rank d on X .
Then, there is a canonical isomorphism

Hp(X ,MΩq)
≃
−→ Hp+d(MTh(V),MΩq+d).

Proof. This is a consequence of the Thom isomorphism in mDA(k) (Theorem 5.11). �

The properties of motives with modulus as in Theorem 0.1 imply the corresponding properties
of the Hodge cohomology with modulus.

Corollary 6.11. Let X = (X,D) ∈ mSmk and let Z ⊂ X be a smooth closed subscheme of
codimension d which is transversal to |D|. Then we have

RΓ((BlZ X, π
∗D),MΩq) ≃ RΓ(X ,MΩq)⊕

d−1⊕

i=1

RΓ((Z,D|Z),MΩq−i[−i]).

Proof. This is a consequence of the smooth blow-up excision in mDAeff(k) (Theorem 2.3) and the
projective bundle formula for MΩq (Corollary 6.9). �

Corollary 6.12. Let X = (X,D) ∈ mSmk and let Z ⊂ X be a smooth closed subscheme which is
transversal to |D|. Then there exists a canonical fiber sequence

RΓ((Z,D|Z),MΩq+d[d])→ RΓ(X ,MΩq)→ RΓ((BlZ X, q
∗D + E),MΩq),

where q : BlZ X → X is the blow-up along Z and E is the exceptional divisor.

Proof. This is a consequence of the Gysin sequence in mDAeff(k) (Theorem 4.5) and the Thom
isomorphism for MΩq (Corollary 6.10). �

6.2. Hodge-Witt cohomology with modulus. Assume that ch(k) = p > 0. Shiho constructed
in [Shi] an extension RΓ(−,MWnΩ

q) of the Hodge-Witt cohomology to Q-modulus pairs. In this

section we show that RΓ(−,MWnΩ
q) is representable in mDAeff(k).

Note that F. Ren and K. Rülling study a different version of Hodge-Witt sheaf with modulus
in [RR], by which a beautiful duality theory for Hodge-Witt cohomology is constructed. It is an
interesting task to compare the definitions in loc. cit. and [Shi].

We first recall the filtration on WnΩ
q from [Shi, Definition 2.6].

Definition 6.13. Let (X,D) ∈ SmlSm and write D = D1 + · · · +Dm. We define I(X,D),i to be
the ideal of the structure sheaf O(X,D)/Wn

of the log crystalline site ((X,D)/Wn(k))crys generated
by the local equations of Di (see [Shi, p. 6]). For b = (b1, . . . , bm) ∈ Zm≥0, we define

I⊗b

(X,D) :=
m⊗

i=1

I⊗bi(X,D),i,

and I
⊗(−b)
(X,D) := Hom(I⊗b

(X,D),O(X,D)/Wn(k)).

Lemma 6.14. Let (X,D) ∈ SmlSm and write D = D1 + · · · + Dm. Suppose that (X,D) can

be lifted to (X̃, D̃) ∈ SmlSmWn(k). Write D̃ = D̃1 + · · · + D̃m so that D̃i is a lift of Di. Let
uX : ((X, |D|)/Wn(k))crys → XZar denote the canonical morphism of sites. Then we have

RquX,∗I
⊗(−b)
(X,D) ≃ H

q
(
Ω•
X̃/Wn(k)

(log D̃)(
∑m

i=1 biD̃i)
)
.
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Proof. See [Shi, §2]. �

For L ∈ Φ, define a filtration {FilrWnΩ
q
L}r∈Q≥0

on WnΩ
q
L by

(6.3) FilrWnΩ
q
L :=

{
WnΩ

q
OL

(r = 0)

colim(X,D)∈PL
Hqcrys(I

⊗(−p⌈r⌉+1)
(X,D) ) (r > 0),

where PL is the partially ordered set of all pairs of an affine X ∈ Sm and a smooth principal divisor
D on X approximating OL (see the beginning of §2 of [Shi] for details). The sheaf associated to
this filtration is denoted by MWnΩ

q ∈ ShNis(mSm,Ab). This sheaf has the following simple
description:

Lemma 6.15. Let X = (X,D) ∈ mSm, and write D =
∑m

i=1 riDi with Di smooth. Set ⌈r⌉ :=
(⌈r1⌉, . . . , ⌈rm⌉) and 1 = (1, . . . , 1). Then we have

MWnΩ
q(X ) = Γ(X,RquX,∗I

⊗−p⌈r⌉+1

(X,|D|) ) = Γ(X,RquX,∗I
⊗−p(⌈r⌉−1)
(X,|D|) ).

Proof. The first equality is proved in [Shi, Proposition 2.12]. The second equality follows from [Shi,
Proposition 2.4 (3)]. �

Remark 6.16. The sheaf MWnΩ
q coincides with MΩq from the above example when n = 1, and

with MWn from [Koi] when q = 0 (see [Shi, Theorem 1.4]).

Theorem 6.17 (Shiho). For any n ≥ 1 and q ≥ 0, the sheaf of spectra RΓ(−,MWnΩ
q) on mSm

is (CI ∪ BI)-local.

Proof. This is a direct consequence of [Shi, Theorem 1.4]. �

This immediately implies the following representability result.

Theorem 6.18. For any n ≥ 1 and q ≥ 0, there is an object mWnΩ
q ∈ mDAeff(k) such that there

is a natural equivalence

mapmDAeff (k)(M(X ),mWnΩ
q) ≃ RΓ(X ,MWnΩ

q).

Next, we construct an oriented ring spectrum mWnΩ ∈ mDA(k) which represents the Hodge-
Witt cohomology with modulus.

Lemma 6.19. Let X = (X,D) ∈ mSm. Then there is a canonical isomorphism of WnOX×P1-
modules

MWnΩ
q
X⊗(P1,[0]+[∞]) ≃ pr∗1MWnΩ

q
X ⊕ pr∗1MWnΩ

q−1
X .

Proof. Since the problem is local, we may assume that (X,D) can be lifted to (X̃, D̃) ∈ mSmWn(k).

Let D̂ := ⌈D̃⌉ − |D̃| and E := [0] + [∞]. Using Lemmas 6.14 and 6.15, we compute

MWnΩ
q
X⊗(P1,[0]+[∞]) ≃ H

q
(
Ω•
X̃×P1/Wn(k)

(log |pr∗1D̃ + pr∗2E|)(p · pr
∗
1D̂)

)

≃ Hq
(
Ω•
X̃
(log |D̃|)(pD̂)⊠WnO Ω0

P1/Wn(k)

⊕ Ω•−1

X̃
(log |D̃|)(pD̂)⊠WnO Ω1

P1/Wn(k)
(logE)

)

≃ pr∗1H
q(Ω•

X̃
(log |D̃|)(pD̂))⊕ pr∗1H

q−1(Ω•
X̃
(log |D̃|)(pD̂))

≃ pr∗1MWnΩ
q
X ⊕ pr∗1MWnΩ

q−1
X .

This finishes the proof. �
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Lemma 6.20. In mDAeff(k), there is an equivalence

ΩS1
t
(mWnΩ

q) ≃ mWnΩ
q−1,

where ΩS1
t
is the right adjoint of ΣS1

t
= S1

t ⊗ (−).

Proof. Let X = (X,D) ∈ mSm. In mDAeff(k), we have

map(M(X ) ⊗M(P1, [0] + [∞]),mWnΩ
q)

≃ RΓ(X ⊗ (P1, [0] + [∞]),MWnΩ
q)

≃ RΓ(X × P1, pr∗1MWnΩ
q
X )⊕ RΓ(X × P1, pr∗1MWnΩ

q−1
X )

≃ RΓ(X ,MWnΩ
q)⊕ RΓ(X ,MWnΩ

q−1).

Here, we used Lemma 6.19 for the second isomorphism. Recall that S1
t = M(P1, [0]+ [∞])/M({1}).

Therefore, the above computation shows that

map(M(X ),ΩS1
t
(mWnΩ

q)) ≃ map(M(X ) ⊗ S1
t ,mWnΩ

q) ≃ map(M(X ),mWnΩ
q−1).

This finishes the proof. �

By Lemma 6.20, we can define the S1
t -spectrum

mWnΩ := (mWnΩ
0,mWnΩ

1,mWnΩ
2, . . . ) ∈ mDA(k).

For any X ∈ mSm, we have Σp,qmWnΩ ≃ (Σp−qmWnΩ
q,Σp−qmWnΩ

q+1, . . . ) as an S1
t -spectrum

and hence

(mWnΩ)
p,q(X ) := HommDA(k)(M(X ),Σp,qmWnΩ) ≃ Hp−q(X ,MWnΩ

q).

Usual multiplication on the de Rham-Witt complex

MWnΩ
q(X )⊗MWnΩ

q′(Y)→ MWnΩ
q+q′ (X ⊗ Y)

defines a homotopy commutative ring structure on mWnΩ. Moreover, the usual first Chern class
c1(OPd(1)) ∈ H1(Pd,WnΩ

1) ≃ (mWnΩ)
2,1(Pd,∅) determines an orientation of mWnΩ. The pro-

jective bundle formula (Theorem 5.6) and the Thom isomorphism (Theorem 5.11) imply the cor-
responding properties of the Hodge-Witt cohomology with modulus.

Corollary 6.21. Let X = (X,D) ∈ mSmk and let V → X be a vector bundle of rank d+ 1 on X .
Then, the map

d⊕

i=0

Hp−i(X ,MWnΩ
q−i)

≃
−→ Hp(P(V),MWnΩ

q); (x0, . . . , xd) 7→
d∑

i=0

p∗(x) ∪ c1(L)
i

is an isomorphism, where L is the dual of the tautological bundle on P(V).

Proof. This is a consequence of the projective bundle formula in mDA(k) (Theorem 5.6). �

Corollary 6.22. Let X = (X,D) ∈ mSmk and let V → X be a vector bundle of rank d on X .
Then, there is a canonical isomorphism

Hp(X ,MWnΩ
q)

≃
−→ Hp+d(MTh(V),MWnΩ

q+d).

Proof. This is a consequence of the Thom isomorphism in mDA(k) (Theorem 5.11). �
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The properties of motives with modulus as in Theorem 0.1 imply the corresponding properties
of the Hodge-Witt cohomology with modulus.

Corollary 6.23. Let X = (X,D) ∈ mSmk and let Z ⊂ X be a smooth closed subscheme of
codimension d which is transversal to |D|. Then we have

RΓ((BlZ X, π
∗D),MWnΩ

q) ≃ RΓ(X ,MWnΩ
q)⊕

d−1⊕

i=1

RΓ((Z,D|Z),MWnΩ
q−i[−i]).

Proof. This is a consequence of the smooth blow-up excision in mDAeff(k) (Theorem 2.3) and the
projective bundle formula for MWnΩ

q (Corollary 6.21). �

Corollary 6.24. Let X = (X,D) ∈ mSmk and let Z ⊂ X be a smooth closed subscheme which is
transversal to |D|. Then there exists a canonical fiber sequence

RΓ((Z,D|Z),MWnΩ
q+d[d])→ RΓ(X ,MWnΩ

q)→ RΓ((BlZ X, q
∗D + E),MWnΩ

q),

where q : BlZ X → X is the blow-up along Z and E is the exceptional divisor.

Proof. This is a consequence of the Gysin sequence in mDAeff(k) (Theorem 4.5) and the Thom
isomorphism for MWnΩ

q (Corollary 6.22). �

7. Modulus sheaves with transfers

In order to prove the representability of cohomology for more general sheaves, we recall the
theory of modulus sheaves with transfers developed in [Kah+21a], [Kah+21b], [KSY22], [Sai20],
[BRS]. In particular, we upgrade the strict cube-invariance theorem due to the third author [Sai20,
Theorem 9.3] to Q-modulus pairs.

We continue to fix a perfect base field k. First we recall the definition of general Q-modulus
pairs and finite correspondences between them (see [KMc]).

Definition 7.1. A Q-modulus pair over k is a pair X = (X,D) where X ∈ Schk and D is an
effective Q-Cartier divisor on X such that X ◦ := X − |D| is smooth over k. If D is represented by
a usual Cartier divisor, then we say that (X,D) is a Z-modulus pair.

Let X = (X,D), Y = (Y,E) be two Q-modulus pairs. We define a subgroup MCor(X ,Y) of
Cor(X ◦,Y◦) by

MCor(X ,Y) =

{∑

i

ni[Vi] ∈ Cor(X ◦,Y◦)

∣∣∣∣
Vi is proper over X,
(pr∗1D)|

Vi
N ≥ (pr∗2E)|

Vi
N

}
,

where Vi is the closure of Vi in X × Y and Vi
N

is its normalization. An element of MCor(X ,Y) is
called a finite correspondence from X to Y.

There is a category MCor whose objects are Q-modulus pairs and whose morphisms are given
by MCor(X ,Y) [KMc, Lemma 2.2]. The category MCor has a symmetric monoidal structure ⊗
which is defined by

(X,D)⊗ (Y,E) = (X × Y, pr∗1D + pr∗2E).

Remark 7.2. (1) Let X = (X,D) and Y = (Y,E) be two Q-modulus pairs. If f : X → Y is a
morphism of k-schemes satisfying D ≥ f∗E, then the graph of f |X ◦ defines an element of
MCor(X ,Y). A finite correspondence of this form is called an ambient morphism. There
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is a faithful functor mSm → MCor which sends a morphism to the associated ambient
morphism.

(2) Let X = (X,D) be a Q-modulus pair. If f : Y → X is a proper morphism which is
an isomorphism over X − |D|, then the ambient morphism f : (Y, f∗D) → (X,D) is an
isomorhism in MCor because the transpose of the graph of f |X ◦ gives the inverse of f .

Remark 7.3. In the previous literature, e.g., [Kah+21a; Kah+21b; Kah+22], Z-modulus pairs
are simply called modulus pairs, and the category of Z-modulus pairs was denoted MCor. For
simplicity of notation, we use the same notation for the category of Q-modulus pairs. By definition,
the category of Z-modulus pairs is a full subcategory of the category of Q-modulus pairs, hence
there is little risk of confusion caused by this abuse of notation.

Definition 7.4. A presheaf of abelian groups F ∈ PSh(MCor,Ab) is called a Nisnevich sheaf if
for every Q-modulus pair X = (X,D), the presheaf

FX : (XNis)
op → Ab; (U → X) 7→ F (U,D|U )

is a Nisnevich sheaf. In this situation, the restriction of F to mSm is a Nisnevich sheaf of abelian
groups on mSm. We write Hi(X , F ) := Hi(X,FX ) for X ∈ mSm. We write ShNis(MCor,Ab) for
the category of Nisnevich sheaves of abelian groups on MCor.

Definition 7.5. Let ω : MCor → Cor denote the functor X 7→ X ◦, which admits a left adjoint
X 7→ (X,∅). These functors induce a pair of adjoint functors

ShNis(MCor,Ab) ShNis(Cor,Ab),
ω!

ω∗

where (ω!F )(X) = F (X,∅) and (ω∗G)(X ) = G(X ◦).

Definition 7.6. Let H be a presheaf of abelian groups on mSm.

(1) We say that H is cube-invariant if for any X ∈ mSm, the map H(X ) → H(X ⊗ �) is an
isomorphism.

(2) We say that H is blow-up invariant if for any SNC blow-up Y → X in mSm, the map
H(X )→ H(Y) is an isomorphism.

7.1. LS-Cube-invariance.

Definition 7.7. Let F be a presheaf of abelian groups on MSmQ. We say that F is LS-cube-
invariant if F |mSm is cube-invariant4.

Definition 7.8. Let X = (X,D), Y = (Y,E) be Q-modulus pairs, and let α, β : X → Y be two
finite correspondences. We say that α and β are cube-homotopic if there is a finite correspondence
γ : X ⊗�→ Y such that

γ ◦ i0 = α, γ ◦ i1 = β,

where i0, i1 : X → X ⊗� are the ambient morphisms induced by

iν : X
∼
−→ X × {ν} →֒ X × P1 (ν = 0, 1).

Lemma 7.9. Let F be a presheaf of abelian groups on MCor. The following conditions are equiv-
alent:

(1) F is LS-cube-invariant.

4The abbreviation LS stands for log-smooth.
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(2) If X ,Y are Q-modulus pairs with X log-smooth, and α, β : X → Y are two finite correspon-
dences which are cube-homotopic, then we have

α∗ = β∗ : F (Y)→ F (X ).

Proof. See [KMc, Lemma 3.5]. �

Lemma 7.10. Let F ∈ PSh(MCor,Ab) be an LS-cube-invariant presheaf. For any X ∈ mSm and

ε ∈ (0, 1] ∩Q, the map F (X )→ F (X ⊗�
ε
) is an isomorphism.

Proof. Consider the multiplication map µ : A1 × A1 → A1. By [Kah+22, Lemma 5.1.1], this gives

a finite correspondence µ : �
ε
⊗�→ �

ε
. Consider the following commutative diagram:

F (X ⊗�
ε
)

F (X ⊗�
ε
)
(id⊗µ)∗//

i∗0

��

id

77♥♥♥♥♥♥♥♥♥♥♥♥
F (X ⊗�

ε
⊗�)

i∗0
��

i∗1

OO

F (X ) // F (X ⊗�
ε
).

We have i∗0 = i∗1 since they are retractions of the isomorphism F (X ⊗ �
ε
) → F (X ⊗ �

ε
⊗ �).

Therefore the composition F (X ⊗�
ε
)→ F (X )→ F (X ⊗�

ε
) coincides with the identity. �

7.2. Good and excellent presheaves.

Definition 7.11. Let X = (X,D) be a Q-modulus pair. A compactification of X is a triple
(X,D,Σ) where X is a proper k-scheme and D,Σ are effective Q-Cartier divisors on X , equipped
with an identification X − |Σ| ∼= X such that D|X = D.

Definition 7.12. Let F ∈ PSh(MCor,Ab). We say that F is good if the following conditions are
satisfied:

(1) (M-reciprocity) For any Q-modulus pair X , the canonical map

colim
(X,D,Σ)

F (X,D +Σ)→ F (X )

is an isomorphism, where the colimit is taken over all compactifications of X .
(2) (semi-purity) For anyQ-modulus pair X = (X,D), the canonical map F (X,D)→ F (X ◦,∅)

is injective.

We say that F is excellent if F satisfies (1), (2), and the following condition:

(3) (left continuity) For any Q-modulus pair X = (X,D), the canonical map

colim
ε→0

F (X, (1− ε)D)→ F (X,D)

is an isomorphism.

Remark 7.13. Let F ∈ PSh(MCor,Ab). Then F has semi-purity if and only if the unit morphism
F → ω∗ω!F is a monomorphism.
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Remark 7.14. Let X be a Q-modulus pair and let (X,D,Σ) be a compactification of X . Then
{(X,D, nΣ)}n>0 is cofinal in the category of compactifications of X (see [KMc, Lemma 2.4 (2)]).
In particular, a presheaf of abelian groups F on MCor has M-reciprocity if and only if for any
Q-modulus pair X and any compactification (X,D,Σ) of X , the canonical map

colim
n→∞

F (X,D + nΣ)→ F (X )

is an isomorphism.

Remark 7.15. Let G be a presheaf of abelian groups on the full subcategory MCorQ ⊂ MCor
spanned by proper modulus pairs, i.e., (X,D) with X proper. Then the left Kan extension of G

along MCorQ →֒ MCor is given by

(X,D) 7→ colim
(X,D,Σ)

G(X,D +Σ)

(see [KMc, Lemma 2.4]). Therefore a presheaf of abelian groups F on MCor has M-reciprocity if

and only if F is left Kan-extended from MCorQ.

Definition 7.16. Let F ∈ PSh(MCor,Ab) be a good presheaf. We define F exc ∈ PSh(MCor,Ab)
by

F exc(X,D) = colim
ε→0

F (X, (1 − ε)D).

Lemma 7.17. Let F ∈ PSh(MCor,Ab) be a good presheaf.

(1) F exc is excellent.
(2) If F is a Nisnevich sheaf, then so is F exc.
(3) If F is LS-cube-invariant, then so is F exc.

Proof. The statements (1) and (2) are claer from the definition. As for (3), we have to show that

colim
ε→0

F (X, (1− ε)D)→ colim
ε→0

F ((X, (1− ε)D)⊗ (P1, (1− ε)[∞]))

is an isomorphism for (X,D) ∈ mSm. This follows from Lemma 7.10. �

7.3. Dilation.

Definition 7.18. For F ∈ PSh(MCor,Ab) and N > 0, we define the N -th dilation F [N ] of F by

F [N ](X,D) = F (X, (1/N)D) for (X,D) ∈ MCor .

Lemma 7.19. Let F ∈ PSh(MCor,Ab) and N > 0.

(1) If F is a Nisnevich sheaf, then so is F [N ].
(2) If F is good (resp. excellent), then so is F [N ].
(3) If F is LS-cube-invariant, then so is F [N ].

Proof. The statements (1) and (2) are clear from the definition. As for (3), we have to show that
F (X, (1/N)D) → F ((X, (1/N)D) ⊗ (P1, (1/N)[∞])) is an isomorphism for (X,D) ∈ mSm. This
follows from Lemma 7.10. �
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7.4. Nisnevich sheafification.

Lemma 7.20. The inclusion functor ShNis(MCor,Ab) →֒ PSh(MCor,Ab) admits an exact left
adjoint F 7→ FNis, which is given by

FNis(X,D) = colim
f : Y→X

Γ(Y, aNis(F(Y,f∗D)))).

Here, the colimit is taken over proper morphisms f : Y → X which is an isomorphism over X−|D|.

Remark 7.21.

(1) We have to take the colimit along blow-ups in the above construction since, otherwise, the
resulting sections will not form a presheaf on the category MCor. Indeed, by definition,
the morphisms Y → X apprearing in the above colimits induce isomorphisms in MCor.

(2) In the previous literature [Kah+21a], the same result is proven for (pre)sheaves on the

category of Z-modulus pairs and modulus correspondences, which we denote by MCorZ to
distinguish it from our category MCor. Note that the natural functor MCorZ → MCor is
fully faithful. Given F ∈ PSh(MCor,Ab), we can consider its sheafification (F |MCorZ)Nis

(which was denoted (F |MCorZ)MNis in [Kah+21a]) given by the same formula as above.

By construction, for any Z-modulus pair (X,D), there exists a canonical identification
FNis(X,D) = (F |MCorZ)Nis(X,D). In one phrase, this means that the two notions of
sheafification agree on Z-modulus pairs.

Proof. This statement is proved in [Kah+21a, p. 4.5.5] for presheaves on the category of Z-modulus

pairs MCorZ (cf. Remark 7.21 (2)), which can be applied to the restiction F |MCorZ for any presheaf

F on MCor. We extend this result to Q-modulus pairs by using dilation. Let us define FNis(X,D)
by the above formula. The non-trivial part is the construction of the correspondence action on
FNis. Given any finite correspondence α : (X,D) → (Y,E) between Z-modulus pairs, we have a
well-defined pullback map

α∗ : FNis(Y,E)→ FNis(X,D)

by [Kah+21a, p. 4.5.5]. Given any finite correspondence α : (X,D)→ (Y,E) between Q-modulus
pairs, we can always take a positive integer N such that (X,ND) and (Y,NE) are Z-modulus
pairs. Then, we can define the correspondence action α∗ : FNis(Y,E)→ FNis(X,D) by

FNis(Y,E) = F
[N ]
Nis (Y,NE)

α∗

−−→ F
[N ]
Nis (X,ND) = FNis(X,D),

where F
[N ]
Nis := (F [N ])Nis = (FNis)

[N ] (the second equality is easily checked by construction).
It is easy to see that this gives a well-defined presheaf structure on F . Let us prove that this

gives an exact left adjoint to the inclusion functor. Let F ∈ PSh(MCor,Ab), G ∈ ShNis(MCor,Ab)
and let ϕ : F → G be a morphism of presheaves. For any Q-modulus pair (X,D) and a proper
morphism f : Y → X which is an isomorphism over X − |D|, we have an induced map

Γ(Y, aNis(F(Y,f∗D)))→ Γ(Y,G(Y,f∗D)) ∼= Γ(X,G(X,D)),

where the first map is induced by an adjunction sinceG(Y,f∗D) is a sheaf on YNis. This induces a map
FNis(X,D) → G(X,D). By construction, these maps are compatible with finite correspondences
between Z-modulus pairs. By replacing F by F [N ], it follows that these maps are compatible with
finite correspondences between arbitrary Q-modulus pairs. �

Remark 7.22. In general, the sheaf FNis|mSm is not isomorphic to aNis(F |mSm) since the former
involves the colimit along the blow-ups while the latter does not.
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Lemma 7.23. Let F ∈ PSh(MCor,Ab). If F is good, then so is FNis.

Proof. This statement is proved in [Sai20, Lemma 1.27, Lemma 1.29 (4)] for Z-modulus pairs. We
extend this result to Q-modulus pairs by using dilation. First we assume that F ∈ PSh(MCor,Ab)
has semi-purity, and show that FNis also has semi-purity. By [Sai20, Lemma 1.29 (4)], the map

FNis(X )→ FNis(X
◦,∅)

is injective if X is a Z-modulus pair. For an arbitrary Q-modulus pair X = (X,D), we take a
positive integer N such that (X,ND) is a Z-modulus pair. By Lemma 7.19, the dilation F [N ] also
has semi-purity. Therefore, it follows that the map

FNis(X,D) = F
[N ]
Nis (X,ND)→ F

[N ]
Nis (X

◦,∅) = FNis(X
◦,∅)

is injective. This means that FNis has semi-purity. By a similar argument using [Sai20, Lemma
1.27], we can show that if F has M-reciprocity, then so does FNis. �

We refer to an argument as in the proof of Lemma 7.23 as a dilation argument.

7.5. Contraction. Recall that in Voevodsky’s theory, the contraction of an A1-invariant sheaf
F ∈ ShNis(Cor,Ab) is defined by F−1(X) = F (X× (A1−{0}))/F (X×A1). There is an analogous
construction in our theory:

Definition 7.24. Let F ∈ ShNis(MCor,Ab) be a good LS-cube-invariant sheaf. For a ∈ Q>0, we

define F
(a)
−1 ∈ PSh(MCor,Ab) by

F
(a)
−1 (X ) :=

F (X ⊗ (P1, a[0] + [∞]))

F (X ⊗ (P1, [∞]))
.

By definition, F
(a)
−1 is again a good LS-cube-invariant sheaf.

Theorem 7.25. Let S be the henselian localization of an object of Sm, and D be an effective
Q-Cartier divisor on S. For an S-scheme T , we write DT for the pullback of D to T . Let
Z := {t = 0} ⊂ A1

S, X := (A1
S)
h
|Z and write i : Z →֒ X for the inclusion. Let F ∈ ShNis(MCor,Ab)

be a good LS-cube-invariant sheaf and a ∈ Q>0.

(1) There exists an exact sequence of sheaves

0→ F(X,DX ) → F(X,aZ+DX ) → i∗(F
(a)
−1 )(Z,DZ ) → 0.

(2) For any log-smooth Q-modulus pair Y, there exists an exact sequence of sheaves

0→ F(X,DX )⊗Y → F(X,aZ+DX )⊗Y → (i× id)∗(F
(a)
−1 )(Z,DZ )⊗Y → 0.

Proof. This statement is proved in [Sai20, Theorem 7.1] for Z-modulus pairs. We extend this result
to Q-modulus pairs by a dilation argument. More precisely, for a positive integer N , we have the
following identifications of sheaves on XNis

F(X,DX ) = (F [N ])(X,NDX )

F(X,aZ+DX ) = (F [N ])(X,aNZ+NDX )

i∗(F
(a)
−1 )(Z,DZ ) = i∗((F

[N ])
(aN)
−1 )(Z,NDZ )
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Now we can find N such that all divisors appearing on the right hand sides of the above equalities
are integral divisors. Then the corresponding sequence

0→ (F [N ])(X,NDX ) → (F [N ])(X,aNZ+NDX ) → i∗((F
[N ])

(aN)
−1 )(Z,NDZ ) → 0

is known to be exact by loc.cit. and hence we have proven (1). The proof of (2) can be done in
the same manner. �

7.6. Strict cube-invariance and strict blow-up invariance.

Theorem 7.26 (Strict cube-invariance). Let F ∈ ShNis(MCor,Ab) be a good LS-cube-invariant
sheaf. Then the cohomology presheaf Hi(−, F ) on mSm is cube-invariant.

Proof. Let X = (X,D) ∈ mSm. It suffices to show that the canonical morphism FX → Rp∗FX⊗�
is

an equivalence, where p : X × P1 → X is the canonical projection. Considering the Leray spectral
sequence, we can replace X by its henselian localization at a point x ∈ X . In this situation
we can write X = SpecK{x1, · · · , xc}, where K = k(x) and |D| = {x1x2 · · ·xr = 0}. Write
D = a1D1 + · · · + arDr where Di = {xi = 0}. Let D′ := a1D1 + · · · + ar−1Dr−1, a := ar, and
E = Dr so that D = D′ + aE. By Theorem 7.25, we have exact sequences

0→ F(X,D′) → F(X,D) → ι∗(F
(a)
−1 )(E,D′|E) → 0,

0→ F(X,D′)⊗�
→ F(X,D)⊗�

→ (ι× id)∗(F
(a)
−1 )(E,D′|E)⊗�

→ 0

where ι : E → X is the inclusion. Therefore it suffices to prove the claim for (X,D′) and (E,D′|E).
Repeating this argument, we can reduce to the case r = 0, which is proved in [Sai20, Theorem
9.3]. �

Lemma 7.27. Let F ∈ ShNis(MCor,Ab) be a good LS-cube-invariant sheaf and X = (X,D) ∈
mSm. Let E1, . . . , En be effective Q-Cartier divisors on A1 and write π : AnX → X for the projection.
Then we have

Rqπ∗(F(A1,E1)⊗...⊗(A1,En)⊗X ) = 0 (q > 0).

Proof. We proceed as in the proof of Theorem 7.25 by using the dilation argument. For any positive
integer N , we note

F(A1,E1)⊗···(A1,En)⊗(X,D) = (F [N ])(A1,NE1)⊗···(A1,NEn)⊗(X,ND),

and we can make NE1, . . . , NEn, ND integral divisors by choosing an appropriate N . Then the
vanishing of the higher direct image of the right hand side is known by [BRS, Lemma 2.10]. �

Theorem 7.28 (Strict blow-up invariance). Let F ∈ ShNis(MCor,Ab) be an excellent LS-cube-
invariant sheaf. Then the cohomology presheaf Hi(−, F ) on mSm is blow-up invariant.

Proof. This follows from Theorem 7.26, Lemma 7.27, and [Koi, Theorem 1.4]. �

8. Relation with reciprocity sheaves

8.1. Reciprocity presheaves. First we recall the definition of reciprocity presheaves from [KSY22].

Definition 8.1. Let F be a presheaf of abelian groups on Cor. Let X ∈ Sm and a ∈ F (X). A
modulus for a is a Q-modulus pair Y = (Y,E) with the following properties:

(1) X = Y − |E| and Y is proper.
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(2) For any T ∈ Sm and α, β ∈ Cor(T,X) = MCor((T,∅),Y) which are cube-homotopic (cf.
Definition 7.8), we have α∗a = β∗a ∈ F (T ).

We say that F is a reciprocity presheaf if every section of F admits a modulus. We write RSC for
the category of reciprocity presheaves.

Remark 8.2. Recall that a presheaf F of abelian groups on Cor is A1-invariant, i.e. F (X) ≃
F (X×A1) for everyX ∈ Smk, if and only if for every a ∈ F (X) with X ∈ Sm and α, β ∈ Cor(T,X)
with T ∈ Sm which are A1-homotopic, we have α∗a = β∗a ∈ F (T ). Here, we say that α, β are A1-
homotopic if there is γ ∈ Cor(T×A1, X) such that γ◦i0 = α and γ◦i1 = β, where i0, i1 : T → T⊗A1

are induced by {ν} →֒ A1 for ν = 0, 1. Thus, Definition 8.1 is a modulus refinement of the A1-
invariance. If F is A1-invariant, then for a ∈ F (X) as above, any (Y,E) with X = Y − |E| and
Y proper is a modulus of a so that F belongs to RSC. We refer to [BRS, §11.1] for examples of
reciprocity sheaves which are non-A1-invariant.

Remark 8.3. If (Y,E) is a modulus for a ∈ F (X), then (Y, nE) (n > 0) is also a modulus for a.
This shows that our definition of reciprocity presheaves is equivalent to the original one [KSY16]
[KSY22] which uses Z-modulus pairs instead of Q-modulus pairs.

Definition 8.4. Let F be a presheaf of abelian groups on Cor. For a Q-modulus pair X , we define
a subgroup ωCIF (X ) ⊂ ω∗F (X ) = F (X ◦) by (see Definition 7.11 for a compactification)

ωCIF (X ) =

{
a ∈ F (X ◦)

∣∣∣∣
There exists a compactification (X,D,Σ) of X
such that (X,D +Σ) is a modulus for a

}
.

This defines a presheaf ωCIF on MCor [KSY22, Proposition 2.3.7]. By definition, ω!ω
CIF = F

holds if and only if F is a reciprocity presheaf. The next lemma shows that ωCIF is the largest
good LS-cube-invariant subpresheaf of ω∗F :

Lemma 8.5. Let F be a presheaf of abelian groups on Cor. Then ωCIF is good and LS-cube-
invariant. Moreover, if G ⊂ ω∗F is a good LS-cube-invariant subpresheaf, then we have G ⊂ ωCIF .

Proof. It is clear from the definition that ωCIF has semi-purity. We show that ωCIF has M-
reciprocity. Suppose that X is a Q-modulus pair and a ∈ ωCIF (X ). By definition, there exists
a compactification (X,D,Σ) of X such that (X,D + Σ) is a modulus for a. Since (X,D + Σ,∅)
is a compactification of (X,D + Σ), it follows that a ∈ ωCIF (X,D + Σ). Therefore ωCIF has
M-reciprocity.

Next we show that ωCIF is LS-cube-invariant. By Lemma 7.9, it suffices to show that for
Q-modulus pairs X ,Y with X log-smooth and finite correspondences α, β : X → Y which are
homotopic, we have α∗ = β∗ : ωCIF (Y)→ ωCIF (X ). Since ωCIF has semi-purity, we may assume
that X = (T,∅) where T ∈ Sm. Let a ∈ ωCIF (Y). By definition, there exists a compactification
(Y ,E,Σ) of Y such that (Y ,E + Σ) is a modulus for a. Since α, β : (T,∅) → Y → (Y ,E + Σ)
are cube-homotopic, we get α∗a = β∗a by definition of a modulus. This shows that ωCIF is
LS-cube-invariant.

Finally, we prove the second statement. Let X = (X,D) is a Q-modulus pair and a ∈ G(X ). By
the M-reciprocity of G, we can find a compactification (X,D,Σ) of X such that a ∈ G(X,D+Σ).
Let T ∈ Sm and let α, β : (T,∅)→ (X,D+Σ) be finite correspondences which are cube-homotopic.
Then the LS-cube-invariance of G implies that α∗a = β∗a ∈ G(T,∅) ⊂ F (T ). If we regard a as an
element of F (X ◦) via the inclusion G ⊂ ω∗F , this shows that (X,D + Σ) is a modulus for a, so
we have a ∈ ωCIF (X ). �
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Definition 8.6. Let F be a presheaf of abelian groups on Cor. We define ωexcF ⊂ ω∗F by
ωexcF = (ωCIF )exc, i.e.,

ωexcF (X,D) = colim
ε→0

ωCIF (X, (1− ε)D).

By definition, ω!ω
excF = F holds if and only if F is a reciprocity presheaf. The next lemma

shows that ωexcF is the largest excellent LS-cube-invariant subpresheaf of ω∗F :

Lemma 8.7. Let F be a presheaf of abelian groups on Cor. Then ωexcF is excellent and LS-
cube-invariant. Moreover, if G ⊂ ω∗F is an excellent LS-cube-invariant subpresheaf, then we have
G ⊂ ωexcF .

Proof. The first statement follows from Lemma 8.5 and Lemma 7.17(3). If G ⊂ ω∗F is an excellent
LS-cube-invariant subpresheaf, then we haveG ⊂ ωCIF by Lemma 8.5. Taking (−)exc of both sides,
we get G ⊂ ωexcF . �

Theorem 8.8. Let F be a presheaf of abelian groups on Cor. The following conditions are equiv-
alent:

(1) F is a reciprocity presheaf.
(2) There exists an excellent LS-cube-invariant presheaf G ∈ PSh(MCor,Ab) such that ω!G ∼=

F .
(3) There exists a good LS-cube-invariant presheaf G ∈ PSh(MCor,Ab) such that ω!G ∼= F .

Proof. If F is a reciprocity presheaf, then ωexcF gives an excellent LS-cube-invariant presheaf with
ω!ω

excF ∼= F . This proves (1) ⇒ (2). The implication (2) ⇒ (3) is trivial. Suppose that (3) holds.
By the semi-purity, we can regard G as a subpresheaf of ω∗F . By Lemma 8.5, we have G ⊂ ωCIF ,
which implies F (X) = G(X,∅) ⊂ ωCIF (X,∅) for X ∈ Sm. Therefore any element of F (X) admits
a modulus, so F is a reciprocity presheaf. �

8.2. Reciprocity sheaves.

Definition 8.9. A reciprocity sheaf is a reciprocity presheaf which is a Nisnevich sheaf. We write
RSCNis for the category of reciprocity sheaves.

Lemma 8.10. If F is a reciprocity sheaf, then ωCIF is a Nisnevich sheaf on MCor.

Proof. This is proved in [RS21b, Corollary 4.16] for Z-modulus pairs. Our task is to extend this
result to Q-modulus pairs. First we note that we have ωCIF ⊂ (ωCIF )Nis ⊂ ω∗F by the exactness
of the Nisnevich sheafification. Moreover, we have ωCIF (X ) = (ωCIF )Nis(X ) for Z-modulus pairs.
We will prove that ωCIF = (ωCIF )Nis.

By Lemma 8.5, it suffices to show that (ωCIF )Nis is good and LS-cube-invariant. Lemma 7.23
shows that (ωCIF )Nis is good. To show that (ωCIF )Nis is LS-cube-invariant, it suffices to show
that the split surjection i∗0 : (ω

CIF )Nis(X ⊗ �)→ (ωCIF )Nis(X ) is injective for any log-smooth Q-
modulus pair X . We take a positive integer N such that (X,ND) is a Z-modulus pair. Consider
the following commutative diagram:

(ωCIF )Nis(X ⊗�)
i∗0 //

� _

��

(ωCIF )Nis(X )� _

��
(ωCIF )Nis((X,ND)⊗�)

i∗0

∼
// (ωCIF )Nis(X,ND).
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The vertical maps are injective by the semi-purity, and the lower horizontal map i∗0 is an isomor-
phism by the result for Z-modulus pairs. Therefore the upper horizontal map is injective. �

Lemma 8.11. If F is a reciprocity sheaf, then ωexcF is a Nisnevich sheaf.

Proof. This follows from Lemma 8.10 and Lemma 7.17. �

Theorem 8.12. Let F be a Nisnevich sheaf of abelian groups on Cor. The following conditions
are equivalent:

(1) F is a reciprocity sheaf.
(2) There exists an excellent LS-cube-invariant sheaf G ∈ ShNis(MCor,Ab) such that ω!G ∼= F .
(3) There exists a good LS-cube-invariant sheaf G ∈ ShNis(MCor,Ab) such that ω!G ∼= F .

Proof. This follows from Theorem 8.8, Lemma 8.10, and 8.11. �

8.3. Functor from RSCNis to mDAeff.

Definition 8.13. Let F be a reciprocity sheaf. Then ωexcF is an excellent LS-cube-invariant sheaf
on MCor. By Theorem 7.26 and theorem 7.28, the cohomology presheaf on mSm is cube-invariant
and blow-up invariant. Therefore, we get an object of mDAeff(k):

Fmod := RΓNis(−, (ω
excF )|mSm) ∈ ShNis(mSmk,ModZ).

This defines a functor (−)mod : RSCNis → mDAeff(k).

The following result, stating that the cohomology of ωexcF is reprensentable in the category of
motives with modulus, is clear from the construction:

Theorem 8.14. Let F be a reciprocity sheaf. For any X ∈ mSm, we have a canonical equivalence

mapmDAeff (k)(M(X ), Fmod) ≃ RΓ(X , ωexcF ).

In [Sai23], the third author constructed the logarithmic version of the above functor. For any
reciprocity sheaf F ∈ RSCNis, and (X,D) ∈ SmlSm, we set

LogF (X,D) := ωCIF (X,D).

The main result of [Sai23, §6] is that this LogF has a functoriality for the logarithmic correspon-

dences and that its cohomology is CIlog ∪ BIlog-local. In particular, we obtain a functor

(−)log : RSCNis → logDAeff ; F 7→ RΓ(−,LogF ) ∈ ShsNis(SmlSmk,ModZ).

The existence of this functor, connecting the theory of reciprocity and logarithmic motives, has
a fundamental importance. The following result shows that our functor (−)mod is a “lift” of the
functor (−)log.

Theorem 8.15. There exists a natural equivalence of functors t∗ ◦ (−)mod ≃ (−)log.

As a preparation of the proof of Theorem 8.15, we prove the following result that has its own
independent interest.

Theorem 8.16. Any reciprocity sheaf satisfies the tame Hasse-Arf property. More precisely, for
any reciprocity sheaf F ∈ RSCNis, X = (X,D) ∈ mSm, smooth divisor Z on X intersecting
transversally with |D|, and ε ∈ (0, 1] ∩Q, the natural map

ωCIF (X,D + εZ)→ ωCIF (X,D + Z)

is an isomorphism.
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Proof. We proceed as in the proof of Theorem 2.9 with a small modification. Let F ∈ RSCNis,
(X,D) ∈ mSmX , and Z ⊂ X be a smooth divisor which intersects transversely with |D|. Our goal
is to prove that the natural morphism ωCIF (X,D + εZ) → ωCIF (X,D + Z) is an isomorphism.
Since both F(X,D+εZ) and F(X,D+Z) are sheaves on the Nisnevich (hence Zariski) small site on
X , we may replace X by a Zariski neighborhood of a point in X . Thus, by Lemma 1.5, we may
assume that there exists a diagram of the form (2.1) with D′ := p∗D = q∗pr∗1(D|Z). Set U := X\Z,
U ′ := X ′ \ Z. Moreover, since the problem is still Nisnevich local on X , we may assume that X

is Henselian local. For simplicity of notation, set F̃ := ωCIF . Note that the two squares in the
induced diagram

F̃ (X,D + εZ)

��

// F̃ (X ′, D′ + εZ)

��

F̃ (Z × P1, εZ × {0}+D|Z × P1)oo

��
F̃ (X,D + Z) // F̃ (X ′, D′ + Z) F̃ (Z × P1, Z × {0}+D|Z × P1)oo

are both Cartesian and coCartesian. Indeed, since {X ′ → X,U → X} forms a Nisnevich distin-
guished square and since X is Nisnevich local, for each ? ∈ {1, ε}, we have a short exact sequence

0→ F̃ (X,D+?Z)→ F̃ (X ′, D′+?Z)⊕ F̃ (U,D|U )→ F̃ (U ′, D|U ′)→ 0.

Then the snake lemma shows that the the left and the middle vertial arrows in the above diagram
have the same kernels and cokernels. Next, set A := P1 − {0} to lighten the notation, and for
? ∈ {1, ε}, consider the following exact sequence associated with the elementary Nisnevich cover
{X ′ → Z × P1, Z ×A→ Z × P1}:

0→ F̃ (Z × P1, D|Z × P1+?Z × {0})→ F̃ (X ′, D′+?Z)⊕ F̃ (Z ×A,D|Z × A)→ F̃ (U ′, D|U ′ )

→ H1
Nis(Z × P1, F̃(Z×P1,D|Z×P1+?Z×{0})).

Since (P1, {0}) ∼= (P1, {∞}), the last term is isomorphic to H1
Nis(Z, F̃(Z,D|Z )) by Theorem 7.26 and

Lemma 8.5, which vanishes since Z is henselian local. Then the snake lemma argument as above
shows the case of the right square.

Thus, we have proven that the squares in the above diagram are cartesian and cocartesian. In
particular, the left vertical arrow is an isomorphism if and only if so is the right vertical one, but
the latter is indeed an isomorphism by Lemma 7.10. �

Corollary 8.17. For any reciprocity sheaf F ∈ RSCNis and log-smooth Q-modulus pair X =
(X,D) ∈ mSm such that D has multiplicity ≤ 1, we have ωexcF (X ) = ωCIF (X ) = ωCIF (X, |D|).

Proof. This follows immediately from Definition 8.6 and Theorem 8.16. �

We are now ready to prove the desired comparison theorem.

Proof of Theorem 8.15. We first construct a natural transformation (−)log → t∗ ◦ (−)mod. By
adjunction, it suffices to construct a natural transformation t∗ ◦ (−)log → (−)mod. We will do this
on the level of sheaves. Let F ∈ RSCNis and X = (X,D) ∈ mSm. We compute

t∗F log(X,D) = F log(X, |D|) = ωCIF (X, |D|) = ωCIF (X, ε|D|) = ωexcF (X, ε|D|),
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where the third equality follows from the tame Hasse-Arf property 8.16 and the fourth equality
follows from Corollary 8.17. Taking ε small enough, the identity map on X induces a morphism
of Q-modulus pairs (X,D)→ (X, ε|D|) and hence the composite

t∗F log(X,D) = ωexcF (X, ε|D|)→ ωexcF (X,D) = Fmod(X,D).

It is obvious that this map does not depend on the choice of ε.
Next, we prove that the natural transformation (−)log → t∗ ◦ (−)mod that we have constructed

above is an equivalence. Let F ∈ RSCNis and consider the morphism F log → t∗F
mod in logDAeff .

Since the∞-category logDAeff is compactly generated by representable objects M(X,D), (X,D) ∈
SmlSm [BPØ, Proposition 2.4.16], it suffices to show that the induced map of spectra

(8.1) maplogDAeff (M(X,D), F log)→ maplogDAeff (M(X,D), t∗F
mod)

is an equivalence for any (X,D) ∈ SmlSm. We have by adjunction

maplogDAeff (M(X,D), t∗F
mod) ≃ mapmDAeff (t∗ M(X,D), Fmod).

Moreover, t∗ M(X,D) is computed as

t∗ M(X,D) = colim
ε→0

M(X, εD) = M(X,D),

where the first equality follows from 3.16 and the second is the tame Hasse-Arf theorem 2.9. Thus,
the right hand side of (8.1) is equivalent to the spectrum RΓ(X, (ωexcF )(X,D)) by Theorem 8.14.

Since (ωexcF )(X,D) = (ωCIF )(X,D) by Corollary 8.17 (noting that étale maps do not increase the

multiplicity of divisors), this is identified with RΓ(X, (ωCIF )(X,D)). But this also computes the
left hand side of (8.1). This completes the proof. �

8.4. (−)mod for A1-invariant sheaves.

Proposition 8.18. Let F ∈ ShNis(Cor,Ab) be an A1-invariant sheaf. Then we have ωexcF = ω∗F .
In particular, Fmod coincides with the sheaf of spectra

X 7→ RΓ(X ◦, FX ◦).

Proof. Let X ∈ Sm and a ∈ F (X). Since F is A1-invariant, any Q-modulus pair (Y,E) with
X = Y − |E| and Y proper is a modulus for a (see Remark 8.2). This shows that ωCIF (X ) =
F (X ◦) = ω∗F (X ). Since ω∗F has left continuity, we get ωexcF = ω∗F . �

8.5. (−)mod for Hodge cohomology. Fix a non-negative integer q ≥ 0. Recall the cube-invariant
sheaf MΩq on mSm from §6.1. In this section, we prove that (Ωq)mod ≃ mΩq. First, in order to
extend MΩq to a sheaf on MCor, we generalize Definition 6.2 as follows.

Definition 8.19. Let F ∈ ShNis(Cor,Ab). A ramification filtration Fil on F is a collection of
increasing filtrations {Filr F (L)}r∈Q≥0

on F (L) indexed by L ∈ Φ which satisfies the following:

(1) For any L ∈ Φ, we have Im
(
F (OL)→ F (L)

)
⊂ Fil0 F (L).

(2) If L ∈ Φ and L′/L is a finite extension with ramification index e, then we have

TrL′/L

(
Filr F (L

′)
)
⊂ Filr/e F (L) (r ∈ Q≥0).

Here, the trace map TrL′/L : F (L
′) → F (L) is induced by the finite correspondence SpecL →

SpecL′ which is the transpose of the canonical map.
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Definition 8.20. Let F ∈ ShNis(Cor,Ab) and let Fil be a ramification filtration on F . Let
X ∈MCor and a ∈ F (X ◦). We say that a is bounded by DX if for any L ∈ Φ and any commutative
diagram of the following form, we have ρ∗a ∈ FilvL(ρ̃∗DX ) F (L):

SpecL
ρ //

� _

��

X ◦
� _

��
SpecOL

ρ̃ // X.

(8.2)

We write FFil(X ) for the subgroup of F (X ◦) consisting of elements bounded by DX .

Lemma 8.21. Let F ∈ ShNis(Cor,Ab) and let Fil be a ramification filtration on F .

(1) For any X ,Y ∈ MCorQ and α ∈MCorQ(X ,Y), we have α∗FFil(Y) ⊂ FFil(X ).
(2) FFil is a Nisnevich sheaf on MCorQ.

Proof. See [Koi, Lemma 2.5]. �

It is proved in [Koi, Lemma 4.4] that the filtration (6.1) defines a ramification filtration on Ωq.
We write MΩq for the sheaf on MCor associated to this ramification filtration. Recall that this
sheaf has an explicit global formula; see (6.2).

Lemma 8.22. For any X = (X,D) ∈ mSm, we have

MΩq(X ) ⊂ ωexcΩq(X ).

Proof. By (6.2), it suffices to show that MΩq(X ) ⊂ ωCIΩq(X ). Since the problem is local on X ,
we may assume that D =

∑m
i=1 ri div(xi) for some coordinate x1, . . . , xn on X . Let a ∈ MΩq(X ).

Take a normal compactification X of X such that

− X −X is the support of an effective Cartier divisor Σ on X, and
− div(xi) extends to an effective Cartier divisor Di for i = 1, 2, . . . ,m.

Set D =
∑m
i=1Di. Then (X,D,Σ) is a compactification of X . We claim that for sufficiently large

n, we have a ∈MΩq(X,D + nΣ). As MΩq is LS-cube-invariant, this shows that (X,D + nΣ) is a
modulus for a and thus finishes the proof of the lemma.

Since X is quasi-compact, the claim is local on X . Let U = SpecA be an affine open subset of
X such that we can write Di|U = div(yi) and Σ|U = div(f). By (6.2), we can write

a =

m∑

i=1

1

x
⌈ri⌉−1
i

αi +

m∑

i=1

βi
dxi

x
⌈ri⌉
i

,

where αi ∈ ΩqA[1/f ], βi ∈ Ωq−1
A[1/f ]. Recall that Di|U extends the divisor div(xi) on SpecA[1/f ].

Therefore we have xi = eiyi for some ei ∈ A[1/f ]×. Let Ei be the Cartier divisor on U defined by
ei. Then we have |Ei| ⊂ |Σ|, so there is some n1 > 0 such that riEi ≤ n1Σ holds for i = 1, 2, . . . ,m.

Moreover, there is some n2 > 0 such that fn2αi ∈ ΩqA and fn2βi ∈ Ωq−1
A holds for i = 1, 2, . . . ,m.

Take n ≥ n1 + n2. Then we have fna ∈ MΩq(U,D|U ) and hence a ∈ MΩq(U,D|U + nΣ|U ). This
finishes the proof of the claim. �

Theorem 8.23. For any X = (X,D) ∈ mSm, we have

MΩq(X ) = ωexcΩq(X )

as subgroups of Ωq(X ◦). In other words, we have (Ωq)mod ≃ mΩq.
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Proof. By Lemma 8.22, we have MΩq(X ) ⊂ ωexcΩq(X ). Let us prove the opposite inclusion. It
suffices to prove that for each L ∈ Φ and r ∈ Q≥0,

(8.3) ωexcΩq(OL,m
⌈r⌉
L ) ⊂ Filr Ω

q(L),

where

FilrΩ
q(L) =

{
Ωq(OL) (r = 0),

t−⌈r⌉+1 · Ωq(OL)(log) (r > 0).

Since the both sides of (8.3) depend only on ⌈r⌉, we may assume r ∈ Z. We use existing results
computing ωCIΩq(OL,mrL). If ch(k) = 0, the equality ωCIΩq(OL,mrL) = Filr Ω

q(L) is proved in
[RS21b, Theorem 6.4]. This proves (8.3) in case ch(k) = 0. If ch(k) = p > 0, we have

ωCIΩq(OL,m
r
L) =





Ωq(OL) (r = 0),

t−r+1 · Ωq(OL)(log) (r ∈ Z>0 − pZ>0),

t−r · Ωq(OL) (r ∈ pZ>0)

by [RS22, Corollary 6.8]. This proves (8.3) for r ∈ Z>0 − pZ>0. When r ∈ pZ>0, we have to take
care of the difference between ωCI and ωexc. Let a ∈ ωexcΩq(OL,mrL), where r ∈ pZ>0. Then, we

have a ∈ ωCIΩq(OL,m
r−(1/N)
L ) for some positive integer N with p ∤ N . Take a totally ramified

extension L′/L with ramification index N . Let π : SpecL′ → SpecL denote the canonical map.
Then, we have

π∗a ∈ ωCIΩq(OL′ ,mrN−1
L′ ) = FilrN−1Ω

q(L′) ⊂ FilrN Ωq(L′).

Since Fil is a ramification filtration on Ωq, we get

Na = TrL′/L(π
∗a) ∈ Filr Ω

q(L).

Since N is invertible in k, we get a ∈ Filr Ω
q(L). This proves (8.3) for r ∈ pZ>0. �

Remark 8.24. In the proof of Theorem 8.23, we employed the result from [RS22]. We can also
produce an alternative proof following the argument of [RS21b, Theorem 6.4] by upgrading the
theory of local symbols for Q-modulus pairs. However, we decided not to include the detailed
exposition here for the cleanliness of the present paper.

8.6. (−)mod for unramified cohomology. Assume that ch(k) = p > 0. In this subsection, we
interpret Brylinski-Kato’s ramification filtration on the étale cohomology in our framework.

Definition 8.25. Let q ≥ 0 and m ≥ 1. We define a Nisnevich sheaf Hq+1
ur,m on Sm to be the

Nisnevich sheafification of the presheaf

X 7→ Hq+1
ét (X,Z/m(q)),

where Z/m(q) is the mod-m étale motivic complex of weight q. Similarly, we define a Nisnevich
sheaf Hq+1

ur on Sm to be the Nisnevich sheafification of the presheaf

X 7→ Hq+1
ét (X,Q/Z(q)).

Remark 8.26. Since the presheaf H1
ét(−,Z/m) is already a Nisnevich sheaf, we write H1

ét,m for

H1
ur,m. Similarly, we write H1

ét for H
1
ur.
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By definition, we have Hq+1
ur ≃ lim

−→m
Hq+1

ur,m. If we write m = m′pn with p ∤ m′, then we have

Hq+1
ur,m ≃ Hq+1

ur,m′ ⊕Hq+1
ur,pn . Moreover, there is an equivalence

Z/pn(q)[q + 1] ≃ cofib(WnΩ
q 1−F
−−−→WnΩ

q/dV q−1Ωq−1)

in the derived category of étale sheaves on Sm. Therefore, the sheaf Hq+1
ét,pn is isomorphic to the

cokernel of (1− F ) : WnΩ
q →WnΩ

q/dV q−1Ωq−1 in ShNis(Sm) via the connecting map

δ : WnΩ
q/dV q−1Ωq−1 → Hq+1

ét,pn .

In particular, the sheaf Hq+1
ét,pn has a natural structure of a sheaf on Cor. Moreover, since RSCNis ⊂

ShNis(Cor,Ab) is closed under taking quotients, it follows that Hq+1
ét,pn is a reciprocity sheaf.

Definition 8.27. For L ∈ Φ, we define a filtration {FilrWn(L)}r∈Q≥0
on Wn(L) by

(8.4) FilrWn(L) =

{
Wn(OL) (r = 0),

{a ∈Wn(L) | [t
⌈r⌉−1] · Fn−1(a) ∈Wn(OL)} (r > 0).

It is proved in [Koi, Lemma 4.11] that the filtration (8.4) defines a ramification filtration on Wn

(see Definition 8.20 for the terminology). We write MWn for the sheaf on MCor associated to this
ramification filtration.

Lemma 8.28. The filtration (8.4) coincides with the filtration (6.3) for q = 0. Consequently, the
sheaf MWn on mSm is canonically isomorphic to the sheaf MWnΩ

0.

Proof. See [Shi, Proposition 2.11 (2)]. �

Lemma 8.29. For any X = (X,D) ∈ mSm, we have

MWn(X ) = {(a0, . . . , an−1) ∈Wn(X
◦) | ap

n−j−1

j ∈ Γ(X,OX(⌈D⌉ − |D|))}.(8.5)

Proof. See [Koi, Lemma 4.13]. �

Definition 8.30. The Brylinski-Kato filtration {Filr H1
ét,pn(L)}r∈Q≥0

on H1
ét,pn is defined by

(8.6) Filr H
1
ét,pn(L) = Im(FilrWn

δ
−→ H1

ét,pn(L)).

For q ≥ 0, the Brylinski-Kato filtration {Filr H
q+1
ur,pn(L)}r∈Q≥0

on Hq+1
ur,pn is defined by

(8.7) Filr H
q+1
ur,pn(L) =

{
Hq+1

ur,pn(OL) (r = 0),

Im(Filr H
1
ét,pn(L)⊗KM

q (L)→ Hq+1
ur,pn(L)) (r > 0).

For m = m′pn with p ∤ m′, we set

Filr H
q+1
ur,m(L) =

{
Hq+1

ur,m(OL) (r = 0),

Hq+1
ur,m′(L)⊕ Filr H

q+1
ur,pn(L) (r > 0).

We set Filr H
q+1
ur (L) = lim

−→m
Filr H

q+1
ur,m(L). The sheaf associated to the Brylinski-Kato filtration is

denoted by MHq+1
ur,m,MHq+1

ur ∈ ShNis(mSm,Ab).

Lemma 8.31. For any X = (X,D) ∈ mSm, the sheaf (MH1
ét,pn)X coincides with the image of the

morphism
δ : (MWn)X → (ω∗H1

ét,pn)X .
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Proof. By the definition of the Brylinski-Kato filtration on H1
ét,pn , the morphism δ factors as

δ : (MWn)X → (MH1
ét,pn)X → (ω∗H1

ét,pn)X .

This shows that the image of δ : MWn(X )→ H1
ét,pn(X

◦) is contained in MH1
ét,pn(X ).

Conversely, suppose that a ∈ MH1
ét,pn(X ). Write D =

∑m
i=1 riDi, where Di are smooth and

irreducible. Let ξi be the generic point of Di and Li = FracOhX,ξi . Our assumption implies that

a ∈ Filri H
1
ét,pn(Li) for i = 1, 2, . . . ,m. By [Yat17, Proposition 1.31], this implies that a lies in the

image of the morphism of sheaves

(MWn)X
δ
−→ (ω∗H1

ét,pn)X .

Therefore, the sheaf (MH1
ét,pn)X is contained in the image of (MWn)X under δ. �

Next, we show that ωexcH1
ét and MH1

ét coincides on mSm:

Theorem 8.32. For any X = (X,D) ∈ mSm, we have

MH1
ét(X ) = ωexcH1

ét(X )

as subgroups of H1
ét(X

◦). In particular, the sheaf MH1
ét|mSm on mSm is (CI ∪ BI)-local and hence

defines an object mH1
ét of mDAeff(k).

Lemma 8.33. For any X = (X,D) ∈ mSm, we have

MWn(X ) ⊂ ω
excWn(X ).

Proof. By (8.5), it suffices to show that MWn(X ) ⊂ ωCIWn(X ). Since the problem is local on X ,
we may assume that D =

∑m
i=1 ri div(xi) for some coordinate x1, . . . , xn on X . Let a ∈MWn(X ).

Take a normal compactification X of X such that

− X −X is the support of an effective Cartier divisor Σ on X, and
− div(xi) extends to an effective Cartier divisor Di for i = 1, 2, . . . ,m.

Set D =
∑m
i=1Di. Then (X,D,Σ) is a compactification of X . We claim that for sufficiently large

n, we have a ∈MWn(X,D + nΣ). As MWn is LS-cube-invariant, this shows that (X,D + nΣ) is
a modulus for a and thus finishes the proof of the lemma.

Since X is quasi-compact, the claim is local on X . Let U = SpecA be an affine open subset of
X such that we can write Di|U = div(yi) and Σ|U = div(f). By (8.5), we can write

a = (a0, a1, . . . , an−1), x
⌈r1⌉−1
1 · · ·x⌈rm⌉−1

m ap
n−j−1

j ∈ A[1/f ].

Recall that Di|U extends the divisor div(xi) on SpecA[1/f ]. Therefore we have xi = eiyi for some
ei ∈ A[1/f ]×. Let Ei be the Cartier divisor on U defined by ei. Then we have |Ei| ⊂ |Σ|, so there
is some n1 > 0 such that riEi ≤ n1Σ holds for i = 1, 2, . . . ,m. Moreover, there is some n2 > 0
such that

fn2x
⌈r1⌉−1
1 · · ·x⌈rm⌉−1

m ap
n−j−1

j ∈ A.

Take n ≥ n1 + n2. Then we have fny
⌈r1⌉−1
1 · · · y

⌈rm⌉−1
m ap

n−j−1

j ∈ A and hence a ∈ MWn(U,D|U +

nΣ|U ). This finishes the proof of the claim. �

Lemma 8.34. For any X = (X,D) ∈ mSm, we have

MH1
ét,pn(X ) ⊂ ω

excH1
ét,pn(X ).
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Proof. Recall from Lemma 8.31 that (MH1
pn)X coincides with the image of the morphism

δ : (MWn)X → (ω∗H1
ét,pn)X .

Consider the following commutative diagram of Nisnevich sheaves on X :

(MWn)X
� � //

����

(ω∗Wn)X

��

(ωexcWn)X? _oo

��
(MH1

ét,pn)X
� � // (ω∗H1

ét,pn)X (ωexcH1
ét,pn)X .

? _oo

By Lemma 8.33, we have (MWn)X ⊂ (ωexcWn)X . It follows from the above commutative diagram
that (MH1

ét,pn)X is contained in (ωexcH1
ét,pn)X . �

Proposition 8.35. For any X = (X,D) ∈ mSm, we have

MH1
ét,pn(X ) = ωexcH1

ét,pn(X )

as subgroups of H1
ét,pn(X

◦).

Proof. By Lemma 8.34, we have MH1
ét,pn(X ) ⊂ ω

excH1
ét,pn(X ). Let us prove the opposite inclusion.

It suffices to prove that for each L ∈ Φ and r ∈ Q≥0,

(8.8) ωexcH1
ét,pn(OL,m

⌈r⌉
L ) ⊂ Filr H

1
ét,pn(L).

Since the both sides of (8.8) depend only on ⌈r⌉, we may assume r ∈ Z. We use existing results
computing ωCIH1

ét,pn(OL,m
r
L). Namely, we have

ωCIH1
ét,pn(OL,m

r
L) = Filnonlogr H1

ét,pn(L)

by [RS21b, Theorem 8.8], where Filnonlogr is the non-logarithmic filtration on H1
ét,pn(L). Since

Filnonlogr coincides with Filr when r 6∈ pZ>0, this proves (8.8) for r 6∈ pZ>0. When r ∈ pZ>0,
we have to take care of the difference between ωCI and ωexc. Let a ∈ ωexcH1

ét,pn(OL,m
r
L), where

r ∈ pZ>0. Then, we have a ∈ ωCIH1
ét,pn(OL,m

r−(1/N)
L ) for some positive integer N with p ∤ N .

Take a totally ramified extension L′/L with ramification index N . Let π : SpecL′ → SpecL denote
the canonical map. Then, we have

π∗a ∈ ωCIH1
ét,pn(OL′ ,mrN−1

L′ ) = FilrN−1H
1
ét,pn(L

′) ⊂ FilrN H1
ét,pn(L

′).

Since Fil is a ramification filtration on H1
ét,pn , we get

Na = TrL′/L(π
∗a) ∈ Filr H

1
ét,pn(L).

Since p ∤ N , we get a ∈ Filr H
1
ét,pn(L). This proves (8.8) for r ∈ pZ>0. �

Proof of Theorem 8.32. By Proposition 8.35, we have the equality for the p-primary part. It
suffices to show that for any positive integer m with p ∤ m, we have

MH1
ét,m(X ) = ωexcH1

ét,m(X ).

By definition, we have MH1
ét,m(X ) = H1

ét,m(X ◦) = ω∗H1
ét,m(X ). Therefore, the above equality

follows from the A1-invariance of H1
ét,m and Proposition 8.18. �

We expect that Theorem 8.32 extends to higher unramified cohomologies:



58 J. KOIZUMI, H. MIYAZAKI, AND S. SAITO

Conjecture 8.36. For any q ≥ 0 and X = (X,D) ∈ mSm, we have

MHq+1
ét (X ) = ωexcHq+1

ur (X )

as subgroups of Hq+1
ur (X ◦). In particular, the sheaf MHq+1

ur on mSm is (CI ∪ BI)-local and hence

defines an object mHq+1
ur of mDAeff(k). Moreover, there is an equivalence

ΩS1
t
(mHq+1

ur ) ≃ mHqur.

8.7. (−)mod for rank 1 connections. The analogy between the wild ramifications of ℓ-adic
sheaves on varieties in positive characteristic and the irregular singularities of integrable connec-
tions on varieties in characteristic 0 has been pointed out by many authors, e.g., [Del70], [Kat94].
The goal of this subsection is to show that the filtrations capturing the irregular singularities of
rank 1 connections are representable in our motivic homotopy category.

Let k be a field of characteristic 0. For any X ∈ Smk, consider the morphism

dlogX : O×
X → Ω1

X ; u 7→ dlog(u) := du/u.

Recall from [RS21a, Lemma 6.9] that this induces a morphism dlog : O×
X → ZΩ1

X ⊂ Ω1
X in RSCNis,

where ZΩ1
X ⊂ Ω1

X is the kernel of the differential d : Ω1
X → Ω2

X .
It is well-known that, for each X ∈ Smk, the cokernel of dlogX : O×

X → Ω1
X in the Zariski

topology is canonically identified with the Zariski sheaf of isomorphism classes of rank 1 connections,
which we denote by Conn1X :

Conn1X
∼= CokerZar(dlogX : O×

X → Ω1
X).

Similarly, denoting by Conn1int,X ⊂ Conn1X the subsheaf of integrable rank 1 connections on X , we
have a canonical identification

Conn1int,X
∼= CokerZar(dlogX : O×

X → ZΩ1
X).

Since RSC ⊂ PSh(Cor,Ab) is closed under taking quotients (see [KSY22, Remark 2.2.5]), the
cokernel presheaf of dlog : O× → Ω1 (resp. dlog : O× → ZΩ1) is a reciprocity presheaf. By
[KSY22, Corollary 3.2.2], we have

Conn1 := CokerZar(dlog : O× → Ω1) ∼= CokerNis(dlog : O× → Ω1),

Conn1int := CokerZar(dlog : O× → ZΩ1) ∼= CokerNis(dlog : O× → ZΩ1).

Moreover, [KSY22, Theorem 2.4.1 (1)] shows that Conn1 and Conn1int are reciprocity sheaves.

Definition 8.37. For L ∈ Φ, we define the irregularity filtration {Filr Conn
1(L)}r∈Q≥0

on Conn1(L)
by

Filr Conn
1(L) = Im(Filr Ω

1(L)→ Conn1(L)).

We also define the filtration {Filr Conn
1
int(L)}r∈Q≥0

on Conn1int(L) to be the restriction of the

above filtration to Conn1int. The fact that {Filr Ω
1(L)}r∈Q≥0

defines a ramification filtration (see

Definition 8.20 for the terminology) implies that so does {Filr Conn
1(L)}r∈Q≥0

, and hence we obtain

a sheaf MConn1 := (Conn1)Fil on MCor. Similarly, we obtain a sheaf MConn1int := (Conn1int)Fil on
MCor.

Lemma 8.38. Let X = (X,D) ∈ mSm and write j : U := X −D → X for the inclusion. Then,
the canonical morphism of Zariski sheaves

j∗Ω
1
U → j∗ConnU
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is an epimorphism.

Proof. We may assume that X is connected. Let kX denote the separable closure of k in the
function field of X , regarded as a constant Zariski sheaf on X . By definition, we have an exact
sequence of Zariski sheaves

0→ O×
U /kX → Ω1

U → Conn1U → 0

on U . Therefore, it suffices to show that R1j∗(O
×
U /kX) = 0. Consider the exact sequence

R1j∗O
×
U → R1j∗(O

×
U /kX)→ R2j∗kX .

The last term is 0 because constant sheaves are flasque in the Zariski topology. On the other hand,
for x ∈ X we have

(R1j∗O
×
U )x
∼= Pic(SpecOX,x ×X U) = 0,

because Pic(SpecOX,x)→ Pic(SpecOX,x ×X U) is surjective [Stacks, Lemma 0BD9]. This shows

that R1j∗(O
×
U /kX) = 0. �

Lemma 8.39. Let X = (X,D) ∈ mSm. Write D =
∑m

i=1 riDi, where Di are smooth and

irreducible. Let ξi be the generic point of Di and Li = FracOhX,ξi . Write ιi : SpecLi → X for the
canonical morphism. Then, the following sequence of Zariski sheaves on X is exact:

MΩ1
X → (ω∗Conn1)X →

m⊕

i=1

ιi,∗

(
Conn1(Li)

Filri Conn
1(Li)

)
.

Proof. Consider the following commutative diagram of Zariski sheaves on X :

MΩ1
X

// (ω∗Ω1)X //

α

��

m⊕

i=1

ιi,∗

(
Ω1(Li)

Filri Ω
1(Li)

)

β

��

MΩ1
X

// (ω∗Conn1)X //
m⊕

i=1

ιi,∗

(
Conn1(Li)

Filri Conn
1(Li)

)

The top row is exact by (6.2). The morphism α is an epimorphism by lemma 8.38. Moreover, the
morphism β is an isomorphism because the image of dlog : L×

i → Ω1(Li) is contained in Filri Ω
1(Li).

The exactness now follows by a diagram chasing. �

Lemma 8.40. For any X = (X,D) ∈ mSm, the sheaf MConn1X coincides with the image of the
morphism

MΩ1
X → (ω∗Conn1)X ,

which is induced by adjunction from the quotient morphism ω!MΩ1 ∼= Ω1
։ Conn1.

Proof. By the definition of the irregularity filtration on Conn1, the morphism in question factors
as

MΩ1
X → MConn1X → (ω∗Conn1)X .

This shows that the image of MΩ1
X → (ω∗Conn1)X is contained in MConn1X .

Conversely, suppose that a ∈ MConn1(X ). Write D =
∑m

i=1 riDi, where Di are smooth and
irreducible. Let ξi be the generic point of Di and Li = FracOhX,ξi . Our assumption implies that

a ∈ Filri Conn
1(Li) for i = 1, 2, . . . ,m. By Lemma 8.39, this implies that, Zariski locally on X ,
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the element a lies in the image of MΩ1(X ). This proves that MConn1X is contained in the image
of MΩ1

X → (ω∗Conn1)X . �

By our general construction from Definition 8.6 and Lemma 8.11, we obtain an excellent LS-
cube invariant Nisnevich sheaf ωexcConn1 on MCor, whose cohomology is readily representable in
mDAeff(k) by Theorem 8.14. We show that ωexcConn1 and MConn1 coincides on mSm:

Theorem 8.41. For any X = (X,D) ∈ mSm, we have

MConn1(X ) = ωexcConn1(X )

as subgroups of Conn1(X ◦). In particular, the sheaf MConn1|mSm on mSm is (CI ∪ BI)-local and

hence defines an object mConn1 of mDAeff(k).

Remark 8.42. By the same argument, we can show MConn1int(X ) = ωexcConn1int(X ) for X ∈ mSm.

Proof. Recall from Lemma 8.40 that MConn1X coincides with the image of the morphism

MΩ1
X → (ω∗Conn1)X .

Consider the following commutative diagram of Nisnevich sheaves on X :

MΩ1
X
� � //

����

(ω∗Ω1)X

��

(ωexcΩ1)X? _oo

��
MConn1X

� � // (ω∗Conn1)X (ωexcConn1)X .? _oo

By Lemma 8.22, we have (MΩ1)X ⊂ (ωexcΩ1)X . It follows from the above commutative diagram
that MConn1X ⊂ (ωexcConn1)X .

Let us prove the opposite inclusion. It suffices to prove that for each L ∈ Φ and r ∈ Q≥0,

ωexcConn1(OL,m
⌈r⌉
L ) ⊂ Filr Conn

1(L).(8.9)

Since the both sides of (8.8) depend only on ⌈r⌉, we may assume r ∈ Z. We use an existing result
computing ωCIConn1(OL,mrL). Namely, we have

ωCIConn1(OL,m
r
L) = Filr Conn

1(L)

by [RS21b, Theorem 6.11]. Since ωexcConn1 ⊂ ωCIConn1, this proves (8.9). �
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