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ABSTRACT. One of the main results of this paper is a proof of the rank one
case of an existence conjecture on lisse Q,-sheaves on a smooth variety U over
a finite field due to Deligne and Drinfeld. The problem is translated into the
language of higher dimensional class field theory over finite fields, which describes
the abelian fundamental group of U by Chow groups of zero cycles with moduli.
A key ingredient is the construction of a cycle theoretic avatar of refined Artin
conductor in ramification theory originally studied by Kazuya Kato.
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INTRODUCTION

One of the main results of this paper is a proof of the rank one case of an existence
conjecture on lisse Q-sheaves on a smooth variety U over a finite field suggested
by Deligne [EK], which was motivated by work of Drinfeld [Dr], see also [D]. The
conjecture says that a compatible system of lisse Q-sheaves on the integral closed
curves on U, satisfying a certain boundedness condition for ramification at infinity,
should arise from a lisse sheaf on U. It thus reduces the understanding of lisse Q-
sheaves on U to that of lisse Qy-sheaves on curves on U. A precise formulation is as

follows.

Skeleton sheaves. Let U be a smooth variety over a finite field k. Choose a com-
pactification U C X with X normal and proper over k such that X \ U is the
support of an effective Cartier divisor on X. Consider a family (Vz)z, where Z runs
through all closed integral curves on U and where V7 is a semi-simple lisse Q,-sheaf
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on the normalization Z of Z. We say that that the family (V;)z is compatible if
for two different curves Z;, Zs the sheaves Vz, and V, become isomorphic up to
semi-simplification after pullback to the finite scheme (ZI X x Zg)red. Such compat-
ible families are also called skeleton sheaves and have been studied by Deligne and
Drinfeld, see [EK].

Let ZN be the normalization of the closure of Z in X, which is by definition the
smooth compactification of Z. Let ¥y : ZN — X be the natural map and Z, be
the set of points y € ZV such that ¥z(y) € U. We say that a skeleton sheaf (V)
has bounded ramification if there exists an effective Cartier divisor D on X with
|D| € X \ U and such that for all integral curves Z on U, the following inequality
of Cartier divisors on ZV holds:

> ar(Vz)ly) < ¥3D.
Here 7 D is the pullback of D by 1 and ar, (V) is the local Artin conductor of
Vz at the point y, see [Sel].

Question I (Deligne). For any skeleton sheaf (V) z with bounded ramification, does
there exist a lisse Qp-sheaf V' on U such that for all curves Z on U, the restrictions
of V to Z become isomorphic to Vz after semi-simplification?

In this paper we prove the following:
Theorem II. Question I has a positive answer in rank one and for ch(k) # 2.

Class field theory. Using classical class field theory for curves over finite fields,
Theorem II is translated into the language of higher dimensional class field theory
over finite fields, and follows from Theorem III explained below. Instead of the
class group involving higher K-theory which was used in earlier work, see [KS1] for
example, we use a relative Chow group of zero cycles with modulus.

The principal idea is to describe the abelian fundamental group 7 (U) of U in
terms of the Chow groups C(X, D) with modulus D, where D is an effective Cartier
divisor with support |[D| in X \ U. We define

C(X,D) = coker(@ k(Z)y % ZO(U)>,
ZCcU
where Zy(U) is the group of zero-cycles on U and Z ranges over the integral closed
curves on U. Here divy : k(Z)* — Zy(U) is the divisor map on the function field
k(Z). The group k(Z)}, is the congruence subgroup of elements of k(Z)* which are

congruent to 1 modulo the ideal Ip = Ox(—D) at all infinite places of k(Z).
We define

KZ)5 =) Ker(OFy = (Ozv ,/TnOzn ,)) C k(Z)%,
YE€Zoo
where Oz~ , is the local ring of ZN at y. Thus C(X, D) is an extension of the Chow
group of zero-cycles of U which has been used repeatedly, see [ESV] [LW] [Ru]. It
is also an extension of Suslin’s singular homology H;""?(U, Z), see [SV] and Remark
1.5 below. In case dim(X) = 1 it is the class group with modulus D used in classical
class field theory.
We then introduce our class group of U as

C(U) :=1im C(X, D) ,
D

where D runs through all effective Cartier divisors on X with |D| C X \ U and en-
dow it with the inverse limit topology where C(X, D) is endowed with the discrete
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topology. We show that the topological group C(U) is independent of the compact-
ification X of U, and construct a continuous map of topological groups, called the
reciprocity map,

pu : CU) = wi°(U),
such that its composite with the natural map Zy(U) — C(U) is induced by the
Frobenius maps Frob, : Z — 7 (U) for closed points z of U. The reciprocity map
induces a continuous map

(0.1) Py C(U)° — =)0,

Here n2°(U)? = Ker (72> (U) — n2*(Spec(k))) and C(U)? = Ker(C(U) dog Z),
where deg is induced by the degree map Zy(U) — Z. Now our main result, see also
Theorem 3.3, is the following.

Theorem III (Existence Theorem). Assuming ch(k) # 2, p?; is an isomorphism of
topological groups.

In case dim(X) = 1 the theorem is one of the main results in classical class field
theory. In higher dimension a special case of Theorem III, describing only the tame
quotient of 72 (U), is shown in [SS] (see also [Wi] and [KeSc]).

In [KS1] an analog of Theorem III is shown with C(U) replaced by a different
class group CK(U) explained below, which can be described in terms of higher
local fields associated to chains of subvarieties on a compactification X of U. Recall
C(U) is defined only in terms of points and curves on U. There is a factorization of
the reciprocity map

(0.2) C(U) = CM5(U) — =3(U)
and the main result of [KS1] over a finite field, see also [Ra, Thm. 6.2], is a direct
consequence of our Theorem IIT if ch(k) # 2.

Using ramification theory in local class field theory, Theorem III implies.

Corollary IV. Assume ch(k) # 2. For an effective divisor D on X with |D| C
X\ U, pu induces an isomorphism of finite groups

C(X,D)" = m(X, D),

where 72 (X, D) is the quotient of m3°(X) which classifies abelian étale coverings of
U with ramification over X \ U bounded by the divisor D.

The finiteness of C(X, D)? is equivalent to the rank one case of Deligne’s finiteness
theorem (see [EK, Thm. 8.1]). Our arguments yield an alternative proof of this
finiteness result.

Ramification theory. The Pontryagin dual filp H'(U) of n3®(X, D) is the group
of continuous characters x : 73 (U) — Q/Z such that for any integral curve Z C U,
its restriction x|z : 7°(Z) — Q/Z to the normalization Z of Z satisfies the following

inequality of Cartier divisors on ZV, the smooth compactification of Z:

> ar,(xl2)ly] < vD,

Y€Z
where ary(x|z) € Z>o is the Artin conductor of x|z at y € Zy and ¢} D is the
pullback of D by the natural map ¢z : ZV — X (see Definition 2.9).

Our proof of Theorem IIT depends in an essential way on ramification theory due
to Kato [Kal] and its variant by Matsuda [Ma]. Let K be the henselization of
K = k(U) at the generic point A of an irreducible component C of X \ U and
let H'(K)) be the group of continuous characters Gk, — Q/Z, where Gk, is the
absolute Galois group of K. They introduced a ramification filtration fil,, H' (K))
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(m € Z>p) on H'(K)) which generalizes the ramification filtration for local fields
with perfect residue fields (see [Sel]), and defined a natural injective map

(0.3)  rarg, : fil, H'(K))/fil,, 1 H (Ky) < Q% (mCy) ®oy k(Cy) (m > 1)

which we call refined Artin conductor (indeed what Kato originally defined is refined
Swan conductor and we use a variant for Artin conductor introduced by Matsuda),
where k(Cy) is the function field of Cy. In case C = X \ U is a simple normal
crossing divisor on smooth X, results from the ramification theory imply

filp H'(U) = Ker(H'(U) — €D H'(K»)/film, H'(K))).
el

Here H'(U) denotes the group of continuous characters y : m3?(U) — Q/Z, I is the
set of the generic points A of C' and m,) is the multiplicity of C\ in D.

Now the basic strategy of the proof of Theorem III is as follows (see §3 for the de-
tails). By an argument due to Wiesend we are allowed to replace X by an alteration
f:X"— X and U by a smooth open U’ C f~!(U). Then a Lefschetz theorem for
72(X, D) (cf. [KeS]) reduces the proof to the case where X is a smooth projective
surface and C'= X \ U is a simple normal crossing divisor. The proof then proceeds
by induction on the multiplicity of D reducing to the tame case D = C. A key point
is the construction of a natural map, which we call the cycle conductor, defined for
Cartier divisors D such that D > 2C"

(0.4) ccx.p:C(X,D)" :=Hom(C(X,D),Q/Z) — H°(C,Q2%(D + Z) ®0, Oc),

where = C X is an auxiliary effective Cartier divisor independent of D such that it
contains none of the irreducible components of C. It satisfies

(0.5) Ker(ccx,p) = C(X,D — C)Y C C(X,D)",
and the following diagram

rarKA

filp H' (U) — fil,,,, H(K)) QL (D) @0y k(Cy)

s i

C(X, D)V “xn HY(C,QL (D + E) ®0, Oc)

commutes. Here Wy p is the dual of the reciprocity map C(X,D) — 7*(X, D)
induced by pr. Therefore we consider the cycle conductor ccx,p as a cycle theoretic
avatar of the refined Artin conductor of Kato and Matsuda.

By duality, the definition of cycle conductors is reduced to the construction of a
natural map
(0.6) ¢x.p: HY(C,Q% (=D + C - ) ®0, Oc) — C(X, D)
such that the following sequence is exact

ox,D

HY(C,Q%(-D +C - E) ®0, Oc) — C(X,D) — C(X,D — C) — 0.

General base fields. Let now k be an arbitrary perfect field of characteristic p > 0
and let U be a smooth variety of dimension d over k as above. We pose the following
question.

Question V. Is the natural map
mr: C(U) = CE5(U)

to Kato—-Saito class group over a general perfect field k an isomorphism?
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Recall that the Kato—Saito class group is defined in terms of Nisnevich cohomology
groups

(0.7) CKS(U) = lim HY (X, K} (X, D).
D

Here K} (X, D) is the relative Milnor K-sheaf of [KS2] and D runs through all
effective Cartier divisors on X with [D| C X \ U.

In case k is finite, the main result of [KS2] with (0.2) implies that the reciprocity
map p¥; (cf. (0.1)) is an isomorphism if and only if 7/ is an isomorphism. One should
think of Question V and our main theorem as a particular case of a Nisnevich
descent and a motivic duality statement in a conjectural world of mixed motives
with modulus which still has to be developed (see [KSY]). In view of this lack of
a conceptional framework to approach the problem, our construction of the cycle
conductor (0.4) has to be technical and ad hoc.

We hope that our technique may be used to approach Question I in the higher
rank case by constructing a non-abelian version of the cycle conductor (0.4), where
C(X, D)"Y is replaced by the set of skeleton sheaves on X of a higher rank with
ramification bounded by D and refined Artin conductor is replaced by its non-
abelian version constructed in [TSal.

We give an overview of the content of the paper.

In §1 we introduce a class group W (U) studied by Wiesend [Wi]. We define some
filtrations on W (U) and explain their basic properties. Our class group C(X, D)
can be defined as a quotient of W (U) by a certain filtration. We also introduce a
tool to produce relations in W (U).

In §2 we review some results on ramification theory. The first subsection treats
local ramification theory for henselian discrete valuation fields whose residue fields
are not necessarily perfect, originally due to Kato [Kal], [Ka2] and [Ka3]. The refined
Artin conductor, see (0.3), is introduced, which plays a key role in this paper. In
the second subsection, some implications on global ramification theory are given.

In §3 the reciprocity map py is defined and the Existence Theorem is stated.
The basic strategy of the proof of the Existence Theorem is explained. We explain
an argument due to Wiesend, which allows us to replace X by an alteration. We
reduce the proof to the case dim(X) = 2 by using the Lefschetz theorem for abelian
fundamental groups allowing ramification along some divisor, which is proved in
[KeS].

In §4 we introduce the map ¢x p, see (0.6). It is the dual of the cycle conductor
which is a key ingredient of the proof of the Existence Theorem. Two key theorems
are stated (Theorem 4.1 and Theorem 4.4). The first theorem gives a character-
ization of ¢x p by its local components which are defined for pairs (x, Z) where
x is a regular closed point of C' and Z C X is an integral curve which intersects
transversally with C' at 2. We also state a lemma (see Lemma 4.3) which implies
the key property (0.5). The second theorem states a compatibility of ¢x p with the
refined Artin conductor. The proof of the Existence Theorem is completed in §5
using these key theorems.

In §6 we introduce a local component of ¢x p which only depends on a regular
closed point of C', but not on a curve as above. It is used in the proof of the first
key Theorem 4.1 given in §7 as well as that of the second key Theorem 4.4 given in
68.

The proof of Theorem 4.1 depends on three technical key lemmas (Lemma 4.3,
Lemma 6.5 and Lemma 7.12), which are restated in §9 over a general perfect field.
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The proof of these lemma occupies the later sections §10 through §14. The tool to
produce relations in W (U) introduced in §1 will play a basic role in the proof.

There is work related to our main results by H. Russell involving a geometric
method based on his joint work with K. Kato on Albanese varieties with modulus.

Acknowledgments. We would like to thank A. Abbes and T. Saito for much advice
and for improving our understanding of ramification theory. We are very grateful
to the referee for numerous constructive comments which brought about substantial
improvement of the paper. We profited from discussions with H. Russell on different
versions of relative Chow groups with modulus. The first author learned about the
ideas of Deligne and Drinfeld in his joint work with H. Esnault. He would like to
thank her cordially for this prolific collaboration. The proof of the main theorem
of this paper hinges on seminal work of Kato on ramification theory and class field
theory for higher local fields. We would like to express our admiration of the depth
of ideas in his work.

1. WIESEND CLASS GROUP AND FILTRATIONS

In the whole paper we fix a perfect field k& with ch(k) = p > 0. At many places
we have to assume p # 2. Let X be a proper normal scheme over k and C be the
support of an effective Cartier divisor on X and put U = X \ C. Note that C is a
reduced closed subscheme of pure codimension one.

Definition 1.1. Let Z;(X )" be the monoid of effective 1-cycles on X and
Zi(X,0)F c zi(x)*
be the submonoid of the cycles Z such that none of the prime components of Z is
contained in C. Take
Z=> mniZ €ZyX)",
1<i<r

where Z1,..., Z, are the prime components of Z and n; € Z>g. We write

K(Z)" =k(Z1)" & & k(Z)",

_ ) _ n;
Zl= U Zi CX, Iz= H (Iz,)™ C Ox,

- = 1<e<r

where Iz, C Ox is the ideal of Z;. We say Z is reduced if n; =1 forall1 <¢ <r

and integral if it is reduced and » = 1. We say Z intersects C' transversally at z € X
(denoted by ZmC at z) if | Z| and C are regular at = and the intersection multiplicity

(Z,C)g :=lengthp (Oxa/I7 +Ic) = 1.

We say Z intersects C' transversally (denoted by ZmC) if ZmC at allx € ZNC.
Definition 1.2. For Z € Z;(X,0)", let ¢z : ZV — |Z| be the normalization and
put

Zoo ={y € ZV | Yy(zx) € |Z|NCY.
For y € Zy, let k(Z), be the henselization of k(Z) at y and put

k(Z)w= ] ¥2), and k(2)% =[] k2);.
Y€Zoo Y€Zoo

The Wiesend class group of U is defined as
(1.1) W(U) = coker(@ K25 P 2L @ ZO(U)),

ZCX ZCX
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where Z ranges over the integral elements of Z;(X,C)" [Wi], [KeSc]. Here we map
k(Z)* diagonally in k(Z)% and k(Z)* — Zy(U) is the composite map

k(2)* Y Z0(Z \U) < Zo(U).
Obviously W (U) depends only on U, i.e. is independent of (X, (') such that U =
X\C.

For a morphism f : U’ — U of smooth varieties there is a canonical induced
morphism

(1.2) [ :W(U") = W(U),

see [Wi] and [KeSc, Sec. 7]. If f is finite we also speak of the norm map and write
N f for f*

Definition 1.3. Let Z € Z,(X,C)*.
(1) Assume Z integral. For x € Z N C, we have the natural map

{}za: P k(2)) - W)
yeyy ' ()

where 17 : ZV — Z is the normalization. Taking the sum of these maps for
x € ZNC, we get

{72 :k(2) = W().
(2) In general we write Z = Y e;Z; where {Z;};cs are the prime components of

el
Z and e; € Z>¢, and define

{(Yza=) ed}za; @ K2y —»W(O),
el yevy ' (z)
{}2=)_ed }z; K(2)% - W().
el
where ¢z : ZN — |Z| is the normalization.
Let the notation be as in Definition 1.3 and Z € Z1(X,C)". Write Oz = Ox /Iy
and O%x for the henselization of Oz, for x € |Z|. We also write
Og,sz = H O%,x? O%N,an = OQ,CDZ ®o, Ozv = H OEN,y'
w€ZnC yewy ' (2nC)

We have the natural maps

O%.cnz = On cng = k(Z)oo

Definition 1.4. Let D be an effective Cartier divisor such that |D| = C and let
Ip = Ox(—D) be the ideal sheaf of D.

(1) We define FIPYW (X, C) € W(U) as the subgroup generated by

{1+ IDO%,CHZ}Z

for all Z € Z;(X,C)".
(2) We define FIPYW (X, C) € W(U) as the subgroup generated by

{1+ IDO%N,CHZ}Z
for all Z € Zy(X,C)". Note FP)W (X, C) c FPIW (X, C).
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(3) We define FOW (U') C W (U) as the subgroup generated by
{1+mO%y otz

for all Z € Z,(X,C)", where m is the Jacobson radical of O%N cnz- Note

that F(OW () depends only on U and FO)W(X,C) c FOW (U) if |D| =
C and FOW (U)/FP)W (X, C) is p-primary torsion.
(4) For a dense open subset V' C X containing the generic points of C, we define
D
FOW(X,0) =Y {1+ 0k gne(-D)}a € FPIW(X,0),
G
where G ranges over Z;(X,C)" such that GMC and GNC C V. In case

V = X we simply denote F\D)W (X, C) = F{P'W(X,0).

Remark 1.5. It is shown in [Sc, Thm 3.1] that there is a natural isomorphism
W)/ FOW(U) ~ H™ (U, 7),
where the right hand side is Suslin’s singular homology.
Definition 1.6. Under the notation of Definition 1.4, we put
C(X,D) = W(U)/FPW(X,C).
By the weak approximation theorem, we have an isomorphism
O(X, D) ~ Coker( D K2 - ZO(U)>,
ZCX
where Z ranges over the integral elements of Z;(X,C)", and
K(Z)* D k(2)) =Ker(k(Z)* — [] k2);/1+IpOyn,)
= ﬂ Ker(@;N’y — (OZN,y/IDOZN,y)X) .
Y€l
Thus C(X, D) is an extension of the Chow group of zero-cycles of U.
Lemma 1.7. Let f : X' — X be a morphism with f(X')NU # @ and let D be an
effective Cartier divisor on X with |D| C C. SetU' = f Y(U) and D' = f*D. Then
the pushforward (1.2) satisfies f.(FPOW(X',C")) c FIPIW(X,C).

Proof. This is a direct consequence of the definition and standard properties of the
norm map for local fields. O

In what follows we assume dim(X) = 2.

Definition 1.8. Let X be a projective smooth surface over k. Let Div(X)' be
the monoid of effective Cartier divisors on X and Div(X,C)"T C Div(X)" be the
submonoid of such Cartier divisors D that none of the prime components of D is
contained in C. Then Z;(X)" coincides with Div(X)" and Z;(X,C)" coincides
with Div(X,C)*.
Definition 1.9. Let C be the category of triples (X, C'), where

e X is a projective smooth surface over k,

e (' is a reduced Cartier divisor on X.
A morphism f: (X', C") — (X,C) in C is a surjective map f : X' — X of schemes
such that C' = f~1(C).eq. For f as above and for D € Div(X)™T, we let f*D €

Div(X)™ be the pullback of D as a Cartier divisor. Let Cx C C be the category of
the objects and the morphisms in C over X.



WILD CLASS FIELD THEORY FOR VARIETIES OVER FINITE FIELDS 9

Definition 1.10. Let X = (X,C) be in C.

(1) Let By C Cyx be the subcategory of the object (X,C), where g : X — X is
the composite of successive blowups at closed points in the preimages of C'.

(2) Let Bx C By be the subcategory of the object (X,C), where g : X — X
is the composite of successive blowups at closed points of regular loci of
preimages of C.

Lemma 1.11. Let X = (X C) be in C and D € Div(X)™ such that |D| = C. For
g:(X,0) = (X,C) in Bx, we have

C}

FOW(x,C) c FOPw(X,C) c FOwW(X,C).

We have

where g : (X,C) = (X, C) ranges over Byx.

Proof. Take integral Z € Div(X,C)" and let Z’ € Div(X,C)" be its proper trans-
form. Then Z' is finite over Z and we have

OZ cnz C OZI ,Cnz! C OZN NolaV A

The first assertion follows from these facts. The second assertion follows from the
fact that for any integral Z € Div(X,C)", there is g : X — X in Bx such that the
proper transform of Z in X is regular (see [SaSa, Appendix Th.A.1]). O

Definition 1.12. For X = (X,C) and D as in Lemma 1.11, we put

FPw(x,0) = lim  FOPW(X,0),

g X=X
where g : (X,C) — (X, C) ranges over By. Lemma 1.11 implies
FOW(X,0) c FP'w(x,0) c FOwW (X, 0).
For g: (X,C) — (X,0) in By, we have
(1.3) FYPw(X,C) = F{PW(X,C).
Remark 1.13. For Z € Div(X,C)™, we have an isomorphism

Ozcnz ®oyx Oc ~ H O%,m ®ox Oc-
zeZNC
For D, D’ € Div(X)™" with D’ > D and |D| = |D'| = C, we have isomorphisms
1+ 1pO0z, 1+ IDO%,:E 1+ IpOzznc @ 1+ IDO%,:E
1+ID’0Z,z - l_i_ID,O%m’ ]_+ID’OZ72(]C’ - l—l-ID/(’)%ma

zeZNC

and we have

{1+ 1004} 20 C{1+ 100z} 70+ FPIW(X,0),

Y {L+1p0% Yz C{1+IpO0z0nz}z + FPIW(X,C).
reZNC

Let X = (X,C) be in C. We introduce a tool to produce relations in W(U) by
using symbols in the Milnor K-group K (k(X)) of the function field k(X) of X.
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Lemma 1.14. Let a,b € k(X)* and assume we can write as divisors
divx(a) = 2 — Z, + W, divx(b) =Z} — Z, + W,

where Z;5, Z;, Zgr, Z, € Div(X, C)™ such that any common component of ZFUZ;
and Z;“ U Z, does not intersect with C', and Wy, Wy have support in C. Then

Ha, by = {a} g+ —{a} - —{b} ¢+ +{b},,

vanishes in W(U). Here the first term {a}Z,f denotes {a|Z:}Z;+ where Qg+ 15 the

X

> which is well-defined. The other terms are defined similarly.

image of a in k(Z,")
Proof. We have a decomposition in Div(X,C)™:
Zf =0 +Ef, Z, =9, +E,, Z =®/ +E, 7, =0, +E,,

where Ejlt and Ebi do not intersect C', and every irreducible component of <I>ff and
<I>bi intersects C'. The assumption implies that a (resp. b) is invertible at any generic
point of ®F (resp. ®F). Since k(ZF)% = k(®F)% and k(Z)Z = k(@)% this
implies that

Q)+ € K(Zy)% and by, € k(Z3)%

oo

are well-defined.
For Z € Div(X,C)" and a € k(X)* which is invertible at any generic point of Z,

we write
G|z = ((a|Zi)ei)1<i<r € k(Z)X = H k(ZZ)Xa
o 1<i<r
where Z1,...,Z, are the irreducible components of Z and e; is the multiplicity of

Z; in Z (see Definition 1.1). Put

at = gt € k(@)% o = g € k(®,),

BT =bgr €K(PF), BT =bp- € k(7)™
For an integral curve F C X such that ENC = &, let vy € k(F)* be the image
{a, b} of the tame symbol

Op : Ka(k(X)) = k(E)™.
Obviously, the elements
d(a®),d(a),8(8%),0(87),0(vr)

map to zero in W (U), with ¢ as in (1.1). In order to finish the proof of the lemma
it suffices to show the equality:

0{a,b} = 5(at) = d(a™) = 6(BY) +6(B7) + Y _d(ve) € P k(2)% ® Z(U),
E ZCX

where the last sum ranges over the irreducible components F of EFf U Eg: This
follows from the fact that the contributions of the right hand side at any closed
point € U cancel out as a consequence of the Gersten complex for K-theory

KkX) 2 @ Kily) - Ko@) = Z.

y€Spec(Oy, )M
O

Lemma 1.15. Fiz D € Div(X)" with |D| = C, and F € Div(X,C)" and a €
HYX,0x(=D + F)) with a # 0. Define Z € Div(X)" by

Z = divy(1 +a) + F.
(1) We have ZNC =FnNC.
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(2) Letb € k(X)* and assume we can write as divisors
leX(b) =FN-F4+W,

where W has support in C, and Fy, F» € Div(X,C)" such that Z U F and
Fy UF5 have no common irreducible component which passes through FNC.
Then we have

{L+atp —{1+a}p —{blz +{b}r =0 € W(U).
(3) In (2) assume further F; = Z; + G; for i = 1,2, where Z;,G; € Div(X,C)*t
such that G;NFNC = @. Then we have
{1+a}z —{1+a}z — {b}z + {b}r € FPIW(X,0).

(4) Let b€ k(X)* be such that b= ur", where u € O% pro and © € Ox pc is
a local equation of C' around F N C and n € Z. Then we have

{b}z — {b}p € FOW(X,0).

Proof. For x € C\F, 1+ a is regular in a neighborhood of = and its restriction to C'
is 1. Hence z ¢ Z. For x € FNC, we can write a = urn/f, where u € Ox, and f
(resp. 7) is a local equation of F (resp. D) at . Then f(1+a) = f + ur is a local
equation of Z which vanishes at z since f and 7 do. So = € Z, which proves (1).

By (1), the assumption of (2) implies that any common component of Z U F' and
Fy U F, does not intersect C. Hence (2) follows from Lemma 1.14.

As for (3) note alg, € Og, g,nc(—D) since a € HY(X,Ox(—D + F)) and G; N
FNC =@. This implies {1 + a}q, € FPOIW (X, C) and (3) follows from (2).

The assumption of (4) implies divx (b) = G; — G2 + W, where W has support in
C, and G1,Gs € Div(X,C)" such that (G, U Gz) NFN C’ @ . Thus (4) follows
from (3). O

2. REVIEW OF RAMIFICATION THEORY

2.1. Local ramification theory. In this subsection K denotes a henselian discrete
valuation field of ch(K) = p > 0 with ring of integers O and residue field E. Let
7 be a prime element of O and mx = (1) C Ok be the maximal ideal. By the
Artin-Schreier-Witt theory, we have a natural isomorphism for s € Z>1,

(2.1) 35 : Wy(K) /(1 — F)W,(K) — HY(K,Z/p°Z),

where W,(K) is the ring of Witt vectors of length s and F' is the Frobenius. We
have the Brylinski-Kato filtration

ﬁl}%gWs(K) = {(as-1,...,a1,ay) € Wy(K) |pivK(ai) > —m},

where v is the normalized valuation of K. In this paper we use its non-log version
introduced by Matsuda [Mal]:

fil,, W, (K) = fil% W, (K) + V= 1% W, (K),

where s’ = min{s, ord,(m)} and V' : Wy_;(K) — W,(K) is the Verschiebung. We
define ramification filtrations on H'(K) := H'(K,Q/Z) as

file HY(K) = HY(K){p'} ® sglés(ﬁlg;gws(l()) (m > 0),
fil, H' (K) = H' (K){p'} @ Y0 (fil Wi (K))  (m > 1),

where H'(K){p'} is the prime-to-p part of H'(K). We note that fil,,H'(K) is
shifted by one from Matsuda’s filtration [Ma, Def.3.1.1]. We also let filyH'(K) be
the subgroup of all unramified Galois characters.
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Definition 2.1. For y € H!(K) we denote the minimal m with x € fil,, H'(K) by
arg(x) and call it the Artin conductor of x.

In case the field F is perfect this definition coincides with the classical definition,
see [Ka2, Prop. 6.8].
We have the following fact (cf. [Ka2] and [Mal).

Lemma 2.2. (1) fily H'(K) is the subgroup of tamely ramified characters.

(2) fil,, H'(K) C fil® H'(K) C fil,,, 1 H'(K).

(3) fil, H'(K) = fil% | H'(K) if (m,p) = 1.

The structure of graded quotients:
gr, H'(K) = fil,, H(K) /fil,,_1 H (K) (m > 1)
are described as follows. Let Q}( be the absolute Kéahler differential module and put
fil, Q= m" R0, Qo

We have an isomorphism
(2.2) g, = fily Qe /il 1 Qe = M Q. @0, E.
We have the maps

s—1 )
(2.3) Féd:Ws(K) — Q}( i (as—1,...,a1,a0) = Z a” ‘da;.

)
1=0

and one can check F*d(fil,,W,(K)) C fil,,, QL.
Theorem 2.3. ([Ma, 3.2.3]) Assume p # 2 and m > 1.
(1) The maps F*d induces an injective map
(2.4) rarg : gr,, H (K) < gr,,Q%.
(2) If the residue field of K is perfect the map (2.4) is surjective.

The map rarg is called the refined Artin conductor for K.

Definition 2.4. Let K be as before and K3 (K) be the N-th Milnor K-group of
K. For an integer m > 1, we define V" K ¥ (K) ¢ K¥(K) as a subgroup generated
by the elements of the form

{1 +a,by,... abN—l} and {1 +am, by, ... ,bN_2,7T},

where a € m? and by,...,by € OF.
The following lemma is proved by a similar argument as the proof of [BK, Lem.(4.2)].

Lemma 2.5. Assume ch(E) # 2. There is a canonical surjective map

P QY P oo, E— VTTUKN(K) VKN (K),
such that

p%(adbl VANEIERIVAY de—l) = {1 +aby---by_1,b1,... abN—l}-

where a € m?(’_l and by,...,by € Ok.

Let K be an N-dimensional local field, namely there is a sequence of fields
ko,...,kx such that kg is finite, ky = K, and for 1 < 7 < N, k; is a henselian
discrete valuation field with residue field k;_;. In [Kal] Kato defined the so-called
reciprocity map for K:

(2.5) Uy : HY(K) — Hom(K ¥ (K),Q/Z).

Lemma 2.6. Assume ch(K) =p > 0 with p # 2.
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(i) For m € Z>y and x € H'(K), we have an equivalence of conditions:
X € fil, H'(K) < Uk (x)(V"Ky (K)) = 0.
(1) The following diagram is commutative

Vg

(2.6) fil, H (K) Hom(KY (K)/V™ K} (K),Q/Z)

rarKl l(p?)v

m "V, Vo E—">Hom(mp ' Q5" @, E,Q/Z)

where the right vertical map is induced by p'%t and o is induced by the pairing
(,)a:my"Qp, ®o, Exm Q8 0o, E = m Oy, ®o, E = F, ~ Z/pZ,

where the last map is induced by Res%ﬂFp : Q% — [, which is the composite

of the residue map Res%/ko : O — ko from [Kal, §2 Prop.3] and the trace
map ko — .

A variant of (i) and (ii) for fil% H'(K) is stated in [Ka3, §3.5]. We will sketch a
proof of the lemma in the appendix §15.

2.2. Global ramification theory. Let X be a normal variety over a perfect field
k. Let U C X be an open subscheme which is smooth over k£ and whose reduced
complement C' C X is the support of an effective Cartier divisor. Our aim in this
section is to introduce the abelian fundamental group W%b(X , D) classifying abelian
étale coverings of U with ramification bounded by D. Here D € Div(X)" is an
effective divisor with support in C.

Let I be the set of generic points of C' and Cy = {\} for A € I. For A € T let
K be the henselization of K = k(X) at A\. Note that K is a henselian discrete
valuation field with residue field k(Cy). We write H'(U) for the étale cohomology
group H' (U, Q/Z).

Proposition 2.7.

(1) Assume C' is regular at a closed point x and x € Cy for A € I. Let F €
Z1(X,C)" be such that FRC at x and let k(F); be the henselization of k(F)
at z. Take x € H*(U) and let x|k, € HY(K)) and x|px € H (k(F);) be its
restrictions. For an integer m > 0, we have an implication:

Xk, € filnH' (K)) = X|rs € fil, H (k(F)).

(2) Assume C = Cl is reqular and irreducible. Let Tx be the tangent sheaf of X.
There is a dense open subset V,, C P(Tx|c,) (depending on x) such that for
any integral F € Z1(X,C)* and for any x with F @ C at x the implication

Tr(z) € Vy = ark,(X|k,) = argr), (X|Fz)

holds.

(3) Assume C is a simple normal crossing divisor in a neighborhood of a closed
point © € C. Let g : X' = Bl(X) — X be the blowup at x and E C X'
be the exceptional divisor and Kg be the henselization of K at its generic
point. For a Cartier divisor D supported on C' we put

mgrp = Z m)\(D)a

A€l
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where I, be the set of irreducible components of C containing x and my(D)
1s the multiplicity of D at X\. Then, for

X € Ker(H(U) — €D H'(K))/fily, (p)H' (K))),
we have x|k, € fily, H (KEg).

Proof. (1) and (2) follow from [Ma, (7.2.1)]. (3) is proved by the same argument as
[Ka2, Th.(8.1)] using [Ma, Cor.4.2.2] instead of [Ka2, Th.(7.1)]. O

Corollary 2.8. Assume C is a simple normal crossing divisor. For x € H'(U) and
a Cartier divisor D supported on C, the following are equivalent

(1) for all generic points A of C' we have x|k, € ﬁlmk(D)Hl(K,\),
(2) for all integral Z € Zy(X,C)* and © € Zy,, we have (see Definition 1.2)

2 € i,y ) H' (K(Z)2) -

Here x|z, € HY(k(Z)y) is the restriction of X and my is the multiplicity at
x.

X

Proof. The implication (1)=-(2) follows from Proposition 2.7(1) and (3) by observ-
ing that for integral Z € Z;(X,C)" there is a chain of blowups in closed points
such that the strict transform of Z becomes smooth and such that its intersection
with the total transform of C is transversal. The implication (2)=-(1) follows from
Proposition 2.7(2). O

For general X and C, not necessarily of normal crossing, we make the following
definition.

Definition 2.9. For D € Div(X)* with support in C' we define filp H'(U) to be
the subgroup of y € H'(U) satisfying property (2) in Corollary 2.8. Define

(2.7) (X, D) = Hom(filpH' (U), Q/Z),

endowed with the usual pro-finite topology of the dual.

One should think of 7#°(X, D) as the quotient of 7¢*(U) classifying abelian étale
coverings of U with ramification bounded by D.

Proposition 2.10. The filtration filpH'(U) is ezhaustive, i.e.
UfilpH' (U) = H'(U),
D

where D € Div(X)™" runs through all divisors with support in C.
A proof can be found in [EK, Sec. 3.3].

3. EXISTENCE THEOREM

In this section k is assume to be finite. Let U be a smooth variety over k. Choose
a compactification U C X with X normal and proper over k such that the reduced
subscheme C'= X \ U of X is the support of an effective Cartier divisor on X. Put
K = k(X). In §1 we defined the relative Chow group of zero cycles C(X, D), where
D € Div(X)™ is a Cartier divisor with support in C. We endow this relative Chow
group with the discrete topology. We endow the group

C(U) = lim C(X, D)
D

with the inverse limit topology. Here D runs through all effective Cartier divisors
on X with support in C.
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Lemma 3.1. The topological group C(U) does not depend on the choice of the
compactification X of U.

Proof. Let us write C(U C X) for the class group relative to the compactification
X in the following. Assume U C X; and U C X5 are two compactifications. Con-
sidering the normalization of the Zariski closure of the diagonal U — X xj Xa, we
may assume that there is a morphism f : X9 — X; which is the identity on U. It is
then sufficient to show that the pushforward map (1.2)

(3.1) fr + C(U C Xg) - C(U C Xy)

is an isomorphism. For an effective Cartier divisor D on X with support in X \ U,
one easily see that f. : C(Xs, f*D) — C(Xy, D) is an isomorphism (see Definition
1.4(2)). As the divisors f*D are cofinal in the system of all divisors on Xy with
support in Xy \ U, the isomorphy of (3.1) follows. O

In fact it is also clear from the proof that U — C(U) is a covariant functor from
the category of smooth varieties over k to the category of topological abelian groups.

Proposition 3.2. There is a unique continuous reciprocity homomorphism py mak-
ing the diagram

Zy(U) —— C(U)

NG

TP (U)
commutative. Here the diagonal arrow is induced by the Frobenius homomorphisms
Froby : 7 — W%b(U) for closed points x € U. Moreover, py induces a homomorphism

px.p: C(X,D) — (X, D).

Recall that the pro-finite fundamental group 3°(X, D) classifies abelian étale
coverings of U with ramification over C' bounded by the divisor D, see Definition 2.9.
In what follows, for a topological abelian group M, we write

MY = Homeopt (Ma Q/Z),
where we endow Q/Z with the discrete topology.

Proof of Proposition 3.2. In [Wi], [KeSc| a continuous reciprocity homomorphism
ry : W(U) — 7%(U) is constructed. In order to accomplish the proof of the
proposition we need some ramification theory. It is sufficient to show that for any
character
X € (i*(U))Y = H'(U)
there is a divisor D € Div(X)" with support in C such that r},x € Hom(W (U) —
Q/Z) factors through C(X, D). In view of Definition 2.9, ramification properties of
classical local class field theory (see [Sel, Sec. XV.2]) imply that the map ¢y induces
a map
Uy p:filpH'(U) — C(X,D)".

Finally, the proposition follows from Proposition 2.10. O

Define topological groups C(U)? and 7P (U)? as kernels in the commutative dia-
gram

f*

(3.2) 00— C(U)° C(U)

l o |

0 —> (U0 —= 73 (U) —L> 730 (Speck)

C(Speck)
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where f : U — Speck is the natural morphism. Note that C(Speck) = Z and py
maps 1 € Z to the Frobenius over k. Let

o+ CU)° = m(U)°
be the induced map.
Our main theorem says:

Theorem 3.3 (Existence Theorem). Over a finite field k with ch(k) # 2, p¥ is an
1somorphism of topological groups.

Corollary 3.4. Assume ch(k) # 2. For an effective divisor D € Div(X)" with
support in C, p?] induces an isomorphism of finite groups

px,p @ C(X,D)" = 3P (X, D).

Proof. In view of Definition 2.9, the corollary follows from the Theorem 3.3 by using
standard ramification properties in local class field theory as is explained in [Sel,
Sec. XV.2]. O

The proof of the Existence Theorem is begun in this section and completed in §5
assuming some technical lemmas that will be shown in later sections.

Now we start the proof of the Existence Theorem 3.3. Consider the following
property
I;7: py induces a surjection

(3.3) Uy : HY(U,Q/Z) — C(U)" = Homeon (C(U), Q/Z).

Note that we already know that the map (3.3) is injective by Chebotarev density
theorem [Se2].

We now give an overview of the steps in the proof of the Existence Theorem 3.3.

e In Lemma 3.5 we show that property Iy implies the Existence Theorem for
the triple (X, C,U).

e In Lemma 3.6 combined with de Jong’s alteration theorem we show how to
reduce the proof of Iy to the situation where C is a simple normal crossing
divisor.

e We use a Lefschetz hyperplane theorem [KeS] (C simple normal crossing)
which allows us to reduce the proof of Iy to the case dim(X) = 2.

e In §4 we study (for dim(X) = 2) ramification filtrations on the Galois side
and the class group side and compare graded pieces to complete the proof of
Iy in §5. The understanding of the filtration on the class group side is our
key new ingredient.

Lemma 3.5. Property Iy implies that the map py in Theorem 3.3 is an isomorphism
of topological groups.

Proof. As (X, D)? is finite by [KeS] for any effective divisor D with |D| C C,
it is enough to show that py induces an isomorphism C(X, D)° — 73*(X, D)° of
abstract groups. It is sufficient to show that dually

Uy p:filpHY(U) = C(X, D)

is an isomorphism. The latter is a direct consequence of Iy and classical ramification
theory for local fields. O
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We next introduce certain reduction techniques for property Iy;, based on methods
of Wiesend. In the following lemma we denote by f : X’ — X an alteration with
X' normal. By U’ C f~%(U) we denote an open smooth subscheme of X', which is
the complement of the support of an effective Cartier divisor. We use the notation

fU S U, O =X\
Lemma 3.6 (Wiesend trick).

(i) For f: X' — X and U' C f~1(U) as above, the implication Iy = Iyy holds.
(ii) Assume that for any character x € C(U)Y we can find f : X' — X and
U' C X' as above such that f*(x) = 0. Then property Iy holds.

Proof. We first explain the proof of (i). Consider the commutative diagram of ab-
stract groups

(3.4) H\(U) —2 C(U)Y

f*l J,f*

HI(U/) . C(U/)v
u’
It is sufficient to see that a character x € C(U)Y such that f*(x) is of the form
V(o) with o € H'(U') is in the image of ¥;;. We can choose another alteration
f': X" — X' with the property that f'~!(o) = 0. This means that without loss of
generality we can assume that f*(y) =0 e C(U")".
Shrinking U’ we can also assume that U’ — f(U') C X is the composition of a
finite surjective radicial map U’ — Ug and a finite étale map Ug — f(U’). Then
the maps

HY (Ugy) = HY(U') and C(Ug)Y — C(U")Y

are isomorphisms: For the first map this is clear. As for the second, in view of the
definition of the norm map for the Wiesend class groups (cf. [KeSc, Lem.7.3] and
its proof), it follows from the facts that the pushforward map Zy(U') — Zy(Ug) is
an isomorphism, and that for a finite surjective radicial covering Z' — Z of integral
normal curves, the norm map k(Z')* — k(Z)* is an isomorphism as well as the
norm map k(Z'),;0 — k(Z); for the henselizations at closed points z € Z and y € Z'
lying over x. Therefore we can without loss of generality assume that X’ — X is
generically étale. In this situation we finally conclude that x is in the image of ¥y
by using Wiesend’s method, see [KeSc, Prop. 3.7].

The proof of (ii) is a variant of the proof of (i). O

Lemma 3.7. Assume that property Iy holds for all smooth varieties U with dim(U) =
2. Then it holds for arbitrary smooth U.

Proof. By Lemma 3.5 we obtain Corollary 3.4 for two-dimensional X. In the general
case we reduce the proof of property Iy to the case C' is simple normal crossing and
X is projective by Lemma 3.6 and de Jong’s alteration theorem [dJ]. This means
that for such (X, C,U) we have to show that the map

C(X,D)" = n*(X,D)°

is an isomorphism for all D.

Let £ be an ample line bundle on X. Let 7 : Y — X be a smooth hypersurface
section, which is the zero locus of some section of L% (n > 0), such that ¥ x x C
is a reduced simple normal crossing divisor on Y and let £ =Y xx D. Consider
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the commutative diagram

_NE> 7riab (Y, E)U

Zy(U)? — C(X, D)? —— 1>(X, D)°

0
PX,D

The map py, g is an isomorphism by induction on dimension. The right vertical map
is an isomorphism for n sufficiently large [KeS]. The map px, p is surjective because
of Chebotarev density [Se2] and the finiteness of 72°(X, D)?, see [KeS]. So we have
to show injectivity of px p.

For an @ € C(X, D)° with px p(«) = 0 use a Bertini argument to choose Y as
above which contains the support of a lift of « to Zy(U). Then « is in the image of
ix. A diagram chase shows that a = 0.

]

4. CYCLE CONDUCTOR

Let the notation be as in §1. Let X = (X, () be in C and recall dim(X) = 2 (cf.
Definition 1.9). Let {C)}xer be the set of prime components of C. Fix a Cartier
divisor
(4.1) D =Y myCx withmy>2,

Ael
For a Cartier divisor F on X and Z € Div(X,C)", we write

Oz(F) = OZ ®(9X OX(F)

In this section we assume k is finite and introduce the key homomorphism called
the cycle conductor for (X, D):

(4.2) cex,p : C(X,D)Y — H°(C,Q% (D + =) ®0, Oc),

and state its basic properties. Here = € Div(X,C)™" is some sufficiently big Cartier
divisor introduced below. First we note the canonical duality isomorphism

(4.3) HY(C, Q% (D +E) ®0, Oc) ~ H'(C,Q(—D + C — E) ®o, 0c)”.
Indeed, letting we be the dualizing sheaf of C, we have
we = Exte, (00, Q%) = Q5 (C) ®oy Oc;
where the second isomorphism follows from the long exact sequence for £zt induced
by the exact sequence 0 — Ox(—C) — Ox — O¢ — 0. Thus the Serre duality
implies that the pairing
Q% (D +E) ®oy k(=D + C - E) ©o, Oc¢ = Q% (C) ®0oy Oc = we
induces a perfect pairing of abelian groups
(4.4)
0 1 = 1 1 = 1 Treyvy,
H (Ca QX (D+‘:‘)®0X OC) xH (Ca QX(_D+C_:)®OXOC) - H (Ca wC) — Z/pZa

. . 1 TTC/k Trk‘/Fp ..
where Tr¢/p, is the composite H' (C,wc) —> k — Z/pZ. This induces (4.3).

Hence, by rewriting D by D + C, the construction of (4.2) is reduced to that of its
dual map:

H'(C,Q% (=D + C - 2) ®0, O¢) — C(X, D).
or equivalently that of a map (see Theorem 4.1 below):

45)  éx,p: H'(C,Q%(-D - E) ®0, Oc) — W(U)/FPTOW (X, 0)
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for a Cartier divisor

(4.6) D =Y myCx withmy>1,
AET

Let x be a regular closed point of C. Let Z € Div(X,C)™" be such that Z m C at
z. Locally on a neighborhood of x, we have an exact sequence

(4.7) 0 — Q4 (-D) = Q% (log Z)(—D) — Oz(~D) — 0.
Tensored with O¢, it induces a boundary map
(4.8) 8Z,x : Oz,x(—D) X H(x) — H;(C, Q&(—D) Koy Oc)

We will let 07, denote also the composite of 97, and the natural map

HN(C,Q%(—D) ®0, Oc) — H' (C, Q% (~D) @0, Oc).
On the other hand we define a map
(49) Wz : Oza(=D) @ r(z) = W(U)/FPHOW (X, 0)
as the composite of the natural injection

Oz.4(—D) @ k(x) = k(Z); /(1 + IpicOf,) s a— 1+a
and the map

K(2)5 (L + Ipic0h ) = W(U)/FPHOW(X,0)

induced by { }z, (cf. Definition 1.3 and the notation below it).

We now state the first key theorem for the proof of Theorem 3.3. Its proof will
be given in §7. Recall that £ is assumed to be finite in this section.

Theorem 4.1. Assume p = ch(k) # 2. There exists = € Div(X,C)" (¢f. Defini-
tion 1.8) and a natural map
¢x,p: H'(C,Q% (=D = E) ®0, Oc) = W(U)/FPTOW (X, C)

such that Cging C Z and = is independent of D as in (4.6), and that the following
conditions hold:

(1) For any closed point x of C\E and Z € Div(X,C)" such that Z m C at x,
the following diagram is commutative:

8 T
(4.10) Oz,:(~D) ® k(z) —> HY(C, 0% (=D — E) ®0, O¢)
P ox,D

W (U)/FP+OW (X, C).

(it) Image(dx,p) = Image(FOIW (X, C)).

Remark 4.2. The images of 0z, for closed points z of C\Z and Z € Div(X,C)*
with Z @ C' at = generate H'(C,Q%(—D — Z) ®0, O¢). Thus the condition (i)
uniquely characterizes ¢x p.

Theorem 4.1(i7) follows from (i) and Lemma 4.3 below, whose proof will be given
in §14 (see Lemma 9.3 and the leitfaden in §9). It concerns moving elements of
W(U) to symbols on curves transversal to C'. Take any dense open subset V' C X
containing the generic points of C' and recall Definition 1.4.

Lemma 4.3 (moving). Assume p # 2. For any integer N > 0, we have
FOw(x,0) c FPw(x,0) + FPHNOWw (X, 0).
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For D as (4.1) let
cex.p : C(X,D)Y — HY(C,Q% (D + ) ®0, Oc),
be the map induced by
dx.p c: H(C,Q% (=D +C — Z) ®0, Oc¢) = C(X,D) = W({U)/FPW(X,C)
using the duality (4.3). By Theorem 4.1(ii) we have an exact sequence
(4.11) 0= C(X,D-C)Y = C(X,D)Y =P HY(C,0%(D + Z) ®0, Oc).

The second key theorem concerns compatibility of the cycle conductor with ramifi-
cation theory reviewed in §2. Its proof will be given in §8.

Theorem 4.4. For X € I, let my be as in (4.1) and
rarg, : grmXHI(K)\) — ﬁl,mQ}(A

be the refined Artin conductor for Ky in Theorem 2.3. We note
Ok (D) @oy k(Cy) = gry, Uk, -

Then the following diagram commutes

7I‘a.I‘KA

filp H'(U) — fil,,,, H'(K)) QL (D) @0y k(Cy)

l‘I’X,D LAT

C(X, D) 2 1O, (D + ) ®oy Oc) -

5. PROOF OF EXISTENCE THEOREM

Let the notation be as in §3. In this section we always assume ch(k) # 2 and
dim(X) = 2, but we do not generally assume that C' is simple normal crossing or
that X is smooth. We prove property Iy in this case. Using Lemma 3.7 we are
going to reduce the proof of the Existence Theorem 3.3 to Theorems 4.1 and 4.4.

We start with the tame case, which is essentially due to Wiesend. Note that
the second statement of the following proposition is motivated by the fact that an
abelian étale covering U’ — U is tame along C' if and only if its pullback to integral
F € Z(X,C)" such that Fm C is tame along C'N F, see Proposition 2.7.

Proposition 5.1. Assume dim(X) = 2 and that X/k is smooth. The reciprocity
map py induces an isomorphism of finite groups

C(X,0)° &= mb (X, 0)°.
Moreover the closure of the image omegC)W(X, C) in C(U) is equal to ﬁ(C)W(X, C).
Here C' is considered as a reduced effective Cartier divisor.

Proof. 1t is shown in [KeSc, Thm. 8.3] (see also Remark 1.5) that py induces an
isomorphism

W(U)"/FOW(U) = 717X, ),
where W(U)? = Ker(W (U) LN W (Speck)) for the natural map f : U — Speck
(note W (Speck) = Z). The verbatim same argument shows the proposition. O

Corollary 5.2. Assume dim(X) = 2. For any effective Cartier divisor D on X
with |D| = C, C(X,D)° is torsion of finite exponent and FOW (U)/FPIW (X, C)
is of finite exponent of p-power.
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Proof. Using de Jong’s alteration result [dJ] and a norm trick we can assume without
loss of generality that X/k is smooth. Then by Proposition 5.1, we have

W)/ (FW(X,0) + FPIW(X,C) = W () /FOW(X,C),
and it is isomorphic to 73(X, €)%, which is finite by [KeSc, Th.2.7]. On the other

hand pmF\O'W (X, C) ¢ FPW(X,C) if p™C > D since for F € Div(X,C)" such
that FmC at z € FNC, (14 Opy(—C))P" C 14 Opy(—p™C). O

Now we turn to the proof of property Iy in the wild case. By Wiesend’s trick
(Lemma 3.6) and a standard fibration technique [SGA4, XI, Prop. 3.3], we can
assume that there is a proper smooth curve S over k£ and morphisms

f:X—=S§ and 0:5—- X

where f is a proper surjective morphism with smooth generic fiber and o is a section
of f. Let J be the set of generic points A of €' which lie over the generic point n of
S and let C\ = {\} be the closure of A € J in X. We can assume:

e f(o(S)NC) does not contain 7.

e ('is a Cartier divisor on X.

e The induced morphism C'y — S is an isomorphism for each A € J.
e fly:U — S is smooth.

Let us fix an algebraic closure k(S) of k(S). Write 7j = Spec k(S). Let us consider

pairs ¥ = (T, 6) where

e T is the normalization of S in a finite subextension of k(S) in the field

extension k(S) C k(S5)

e () is an effective divisor on T
Clearly for such ¥ = (T',0) there is a canonical map T'— S. We define a directed
partial ordering on the set of all X by setting

¥ = (T, 61) < g = (T2, 09),

if k(T1) C k(T%), which means that the map 7 — S factors canonically through

T, 2227 5 S and if g, 5, (61) < s

Let Xy be the normalization of X x g T and write Cyx, € Div(Xy)™ for the pullback
of UyesC) to Xx. We also write 0y, € Div(Xyx)™ for the pullback of § to Xy. By
Us, we denote the preimage of U in Xy, \ supp(fx). Using the compatibility of étale
cohomology with directed inverse limits of schemes we get an isomorphism

(5.1) lim H' (Us) = H'(Up).
)

Thinking of Uy as a smooth curve over 7 with compactification X5 we endow the
cohomology group H'(U;) with the ramification filtration

fil,, H' (Uz) = Ker(H'(Uz) —» P H'(K, )/l H' (K} ))
reJ

where K" is the quotient field of the henselization of Xj at the preimage of A. Note
that

(5.2) fil,, H (Uz) = 1_n>1ﬁ1 HY(Us,),

where Uy, ;, = Uy xg n and

filyy H' (Us ) = Ker (H' (Ux,y) - @ H' (Kz2) /Al H' (Kx1)),
reJ
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and Ky, ) is the quotient field of the henselization of Xy, at the preimage of A. If we
fix T and take supp(f) large enough, then X \supp(fx) is smooth and Csx;\supp(fx)
is a regular divisor on it. Hence Corollary 2.8 implies

(5.3) fily H' (Us,) = lim filincy, 105 H' (Us),
0

where 0 ranges over the effective divisors on T and fil;,cy g5, H' (Us) is defined as
Definition 2.9 for the effective Cartier divisor mCyx, + 0y, on Xy. Combining (5.1),
(5.2) and (5.3), we get an isomorphism

(5.4) filyy H' (Uy) = lim il o5 H' (Us)).
b

Composing (5.4) with the dual reciprocity map (see Proposition 3.2), we get a ho-
momorphism

(5.5) W™ iy, H' (Up) = lim C(Xs, mCs; + 05) .
P

(m)

By Wiesend’s trick (Lemma 3.6), the surjectivity of ¥, implies I;.

The following result is essentially due to Wiesend.

Lemma 5.3 (Wiesend). The map \II%I) is surjective.

Proof. Consider x € C(Xx,Cx + )" for some ¥ = (T,0). By Wiesend’s trick
Lemma 3.6 it is enough to construct a quasi-finite map U’ — Us, with dense image
such that the pullback of y to U’ vanishes. This is proved by the same argument
as the proof of [KeSc, Prop.3.6]. For convenience of the readers we recall it (see the
first part of [KeSc, §4]).

By Corollary 5.2, C(Xg, Cx + 65)° is of finite exponent so that the map

lim Homeont (C(Xs, Cx; + 05),Z/n) = O(Xy, Ox +0x)Y
n

is an isomorphism, where n ranges over all positive integers. Thus we can find n > 0
such that

X € Homcom(C(Xg, Csx, + 92),2/712) C C(Xg, Csx, + 92)\/.

If we pull back x along the section o : T — Xy we get a character in C(7T,6")" for
some effective divisor #’ on T'. By one-dimensional global class field theory it comes
from a cohomology element of H*(T'\ |0'|) via the dual reciprocity map. By making
a base change in the base T', we can assume that this cohomology element vanishes.

The maximal abelian pro-finite étale covering U’ — (Us:),, which splits over the
image of o, and whose Galois group is n-torsion and which is tame along (Cfy;), is
finite. Let ' : W(U') = Z/nZ be the pullback of x via the composite map

W(U') - W(Us) - C(Xy;, Cx, + 6y,),

where the first map is the map (1.2) induced by U' — Us. By a specialization
argument for tame fundamental groups and one-dimensional class field theory for
the fibers of Uy, — T, we can deduce that the pullback of x’ to the class group of the
fibers of U’ — T are trivial (see the last paragraph of page 2579 of [KeSc]). By the
Chebotarev density theorem (see [Se2, Th.7]) this implies y/ is trivial as desired. O
We now prove \If,%m)
localization sequence

0— HY(X;) — H'(Uy) - @ H'(K}) —= H*(X5,Q/Z).
xedJ

is surjective for m > 2 by induction on m. Consider the exact
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It induces the exact sequences in the commutative diagram

0 —= H'(Xy) —fily—1 H'(Up) —= @ies film-1H'(K7) — t(fil—1) —=0

H l | |

0 — HY(X;) — fil,, ' (Uy) Doy il HYKY) —— u(fil) —0

Here the vertical maps are the canonical inclusions. Taking cokernels of the vertical
maps we get an exact sequence

(5.6) 0 — gr, H'(Uy) = P g, H(K}) 4 u(fily) /e(filor) = 0.
xedJ

The map ¢ in (5.6) vanishes, because ¢(fil,,)/¢(fil,—1) is a subquotient of the coho-
mology group H?(X;,Q/Z), which has no p-torsion by [SGA4, X, Thm. 5.1], and
gr,, H' (K ) is a p-primary torsion group. This implies the exactness of the left
column of the following diagram:

(jnfl)

(5.7) fily,—1 H (Uy)

liﬂz C(Xza (m - ]-)CE + 92)\/

ﬁlmHl(Uﬁ) ! @EC(XZ,WLCZ —I-OZ)V

lCC
—@arary

Dires gt (K5) —— Bies U, (mC) @ k(C))

0

The map cc is induced by the cycle conductor defined in §4 as follows. For ¥ = (T, )
take the minimal desingularization Xg — Xy and let C’g be the proper transform
of C’g in Xg Note that the prOJectlon C’g — (. is an isomorphism. Let 92 €
DIV(XE)+ be the pullback of # to Xy. If supp(f) C T is sufficiently large, we have
X \ supp(fs) ~ Xy, \ supp(fs) so that the natural map

@C(fg,méz + 52) — @C(Xg,ng + 92)
0 [4

is an isomorphism, where the limit is taken over the effective divisors on a fixed T
Hence Theorem 4.1 and (4.11) applied to (Xx, mCyx, +92) implies an exact sequence

lim C(Xs, (m —1)Cx +05)" = lgC(Xg,ng—i-Og 5 @ 2k, (mCx) @ k(Cy).
0 AEJ

The right vertical sequence in (5.7) is deduced from this so it is exact. The map
rary in (5.7) is the refined Artin conductor for K, recalled in Theorem 2.3 and it is

surjective. The lower square of (5.7) commutes by Theorem 4.4. The commutativity

of the upper square is obvious. A diagram chase shows that the surjectivity of ‘I/(m 2

(m)

implies the surjectivity of \Ilﬁ
of Theorem 3.3.

. This finishes the induction and therefore the proof

6. RECIPROCITY AT A CLOSED POINT

Let the notation be as in §1. Let X = (X,C) be in C (cf. Definition 1.9). The
purpose of this section is to reduce Proposition 6.1 and Corollary 6.2 to Lemma 6.5
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below. It will play a crucial role in the proof of Theorem 4.1 in §7. We note that
the arguments in this section work over any perfect field k£ (not necessarily finite).

For a regular closed point = of C, there is a natural isomorphism
QL (=D) @0, k(Cy)

where C) is the irreducible component of C' containing x. Thus we have a natural
map

H(C, Q% (D) ®0, O¢) ~

‘ T TOL(—D) ®o, O
X Ox Y(Cx

We will let ¢, denote also the composite of ¢, and the natural map

- Hml(ca Q}((_D) ®ox OC)

H,(C, Q% (D) ®o, Oc) = H'(C,Q (—D) ®o, Oc).

Let Z € Div(X,C)" be such that Z m C at z. Locally on a neighborhood of z, we
have a commutative diagram of exact sequences (cf. (4.7))

0 —= Qx (—D) — Q (log Z)(-D) Oz(=D)

5 | |

0 —— Q4 (~D) ——> Q4(Z — D) ——= Q4(Z - D) 8o, Oz —0.

Tensored with O¢, it induces a commutative diagram of boundary maps

0z .2
Oz4(—D) ® k(z) —> HL(C, Q% (D) ©oy Oc)

. |

Q4 (-D)®0 Ocx () ta
L CD)os Ocs HY(C, QL (-D) ®0, O¢)

where dz, has the following explicit description: Let f € Ox ;, be a local equation
of Z at x. Then, for a € Ox ,(—D), we have

df _ Q% (=D) ®oy Ocu(2)
6.2 dzz(az) = a0 - — € —= -
Proposition 6.1. Let x be a reqular closed point of C. Let F, Zy,Zs € Div(X,C)™"
be such that Fm C at z, and F M Z; and Z; M C at x for i = 1,2. For a €
OFz(—D) ® k(x) and b; € Oz, .(—D) ® k(x) for i = 1,2 satisfying

Q% (=D) ®0, Ocya(x)
Q% (=D) ®oy Oce

dwa(a) = dZI,m(bl) + dzzyw(bQ) S

we have
pra(a) = nz, o (b1) + piz,0(b2) € WU)/FPTOW(X,0).
Before going to the proof, we give its corollary.
Corollary 6.2. For a regular closed point x € C, there exists a unique homomor-
phism

. Q}((_D) ®(’)x OC,x(w)

o FOHO W (x
Iz QL (—D) w0, Oc, — W(U)/ W(X,0)
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such that for every Z € Div(X,C)" with Z M C at z, the following diagram is
commutative

Az, Q4 (-D)®oy Oc,.(x)
(6.3) Oz,0(—D) @ k() Q}((—D)e@gx Oc,e

KUZ,z

W(U)/FPTOW (X, C).

Remark 6.3. By Proposition 6.1, Theorem 4.1(i) is equivalent to the commutativity
of the following diagram for any closed point = of C\E:

(64) Hl(ca Q%{(_D - E) ®(9X OC)

/

% (=D)®oy Oc,x () l Px,0

Q% (—=D)®oy 00,z

i

W (U)/FP+OW (X, 0).

Now we deduce Corollary 6.2 from Proposition 6.1. Put

Q%{(_D) ®(’)x OC,x(w)

6.5 A, =
(65) Q% (=D) @0y Ocya

We have
Ok, = Oxz-dr® Ox,y - df.

Hence any element £ € A, is written in a unique way as

6.6) &= %(adﬂ +3df) with a, 8 € Ox.o(=D) mod Oxo(~D — C).

For Z € Div(X,C)™ such that Z m C at z, put
A(Z) = Oy @ K(2).

Let F, Z € Div(X,C)" be such that FRC, FmZ, ZmC at z. From (6.2) one easily
see that the map

dF,Z : A(F) S2) A(Z) — Ay 5 (av b) — dF,x(a) + dZ,:v(b)

is an isomorphism. Define the composite map

d -1 x x
g Ay B AF) @ A(2) "R W) ) FPTOW (X, ©).
We claim pr 7 independent of the choice of F,Z as above. Indeed, assume given
two choices F, Z; and F, Z as above and a,a’ € A(F) and b; € A(Z;) with i = 1,2.
Then, by Proposition 6.1 an equality
dpa(a) + dz, 0(b1) = dpa(a’) + dz, e (b2)

implies an equality

prg(a) + pzy o (b) = pre(a’) + pz, e (b2).

Hence we get pr,z, = jiF,z,. By the same argument we also get p1r,, 7z = jip,, 7 for two
choices F1, Z and F», Z as above. This implies the desired claim. The commutativity
of (6.3) is obvious from the construction and the proof of Corollary 6.2 is complete.
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Remark 6.4. The above argument gives the following explicit description of u,. For
g € Ox, let divx,(g) denote the effective Cartier divisor on X obtained from
divx(g) by removing its components which do not contain z. Note divy ,(g) =
divy ,(ug) for u € O)X(,m. Take a system of regular parameter (m, f) of Ox, such
that 7 is a local parameter of C' at x. Then we have (cf. (6.6))

1
f
where F = divx ,(f), Fr = divx (f + ) € Div(X,C)*.

(6.7) Mx( (odm + /Bdf)) ={1+ (B~ a)}F,:v +{1+ a}F‘rr;x’

We deduce Proposition 6.1 from the following lemma whose proof will be given
in §10 (see Lemma 9.1 in §9).

Lemma 6.5. Let x be a reqular closed point of C. Let F,Z,,Zs € Div(X,C)" be
such that FMC at x, and FMZ; and Z; WC at x for i =1,2. Let (m, f) be a system
of reqular parameters such that

(68) F = diVwa(f), J1 = divxyw(u1f+7r), oy = diVX,m(’LLQf-i-’IT), C = diVX,m(Tr),

where ui,uy € O% .. For a € Ox(—D), we have

{1 = (m —w)a}pg + {1 —wa}z,z — {1 —walz,, € FPTIW(X,0).

By the assumption of Proposition 6.1, F,Z;, Zy can be described as (6.8). For
a,by,by € Ox z(—D), assume an equality

drg(ap) = dz, 2((01)2,) + dzy,2((b2)12,) € As
holds. Using (6.2) and (6.8), one can compute

df +u; tdn .
(6.9) Az, a((b3) 2,) = ff for i = 1,2.

Thus (6.9) is equivalent to equalities
@ =by + by, ugh +urby =0 € Ox,(—D)® k(z),

where Z € Ox ;(—D) ® k(x) is the residue class of z € Ox ;(—D). This implies that
there exists a € Ox ,(—D) such that

=ua, by=—-uza, a=(up —u)a.

&

Hence the desired equality of Proposition 6.1 follows from Lemma 6.5.

7. RECIPROCITY ALONG THE BOUNDARY

The purpose of this section is to reduce Theorem 4.1(7) to Lemma 6.5 and Lemma
7.12 below. In this section we always assume £k is finite. A key point is Proposition 7.4
concerning reciprocity property of the map p, from Corollary 6.2 when = moves along
C. First we prove a preliminary lemma.

Lemma 7.1. Let X and C be as in Theorem j.1. Let k'/k be a finite Galois
extension with G = Gal(k'/k) and put X' = X @ k' and C" = C @ k'. Assume that
there exists ' € Div(X',C")" such that Cling C E' and =" is independent of D as

in (4.6) and a map defined for every D' = D @y k' with D as in (4.6):
dxr.pr s HY(C', Q% (~D' — =) @0, Oc) = W(Uyp)/FP' W (X, Cp),
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such that the following diagram commutes (cf. Remark 6.3):

QL (=DN®o,, 0, ) X e by _
(71) gﬁ(’(_D,)@)ZX/ OC?’J,y —y> HI(C,, Q}(/(—DI - .:,) ®OX’ OC’)

yle
) 1 D!
m [ o

W (Uy) ) FP+COW (X, Chr),

where x is any fired reqular closed point of C' not lying in the image of =’ and y

ranges over the points of C' lying over x. Then there exists = € Div(X,C)T such
that Cying C Z and = is independent of D as in (4.6) and a map defined for every
D as in (4.6):

éx.p: HY(C,Q%(~D — Z) @0, Oc) — W (U)/FPrIW (X, 0),
which satisfies the condition (i) of Theorem 4.1.

Proof. We may replace Z' by the sum of its Galois conjugates to assume that there
exists Z € Div(X,C)" such that Z' = Z® k. Note that (7.1) implies that ¢x/ pr is
G-equivariant since so are Zy| 5 Ly and Zy‘ » My. The trace map induces an isomor-
phism

Tri s H(C', Q% (D' =) ®0,, Oc')a — H(C,Q% (=D — E) ®0, Oc),

where Mg denotes the coinvariants of a G-module M. We then define ¢x p as the
composite

Tryr )"
HY(C, Q2 (~D —Z) @0y 0c) 8" HI(C, 04 (-D' — Z) 2o, Ocr)a
1 pr ~ ’ ’ N,/ ~
?x.0 (W(Uk/)/F(D +C>W(Xk,,ck,))G SR W) ) FPHOW (X, C),

where the last map is induced by the norm map Ny, : W(Up) — W(U). The
condition of Remark 6.3 for ¢x p follows from (7.1) thanks to the commutativity of
the following diagrams

QL (- D)®0, Ot (1) Ty by SO
0L Dsog 0u, —> W(UL)/FP W (X, Cp)

ylz
lTTk'/k [Nk//k
Q5 (7D)®O OO,m(ZL’) Mz ~
L DJeoy Oc W(U)/FP+OW (X, 0),

QL,(=D")®o,, Ocr,(¥) Syt
pdd x'Cy ylz Y 1 , 1 , -
SE o, (-DN2o,, O, — HY(C", Q% (-D' - Z') ®o,, Oc)

lT?"kl/k

Qk(*D)@Ox OC,I(ZL‘) Ly

Definition 7.2. Let (X, C) be in C (see Definition 1.9).

(1) Let H C X be a hyperplane section. For an integer d > 0 let £(d) = |dH|
be the linear system on X of hypersurface sections of degree d. For t € £(d)
let F; C X be the corresponding section. We write Gr(1,L(d)) for the
Grassmannian variety of lines in £(d).
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(2) A pencil {F;},cr of hypersurface sections parametrized by L € Gr(1, L(d)),
is admissible for (X, C) if A NC = @ for the axis Ay, of L and F; m C for
almost all t € L.

By [SGATII, XVIII 6.6.1] and Lemma 7.1, we may assume by replacing k by its
finite extension that for a sufficiently large d, there exists L € Gr(1, £(d)) admissible
for (X, C). In what follows we fix such L € Gr(1,L(d)) and 7w € k(X) satisfying:

(7.2) divy(m) = C + Gy — G with G, Go € Div(X,C)7.
We also fix a finite set T, C L such that
(7.3) FEmC and F,NCN(GoUGy) =@ forte L —1Ty.
We have the rational map
hy : X---— L; x— tsuch that = € F}.
By Definition 7.2(2) hz, is defined at any point of C' and it gives rise to
Ot = Ox, forteLandxe FyNC.

Lemma 7.3. For each t € L, choose a prime element f; € Op .
(1) Forte L —Ty, and x € F;NC, we have
O, = Oxg - dr @ Ox ;- dfy.
(2) There exists an effective divisor 6 on L independent of the choice of f; such
that |0| = Tr, and that for any t € Ty, and x € F; N C and for any
1 .
w = 7(gldw + &dfy) € Ok ®oy k(C)  with & € k(C) = [] k(C).
t Ael
we have the implication
w € Q}((—Fg) Rox OC@ = fz c Oc,m(—Ft),

where Fy = > e Fy for 0 = > eyt with ey € Z>1.
teTr, teTry, -

Proof. (1) follows from the fact that (, f;) is a system of regular parameters of Ox ,
ifte L —Tr, and z € F; N C. To show (2), note

d d,
0k @0, HO) = k(C) - T o k) Lt
[t ft
and put
d d,
O, = OC,w i @ OC,w : ﬁ - Q%{ ®ox k(C)
[t fi
We see that ©, is independent of the choice f;, namely for f; = uf; with u € O;,t’
dm df{
O = Oca - J7 @ Ocis f—;

Thus (2) follows from the fact that there exists an effective divisor § on L such that
|0] = Tr, and that for any ¢ € T, and = € F; N C, we have

QL oy Oca(—Fy) C Oco(—F) - O.
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We fix 6 as in Lemma 7.3 and put

(7.4) E=Fy+ Gy € Div(X,0)*.
Note that = is independent of D as in (4.6). Let B be a finite subset of C' such that
(7.5) BN=Z=@ and hp(B)NTL =2.

Note that this implies that B consists of regular points of C' by (7.3). For D as in
(4.6) consider the maps

D A, LB HU(C, Q4 (=D — E) © Oc)
reB

lZum

W(U)/FPHOW (X, 0)
where A, is defined as (6.5) and ¢, p is induced by (6.1). Taking B large enough,
we assume that 17, g is surjective. We have

Ker(¢r,5) = Image(HO(C, QL (-D-2)® (’)C(B))).
Proposition 7.4. Assume p # 2. Take
we H(C,Q%(~D — ) ® Oc(B))
and let wy € Ay be the image of w for x € B. Then we have
(7.6) > a(ws) € FPTOW(X,0).
z€B
Remark 7.5. Tt suffices to show the proposition after enlarging B.

The proposition implies the existence of a map
oL : HY(C,Q% (=D —2) ® O¢) = W (U)/FPTOW (X, C)

such that the following diagram commutes

(7.7) ﬁgB A YhE e, QL (=D — 2) ® O¢)

lZum

oL.B

W(U)/FP+OW (X, C)
This implies that ¢;, = ¢, p is independent of B (depending only on L and =). Take
any © € C\=. Note t = hr(x) ¢ Tr, (cf. (7.4) and Lemma 7.3(2)) so that we can

choose such B that 2 € B. Then (7.7) implies that ¢; = ¢, p satisfies (6.4) for z,
which completes the proof of Theorem 4.1(i) by Remark 6.3.

Let D = Zm,\C,\ be as (4.6). For A € I consider the map
el

hy : H(C, 9% (=D — 2) ® O¢(B)) = Qx(=D) ® k(Cx) = Q¢ ) © Ox(=D).
Claim 7.6. After enlarging B, we may assume hy(w) # 0 for any X € I.
Proof. We claim that after enlarging B, we can find
&€ HY O, QY (=D —E)® Oc(B)) for AeT

such that hy(§,) = 0 for p € I — {A} and hy(£)\) # 0. Admit the claim for the
moment. We may assume further that hy(£)) # hy(w) for any \ € T after replacing
&x by ¢- &\ with ¢ € k — {0, 1} if necessary. Then, putting

wi = § &, w2=w—wi,

Ael
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we have h)y(w;) # 0 for all A € I and i = 1,2. Noting w = w; +ws, (7.6) for w follows
from that for w; and we, which proves Claim 7.6.

It remains to show the claim. By Bertini’s theorem, we can take Fy, F, € L£(d;)
for a sufficiently large d; > 0 such that F; m C for i = 1,2. Take f € k(X)* such
that divx(f) = F1 — F» and put

df € H*(X, Q% (2FY)).
For a sufficiently large dy >> dy, we can take F' € L(ds) such that
FAC, FOB, FNEnNnC=g, hy(FNC)NT, =2,
and Fy € L(ds) for \ € I such that
Fx=D+ Y C,+2F+EZ+G, withG, € Div(X,C0)".
neI—{A}
Then Bp = F N C satisfies the condition (7.5) and B C Bp. Taking g\ € k(X)*
such that divx(gy) = F) — F for A\ € I, we have

gndf € H(X, Q% (-D—- > C,—E+F)).
neI—{A}
Let £, be the image of ¢g\df under the composite map

HYX,Qx(-D—- Y  C,—E+F)) = H(X,Qkx(-D-E+F))
neI—{A}
— H°(C,Q%(~D - E) ® Oc(Br)).
Then (£))xer satisfies the claimed condition for By instead of B. O

We now start the proof of Proposition 7.4. We choose an isomorphism over k:
v : L ~ P = Proj(k[Tp, T1]).
For a finite extension [, of k, let L(IF,) denote the set of points z € L such that
there exists an embedding k(x) — F, (note that the notation is not the standard
one that means the set of k-morphisms SpecF, — L). Put
L(F,)° = {t € L(F,)| 1(t) # 0,00}, where 0= (1:0),00=(0:1) € P;.

By Lemma 7.1 we may assume that £ is large enough so that after a coordinate
transformation of IP’}C, we have

(x1) hr(B)UTy C L(IF,)° for a finite extension F, of k.
By Claim 7.6 we may assume

(¥2) hx(w) # 0 for any X € I.
Fort€ L —Ty and x € F; N C, let wc, be the image of w under the map

H"(C,Qx (=D = 2) ® Oc(B)) = Qx(=D) ® Ocu(B) = Q¢.(~D) @ Oc(B).

By (%2), wey # 0. Choose an isomorphism s : Qé’x(—D) ® Oc(B) ~ O¢y as
Oc¢ -modules. Then the order of s(wc ;) € Ocy is independent of the choice and is
denoted by ord,(wcz). The set

{re |J FNnClord.(wey) # 0}
teL—Ty,
is finite for w fixed. Therefore we can choose ¢ : L ~ IP’,IC (possibly after replacing k
by a finite extension) in such a way that the following condition holds.
(x3) ordg(weg) =0 for any x € Foo NC.

Fort € L—Tp and x € F;NC, if ¢z ¢ B, then w, = 0 € A, so that u;(wy) = 0.
Therefore Proposition 7.4 follows from the following claim.



WILD CLASS FIELD THEORY FOR VARIETIES OVER FINITE FIELDS 31

Claim 7.7. Under the conditions (x1), (¥2) and (x3), we have

> Y alwe) € FPTOW(X,C).
teL(Fy)°\Ty, z€F:NC

Remark 7.8. It suffices to prove the claim after replacing IF, by its finite extension.

Proof. We let 0, 00 denote the closed points of L which correspond to 0,00 € IP’IIFP by
v: L ~ P} =Proj(k[Tp, T1]). Put

(7.8) p=Ty/Ty €F(PY) and b=1-p?"
considered as elements of k(L) C k(X) via v: L ~P; and hy. Put
(7.9) Wy =divx (b+ ) + Goo + (¢ — 1)Fy.  (cf. (7.2))
Note
(7.10) divx())= Y F —(¢—1)-F,
teL(F,)°

Claim 7.9. (1) W, € Div(X,C)t and WynCcC U FEnNC.

teL(F,)°

(2) For t € L(F)°\T1, and x € F,NC, Wy m C at z and divx (b + 7) (cf.
Remark 6.4) is the irreducible component of Wy containing x.
(3) Forte L(IF,)° and x € F, N C NW,, we have

OWb,:v(_Ft - Goo) C OW;,,:I:(_C)-
Proof. (1) and (2) follow immediately from (7.2) and (7.3) and (7.10) except that

W, N FyNC = @, which holds since C' = divy(7) and W, = divy (09 ' — 1 +709 1)

locally at Fy N C, where 0 = p~! is a local parameter of Fy at Fy N C. The last
=1 _ 1 q—1
fact is checked by using (7.3) and (x1) and b+ 7 = z qj: T To show (3),
o

let 7o be a local parameter of G at x if © € G and 7o, = 1 otherwise. Putting
' = s, T Ow,z C Ow, 2(—C) by (7.2). Note x ¢ Fyy since F; N Fy N C = & for
t € L(F,)°. Hence (7.9) implies W}, = divy (bmo + ') locally at z. Thus we get

OWb,x(_Ft - Goo) = b7rooOWb,:v = 7r,(I)W;,,:I: C OWb,x(_C)'
This completes the proof of Claim 7.9. O

For w from Proposition 7.4 we write

W =

(adr + Bdb) in Q% (=D)®p, k(C) with o, f € Ox(=D) @0, k(C).

@I»—‘

Recallw € HY(C,Qx(-D+Z)®0O¢(B))and BC |J F,NC. Noting (7.10) and
teL(Fq)°
db p?2dp B do

(7.11) B 1— pr1 - o(1 _O_qfl) (o ::071)7

Lemma 7.3 implies

a € H(C,0c(~D + (¢ - 1)Fy — Y _F, — Gx)),

teTy,
BeHYC,00(-D+(q—2)Fso— Y F,—

teTy U{0}
where for a divisor I' on X, we write O¢(I') = Ox(T') ®o, Oc¢. Since Fy and Fiy
are ample divisors on X, the restriction maps

HY(X,0x (=D+(g=1)Fy= Y Fi=Goo)) = HY(C,00(~D+(q=1)Fy— Y Fi—Gx))),
teTr, teTy,

(7.12)
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HY(X,0x(-D+(q-2)Fo— »_ F;—Gsx)) = H(C,0c(-D+(q-2)F— > F—
teT,u{0} teT,u{0}
are surjective for ¢ sufficiently large (cf. Remark 7.8). Thus we can take
a € H' (X, 0x(-D+ (q—)Fy — Y Fi — Gw)),
teTy,
BeH'(X,0x(~-D+(¢—2)F— Y, Fi—
teTy, U{0}

(7.13)

such that w = @ ® k(C) with

1 ~
@ = (adr + Bdb) € Uy (—D) ©oy Ox,c,

where Ox ¢ is the semi-local ring of X at the generic points of C. By Claim 7.9(2)
and (6.7), for t € L(F,)°\Ty, and = € F; N C, we have

pa(ws) = {1+ BYpo — {1+ &tpo + {1 + &lw, o

Hence Claim 7.7 follows from the following.

Claim 7.10. Under the assumption of (x3) we have

(714) Z {1 +B}Ft € ﬁ(D—i—C)W(Xa C)a
teL(F, )°\Ty,
(7.15) Yo ({1+aks - ). {1+dtw.) € FPTOW(X,0).
teL(F, )o\ Ty, z€FNC

For the proof of the claim we need Lemma, 7.12 below.

Definition 7.11. Let F' € Div(X,C)" be a reduced effective Cartier divisor such
that F' @ C. For an integer e > 0, let Pp(F)x,c)y = Pp,(F) denote the set of

a € H(X,Ox (=D + eF)) satisfying the condition:
(®) The image apnc € Oc,pnc(—D + €eF) of a is a basis as an O¢, pnc-module.
Here we note that O¢ pnc is a semi-local ring. For a € Pp (F'), put

Zy =divx (1 +a) + eF.
By Lemma 1.15(1), Z, € Div(X,C)" such that Z,NC = FNC.
Fix m,mp, f € Ox rnc such that locally at F' N C
C =divy(m), D =divx(mp), F = divx(f).

By the assumption (7, f) is a system of regular parameters in Ox pnc. The condition
(®) is equivalent to the condition that locally at x € F N C,

(7.16) Zy =divx(f*+mp-u) withu e O)X(,ch-
The proof of the following lemma will be given later (see Lemma 9.2 in §9).

Lemma 7.12 (increasing order). Let Z, with a € Pp(F) be as above and take
ze€Z,NC=FNC. Assume

(%) HY(X,0x(=2D - C + (e — 1)F)) = HY(C,O¢c(—-2D + F)) =0,

Assume further p # 2. There exists a constant ¢ > 0 depending only on X and D
such that for e > ¢, we have

{1+ "0y, prctz,0 € FPTOW (X, 0).

Note that (7.16) implies f*™!|;, = —ufrp so that {1 + Oz, prc}z, « lies in
FO)W (X, C) without any assumption.
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Remark 7.13. By Serre’s vanishing theorem the condition (x) of Lemma 7.12 is
satisfied if F' € L(d) for d > 0 sufficiently large (see Definition 7.2).

Proof of Claim 7.10. We first claim 3 € Pp 4 9(Fs). Indeed the condition (x3)
implies that the image of 8 under the restriction map (cf. (7.12))

H°(C,0c(=D + (¢ — 2)Fx)) = Oc.pnc(—D + (g — 2)Fx)
is a basis as an O¢ g nc-module. Note (cf. Definition 7.11 and (7.13))
divy(1+48) = Z5 = (¢ = 2)F, Z3NC =FunC,
(1+8)|p, =1 forteTp,U{0} and b|p, =1.

In view of (7.10) divx (b) and divx (1 + 3) have no common component which inter-
sects C. Hence we may apply Lemma 1.15(2) to 1 4 3 and b to get

Yoo {1+4Bbm + {1—p" g =0 € W(U),
teL(F )\ T,

Taking ¢ sufficiently large (cf. Remark 7.8), Lemma 7.12 (where we take e = ¢ — 2
and F = Fu) implies {1 — p?~'} 7. € FIPTOW (X, C), which proves (7.14).

To show (7.15), put
(7.17) 7' =divx (1 + &) + (¢ — 1)Fy € Div(X,0)".
By Lemma 1.15(1) we have Z' N C' = Fy N C. Locally at Fy N C,
(7.18) 7' =divx (0" +7p7) (v € Ox.Ronc),
where 0 = p~! and 7p is a local parameter of D at F, N C. By (7.9) and (7.10),

=W -G — 3 E

tEL(F, )°

b+m

(7.19) divx (

Since GooNEFHNC = WNFyNC = @ by Claim 7.9(1), divx (1+&) and divx (2Z) have
no common component which intersects C. Hence we may apply Lemma 1.15(2) to
1+ & and (""T” to get

(720) {1+dtw, — > {l+a}lm
teL(Fy)o\Ty
b+m b+

- 5 - D R =0 € WD),

where we used the fact (1 + a)g,, = 1 and (1 + &), = 1 for ¢ € Ty, in view of
(7.13). We claim

(7.21) {1+atw, — > Y {1+atw,. € FPTOW(X,0).
teL(Fy )o\Ty, z€F:NC

Indeed, by Claim 7.9(1),
{I+alw,= >, > {1+dwe

teL(F,)° t€FNC
Fort € Ty, and x € F;NC, we have x ¢ Fy since FyNF;NC = @. In view of (7.13) this
implies &y, € Ow, 2(—D—F;—Gx). Since Ow, »(—D—F;—G) C Ow, »(—D—C)
by Claim 7.9(3), we get {1+ a}w,., € FPTOW (X, C).
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By (7.21) we are reduced to showing that the last two terms of (7.20) belong to

FPHOW (X, C). The assertion follows from the fact
b+m ol 1
B (c=p")
and that we have in view of (7.18),

b+m _ YTTD
e =1 o

This reduces the proof of (7.15) and that of Theorem 4.1 to Lemma 7.12.

€1+ 0z znc(—=D - O).

8. COMPATIBILITY WITH RAMIFICATION THEORY

In this section we prove Theorem 4.4. We need some preliminaries.

8.1. Review of class class field theory for two-dimensional local rings. Let
(A,my4) be an excellent regular henselian two-dimensional local domain with the
quotient field K. Assume F' = A/my, is finite. Let P be the set of prime ideals of
height one in A. For p € P let A, be the henselization of A at p and K, (resp. k(p))
be the quotient (resp. residue) field of A,. Let C' be a reduced effective Cartier
divisor on Spec(A) and put U = Spec(A) — C. Let Po C P be the subset of p lying
on C. For A € Pg, let K) be the quotient field of the henselization of A at A.

For an effective Cartier divisor D on Spec(A) with |D| = C (|D| denotes the
support of D), we consider the subgroup of H'(U) = HY(U, Q/Z):

filpH' (U) = Ker(H'(U) — € H'(K»)/film, H'(K))).
AEPx

where my € Z~ for A € P¢ is the multiplicity of A in D (see 2.1 for the notation).
We introduce an idele class group which controls 73 (U):

(81)  WESU) = Coker(K>(K) "™ P kp)* @ @ Ka(Ky)),
peEP—Pco AEPo

where 9, for p ¢ P¢ is the tame symbol and 0y for A € P¢ is the map induced by
K — K,. We put

(8.2) CK5(A, D) = WU/ FPIWES (4, 0),

where F(P)WES(A,0) ¢ WES(U) is the subgroup generated by the images of
VMa Ky (K)y) C Ko(Ky) for A € Pe. By the reciprocity law for A we have a canonical
map (cf. [Sal, 1.9], [Sa2, (2.9)], [Sa3, Ch.I])

UKS filpH' (U) — Hom(CX9(4, D),Q/Z)

such that the following diagrams are commutative for p ¢ Po and X € Pe:

(8.3) filp H(U) \IJ—UKS>Hom(CKS(A,D),Q/Z)
1 l Pk (p) lx
H* (k(p)) Hom(k(p)*, Q/Z),
filp H(U) i Hom(CK*(A, D),Q/7)

L |

fil,y, HL(K ) —> Hom (K (K))/V™ Ky (K), Q/Z)
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where Wy, (p,) (resp. Vg, ) is the map (2.5) for the 1-dimensional (resp. 2-dimensional)
local field k(p) (resp. K)) (cf. (2.5)).

Remark 8.1. Let Ip C A be the ideal defining D. For a € Ip and p € P — P,
the image in WXS(U) of 1 + a mod p € k(p)* lies in FIOYWES(A,C). Indeed, let
f € A be such that p = (f) and put £ = {1 + «, f} € K3(K). Then one easily sees

(9,\(5) € VmAKQ(K)\) for A € Py,
l+amodp forg=p
(&) = 0 for — —
q€P—Pc—{p}

Now we assume D = Spec(A/(7™)) (m € Z>1), where 7 € A is such that X\ =
(m) € P and that By = A/(n) is regular. Let my = m4B, be the maximal ideal of
B). Define

varm" I @amit - Cck9(4, D)

as the composite
pm
QL @amy o 7TIOY @4, k(N) T3 Ka(K)) VKR (Ky) — CF5(4, D),
where p is the map from Lemma 2.5.
Lemma 8.2. The above map induces a map
va:m" QY @amit ®p, F — CK5(A, D).

Proof. Choosing f € A such that f mod () € B, is a generator of my, an element
w € Wm_lﬁh @A m;l is written as

m—1

(adm 4+ bdf) (a,b € A).

w =

The description of p¢, in Lemma 2.5 shows that pf (va(fw)) is the image of

yi={1+n"a, 7} + {1+ 7" fb, f} € Ko(K)
under dy in (8.1). One easily check that the images of v under 9, for p € P — {\}
in (8.1) vanish. This proves the desired assertion. O
Lemma 8.3. Assume p # 2. Let (m, f) be a system of reqular parameters of A.
(1) The image of the composite
1 1 rargy, 10y
raryg ﬁlmH (U) — ﬁ].mH (K/\) — _mQAA ®A>\ k()\)
™
s contained in #Q}q ®4 By. The diagram

—rara

fil,, H' (U) Q! ®4 By

KS
l\l’U /

v Vv
(CES(4, D))~ (10l @y my wp, F),

#9}4 @4 F

1s commutative, where T4 s induced by the pairing

1

,n-m

_ _ _ _1 Res _
QY @4 By x ™ IQ}4®Am)\1—>Tr 19124®Am)\1 —im)\lﬁ}gx

Resm, F/F

T
S P = By/my —57F, ~ Z/pL.

Moreover T4 is an isomorphism.
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(2) Putting p1 = (f), p2 = (7 + f) € P, we have

€ = val5 (adn + 5df)) for B € (=7)
is the image in CKX9(A, D) of

n={14 B — {1+ atpp) +{l+akie) € P kp)*
peP—Pc

Proof. The first (resp. second) assertion of (1) follows from [Ma, Prop.4.2.1] (resp.
(2.6)). Noting that f generates my, 74 is induced by the pairing

m—1

7 QY @4 F > T,

1 s
<’>7I-—mQII4®AF X

such that for «, 8,7, € F

d d m-1lq m-1lg
(o +ﬁ7r—£ AT 7 T4l 7 / ) =xTrpm (@ — 7).

7rm

This shows that the pairing is non-degenerate so that 74 is an isomorphism.
To show (2), note

1 o
f T+ f

Hence its image under the map

d(7r+f)+@df e 710 @4 m

(adr + Bdf) = ;

7O @amit o 7Y @4, k(N ﬁ Ko (Ky) VM Ky (Ky)
is
{I+anr+ft+{1+B-a)ft={1+anr+f}+{1+5,f}—{l+a f}

This implies the desired assertion. O

8.2. Review of class field theory of Kato-Saito. Now we come back to the
global setting of §4 where k is assumed finite. We also assume |D| = C. For a closed
point z € C, let A, be the henselization of Ox ;, and U, (resp. Cy, resp. D) are
the base change of U = X — C (resp. C, resp. D) via Spec(A4;) — X. Let K, be
the fraction field of A, and P, be the set of prime ideals of height one in A,. For
A € I, let Ky be the fraction field of the henselization of Oy . We introduce the
idele class group for U:

WHES(U) = Coker (@D K(2)* & @ Ka(Ky) 2 Zo(U) & @ WES (1),
ZCX el zel
where WX5(U,) is defined as in (8.1) for U,, and Z ranges over integral curves on
X not contained in C, and 0 is induced by the maps:
O k(Z) = Zo(U), 0y:k(2) = P WHS(U,),
zeC
03 : Ky(K)) = Zo(U), 0y : Ka(Ky) — @ Wh5(U,),
el

where 0y is the divisor map, and 05 is induced by the identification (cf. Definition
1.2):

(8.4) 2= @ @ kw)™,

@€ ZNC pEP,
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where P, 7 denotes the set of p € P, lying over Z, and 05 is the zero map, and 0y
is induced by the natural map
K b H H Kg,

el ger,A

where P,  is the set of £ € P, which lies over C) (cf. (4.1)) and K¢ is the fraction
field of the henselization of A, at £. We then put

CKS(x, D) = wES(U)/ FPWES (X, 0),

where FIOYWES(X, ) ¢ WES(U) is the subgroup generated by the image of
FIOWES(A,, Cp) for x € C. We remark that the argument of [KS2, (1.6)] shows
an isomorphism (cf. (0.7))

CK%(X, D) = H(Xwis, KY (X, D)),

where K (X, D) is the relative Milnor K-sheaf introduced in [KS2, (1.3)]. By the
class field theory developed in [KS1, Ch.IT §3 Th.1] and [KS2, Th.9.1], we have a

canonical isomorphism
(8.5) UES il H'(U) = Hom(C*%(X, D),Q/7)

which fits into the commutative diagram for any closed point = € C,

KS

v
(8.6) filpH'(U) —— CKS(X,D)Y
‘L \I;IU(S ‘L
filp, H' (U,) —> CES(X, D)V
In view of (8.4), there is a natural map

8.7) ev:W(U) = coker(@ M2 = @D k2L ® ZO(U)) S WSy .
ZCX ZCX

By Remark 8.1 it induces a canonical map
ex.p: W)/ FPW(X,C) - cES (X, D).
The commutativity of the diagrams (8.3) and (8.6) implies that the diagram

yKS

(8.8) filp H(U) = CKS(X, D)V

l‘pX,D l(EX,D)V

C(X,D)Y —— (W(U)/FPW(X,C))"

commutes, where we recall C(X, D) = W(U)/ﬁ(D)W(X, C) (cf. Definition 1.6).

8.3. Proof of Theorem 4.4. By Lemma 8.3(1) the image of composite map

1 1 rarg,
filpH (U) — ﬁlmXH (K)\) — QX(D) Rox k(C/\)

is contained in H°(CY, Q% (D) ®0, Oc,), where C§ denotes a dense open subset of
C) where C' is smooth. Since the natural map

H°(CS, 2% (D) ®oy Ocy) = [ 2k (D) ®oy k()
zeCy
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is injective, we are reduced to showing the commutativity of the diagram

flp HL(U) ——> HO(C3,24(D) ©o, Oc,) —> QL (D) 2oy #(z)

l _—

C(X, D) —% HO(C,QL (D + E) ©0, O¢)

for each x € CYf. This follows from the commutative diagram (8.8) and the following
commutative diagram by noting that 74, is an isomorphism by Lemma 8.3(1):

flp H(U) filp, H'(U,) ———> QL. (D) @0, Ocg
wiS J{qﬂgs 111
CKS(XaD)v Cfs(XaD)v Q%{(D) ®ox H(l’)

(ex,p)Y J/(VA%

(W (U)/FPW(X,0))" (As)"

CCx

()Y

C(X, D)V HY(C, Q4% (D + E) ®0, Oc)

Here A, = Q% (=D + C) ®oy Oco(z) o, r(x) and rary, arises from Lemma
8.3(1). The commutativity of comes from (8.6), that of from Lemma 8.3(2)

and (6.7), that of from Lemma 8.3(1), and that of from the definition of
ccx and the commutativity of

H(C,Q% (D + E) ®ox Oc) Q% (D) ®ox k()

l lmm

1)V
HY(C, Q4% (=D + C — 2) @0, Oc)V )

where the left vertical map is induced by (4.3) and ¢, comes from (6.1). This
completes the proof of Theorem 4.4.

Remark 8.4. In case C' is a simple normal crossing divisor on X, one can show the
map (8.7) induces a map
ex.p: C(X,D) = W(U)/FPW(X,C) —» C*%(X, D).

In view of (8.5), the main result Corollary 3.4 is equivalent to that the map is an
isomorphism.

9. KEY LEMMAS

In order to finish the proof of the main results of the paper, it remains to prove
three key lemmas (Lemma 4.3, Lemma 6.5 and Lemma 7.12). In this section we
restate them over a general perfect field and give a leitfaden for the proofs, which
occupies the remaining sections §10 through §14. In the rest of the paper, k is
assumed only perfect (not necessarily finite).

Let the notation be as in §1. Let (X, C') be in C (see Definition 1.9) and {C)\}aer
be the set of prime components of C. Fix a Cartier divisor

(91) D = Zm/\C/\ with my Z 1.
rel
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The first key lemma is a relation among three symbols (see Lemma 6.5).

Lemma 9.1 (three term relation). Let x be a reqular closed point of C. Let
F, 7,7y € Div(X,C)" be such that FmC at z, and F ™ Z; and Z; m C at x
fori=1,2. Let (m, f) be a system of reqular parameters such that locally at x,

F = diVX(f), Zl = diVX(7T — Ulf), ZQ = diVX(W — UQf), c = diVX(W),

where vy,vy € O% .. For a € Ox(—D), we have

{1+ (1 —w)atpe + {1 +via}z,0 — {1 +va}z, € FPTOW(X,0).

The second key lemma refines Lemma 7.12 to the case over a perfect field.

Lemma 9.2 (increasing order). Let Z, with a € Pp (F) be as Definition 7.11 and
take x € Z,NC. Let X\ € I be such that x € C. Assume

(%) HY(X,0x(-2D - C + (e = 1)F)) = H'(C,0c(-2D + F)) = 0,
Assume p # 2 and e > my(p™ — 1) for a given integer n > 0. Then we have
(9.2) {1+ 10z, prct 2, € FPTOW(X,0) + p" FOW(U).

Lemma 7.12 follows from Lemma 9.2 and Corollary 5.2 which implies pm F'(! W(U) C
FIPHOW (X, C) for some n > 0 if k is finite.

The last key lemma concerns moving elements of W (U) to symbols on curves
transversal to C. It refines Lemma 4.3 to the case over a perfect field. Take any
dense open subset V' C X containing the generic points of C'. Recall Definition 1.4.

Lemma 9.3 (moving). Assume p # 2. For any integers n, N > 0, we have

FOWw(x,0) c FPw(x,0) + FPHNOW (X, 0) + p" FOW(U).

m

Lemma 4.3 follows from Lemma 9.3 and Corollary 5.2 as above.

In §10 through §14 we prove the following Lemmas and implications using Lemma
1.15.

In §10 we prove Lemma 10.1 and prove Lemma 9.1 using Lemma 10.1.

Lemma 9.2 is a direct consequence of Lemma 11.1 consisting of parts (1) and (2).

In §11 we prove Lemma 11.3 and state Lemma 11.6 consisting of parts (1) and (2).
Using Lemma 11.3, we prove an implication Lemma 11.6(1) (resp. (2)) = Lemma
11.1(1) (resp. (2)). We also prove Lemma 11.6(1). This completes the proof of
Lemma 11.1(1) and reduces Lemma 9.2 to Lemma 11.6(2).

In §12 we state Lemma 12.1 consisting of parts (1) and (2) and prove an implica-
tion Lemma 11.1(1) (resp. (2)) = Lemma 12.1(1) (resp. (2)). This completes the
proof of Lemma 12.1(1) using Lemma 11.1(1) proved in §11.

In §13 we prove an implication Lemma 12.1(1) = Lemma 13.1. Lemma 11.6(2) is
a direct consequence of Lemma 13.1. Thus Lemma 11.1(2) and Lemma 12.1(2) are
proved by the implications shown in §11 and §12.

Finally, in §13 we prove Lemma 9.3 using Lemma 12.1(2) and Lemma 10.1.

10. Proor or KEY LEMMA I

Let the notation be as in §9. In this section we will prove Lemma 9.1.

Lemma 10.1. Take a regular closed point v € C and Zy,Zy € Div(X,C)" such
that x € Zy N Zy and that Z; m C at x for i = 1,2 (¢f. Definition 1.1). Assume
(Z1,Z5), > e+ 1 for an integer e > 1. Then

{14+a}z,0—{1+a}z,. € FPHOW(X,C)  for a € Ox.(—D).
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The following lemma will be used several times in this paper.

Lemma 10.2. Let X be a noetherian scheme, E be an effective Cartier divisor on
X, and A be an effective Cartier divisor on E. Let F be a coherent Ox -module such
that
H' (X,F ® Ox(~E)) = H'(B, F|p @ Op(—A)) = 0.
Then the restriction map 74 : H(X,F) — H°(A, F|a) is surjective.
Proof. The map r4 factors as
HY(X,F) — H°(E,F|g) — H°(A, F|a).

The first (resp. second) map is surjective due to the first (resp. second) vanishing
of the cohomology group. This proves the lemma. O

Now we start the proof of Lemma 10.1. For a later purpose we assume only e > 0
(not necessarily e > 1). For an integer d > 0, let £(d) = |dH| be as Definition 7.2.
Take d sufficiently large so that we can choose F' in £(d) satisfying the conditions:

(b1) FmC,x € F, FNCN(Z1UZy —x) =, and F M Z; at x for i =1,2.
(»2) Let £ = (e+1)C and A C E be the part of (e+1)F|g supported at . Then

HYX,0x(=D—2E+(e+1)F)) = HY(E,Ox (=D —E+(e+1)F)® Op(—A)) = 0.

Then take d’ sufficiently large (compared with d chosen above) so that we can choose
integral hypersurface section H' in £(d') satisfying

(&l) (FNC)—2x CH andz ¢ H'.
(%2) HmC at (FNC)—zand H'MF at (FNC) — x.
For + = 1,2 we put
(10.1) F;=Z;+ H' €Div(X,0)".
Choose 7, mp, f € Ox rnc such that locally at F'NC,
C =divx(w), D =divx(rp), F =divx(f)

so that (7, f) is a system of regular parameters in Ox pnc. Let mpnc = (f,7)
denote the radical of Ox rnc.

Claim 10.3. There ezist ui,us € O% pre such that F; = divx (m — u; f) locally at
FNC and that
(10.2)  wy —ug € (m —uaf, f) Cmpne, w1 —uz €my forye (FNC) -z,

where my, is the mazimal ideal of Ox , (the second condition of (10.2) is contained
in the first except the case e =0).

Proof. Let g; € Ox, pnc be alocal equation of F; at FNC. By (&1) we have FNC C
F; so that g; € mpnc and we can write g; = a;m + b; f for some a;,b; € Ox e
By (»1) and (#2), F; m F and F; mC at any y € FNC. It implies a;,b; € O% pre
proving the first part of the claim. By (10.1) we have
(10.3) Ox,rnc/(m —usf) = Op, rnc = Oz,0 X O pac—z-
By (»1), locally at FNC — x. we have H = Fy = F, so that

(m—urf) — (7 —uaf) = (w1 —u2)f =0 € O pric—a-
By (#2), f is not a zero divisor in Oy prc—, 50 We get
(10.4) (up —ug)|gr =0 € On' Frc—z-
This implies the second condition of (10.2). By the assumption of Lemma 10.1

(21, Z2), = lengtho, (Ozy/(ur —us)f)) = e +1,
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which implies (u; —ug)|z, € (f¢)Oz,,» noting that f generates the maximal ideal of
Oz, since Zy M F' at z. In view of (10.3) and (10.4), we get
(ur —u2)|r, € (f)Or,Frc,
which proves the first condition of (10.2). O
Claim 10.4. Let the notation be as Claim 10.5. Take any ¥ € Ox . Fore >1
(1 +usTWrp} 2y 0 — {1+ usTWnpY 2, 0 € FPHOW (X, C).
For e =0 we have
{1+ (ug —u2)97p} e + {1+ wdnplz, o — {1 +uednp} 2, . € FPTOW (X, 0).
By Claim 10.3, we have
(ur —u2) iz, € (f)O0z.2 = Oz,2(—eC) fori=1,2.

Hence the first assertion of Claim 10.4 implies Lemma 10.1 noting uy, us € (’))X(,m.

We now prove Claim 10.4. Putting

F=0x(-D—-(e+1)C+(e+1)F),

we have an isomorphism
OX,m

niEE e ey

~ Ox/(x*H, f)

c- 7TD(§)6+1 — cmod (7T, fTY) (e € Ox.).
By the assumption (»2) Lemma 10.2 implies that the natural map
v HY (X, F) = F @ Ox o/ (x°t, f1)
is surjective so that we can find
(10.5) a € H'(X,0x (=D — (e + 1)C + (e + 1)F))

such that
p(u(a)) =9 € Ox,/(x°F, o).
It implies

(10.6) a= m(%)eﬂ with v € Ox.pneo such that v — ¢ € (71, T Ox ,

Put
(10.7) Z =divy(l+a)+ (e + 1)F.
By Lemma 1.15(1) Z € Div(X,C)" and ZNC = FNC. (10.6) implies
(10.8) Z =divx (f¢ + mpn®tt . 5) locally at F N C.
Put b= =" ¢ 1 (X). By Claim 10.3 we have
T —ugf

diVX(b):Fl—FQ—i-G:Zl—ZQ—l-G,

where G is a divisor with G N FNC = &. Noting ZNC = FNC, we may apply
Lemma 1.15(3) to 1 + a and b to get

(10.9)  {1+a}z —{1+a}z — {b}z + (e + 1){b}p € FPHVOW (X, ).
Since FNCN(Z1UZy —z) =@ by (»1), we get for i = 1,2
alz; € Oz, y(—D — (e+1)C)) forye (Z;NC) — x.
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Noting 7 = u;f in Og, , (cf. Claim 10.3) and that Z; m F' and Z; @ C at z, (10.6)
implies

OZi,l‘(_D)
OZi,x(_D - (e + 1)0)

e+1

_ — e+l
alz, =u; "yrp =u drp €

(i=1,2).

Hence (10.9) implies

{1 +U(13+1797TD}Z1,:1: — {1 +U§+1197TD}Z2,33 — {b}z+ (€+ 1){b}p € F(D+(e+1)C)W(X, C)
Hence Claim 10.4 follows from the following claims:

(10.10) {b}z — (e+ 1){b}r € FPHOIW(X,0) fore > 1,

(10.11)  {b}z — {b}p — {1 + (u1 — ux)V7p}r, € FPTOW(X,C) fore =0,

Claim 10.5. There ezxists b' € O pro such that V| = bl € Oz pnc and that

(10.12) (b,/b)|p el+ OF,ch(—D —eC) fore>1,

and that for e =0,

(10.13) V' /0)|p€l+ Opy(—D —C) forye (FNC)—uz,
Orpx(—D)

10.14 ! =1 — —

( 0 ) (b /b)|F + (U1 U2)197TD € Op,x(—D — C)

First we finish the proof of Claim 10.4 (and hence that of Lemma 10.1) assuming
the above claim. Since b’ € O)X(,Fﬂc, we may apply Lemma 1.15(4) to 1 + a and ¥’
to get

M}z — (e+1){¥}p € FIPHEDOW (X ).
We have {bl}z = {b}z since bI|Z = b|Z € OZ,FQC'. Ife Z 1, (10.12) implies
{'}r = {b}r € FPHOW(X,0),
which implies (10.10). If e = 0, (10.13) implies {0'}r, — {b}r, € FPtOW(X,0)
for y € (FNC)—x, and (10.14) implies
{V'} e — {b}ra — {1+ (u1 —u)V7plr, € FPTIOW(X,0),
which implies (10.11). This completes the proof of Claim 10.4.
Proof of Claim 10.5: For e > 1 Claim 10.3 implies

(10.15) ug —uyp =n(r —usf)+ Bf¢ withn, 5 € Ox Frc.
For e = 0 we put f = us —uy and n = 0. Then
T—u Us — U e+l
pmmuf _ (mw)f R
T — usf T —usf T — usf
(10.8) implies f¢T!|; = —ymrpr®t!t € Oz prc so that
ﬁfe—l—l B _ﬁ,yﬂ_Dﬂ.e—l—l(s _
G = et e =0l € Qo
where . L rert
met! — ugt fe ~Bymps
5= 2 , 0= €0 .
T —ugf 14 yuStrp wrne

Thus, taking o/ =1+ nf +6 € Ox rnc, we get blz =V|z € Oz pnc. On the other
hand, we have b|p = 1 so that (b'/b)|r =140 € O rnc. We have 0| = 7° so that
0|r € Tpm°OF,rnc, which proves (10.12). Assume e = 0. We have 6|z = 1. Hence

(u1 — u2)ymp

10.16 1+0|lp=1+
( ) | 1+ yuemp

€ OF,rnc-
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By (10.6) and Claim 10.3, we have
YlF = 0|Fr € TOpg, and (u; —uz)|p € TOpy forye (FNC)— .
Hence (10.16) implies (10.13) and (10.14), and Claim 10.5 is proved.

Finally we prove Lemma 9.1. In case (Z1, Z2), > 2, we have v; — v € m, so that
(v1 —v2)|r € Opg(—C) and (vi — v2)|z; € Oz (—C) for i = 1,2. Hence Lemma
9.1 follows from Lemma 10.1. We assume Z; M Z at x. By Lemma 10.1, we may
replace F' by any curve which is regular at x and tangent to F' at x. Hence we may
take F' as in the beginning of the proof of Lemma 10.1. Then take H' and F; for
i = 1,2 as before. Then Claim 10.3 and (&1) imply Z; = divx (7 — u;f) locally at
x for i = 1,2. Hence we get u; — v; € my so that (u; — v;)|r € Opg(—C). Thus
Lemma 9.1 follows from the second assertion of Claim 10.4.

11. Proor orF KEY LEMMA II

Let (X,C) be in C (see Definition 1.9) and {C)}xer be the set of irreducible
components of C. Fix a Cartier divisor

D = Zm,\c,\ with my > 1.
el

Lemma 11.1. Let Z, with a € Pp(F') be as Definition 7.11 and take v € Z, N C
and X\ € I such that x € C). Assume

HY(X,0x (2D — C + (e = 1)F)) = H'(C,0c(—2D + F)) = 0,
(1) Assuming e > my, we have
{1+ 10z, practzen C FSP" YW (X, C) + FPHOW (X, €).

(2) Assuming (p,2my) = 1 and e > my(p" — 1) for a given integer n > 0, we
have

{1 + feJrIOZa,ch}me C ﬁ(DJrC)W(X, C) —l—p"ﬁ(I)W(U).

Lemma 9.2 is a consequence of Lemma 11.1 by the following remark.
Remark 11.2. Assuming p # 2, Lemma 11.1 implies the following:
(11.1) {1+ 102, prctz, 0 € FPTOW(X,0) + p" FOW(U)
for e > my(p™ — 1). Indeed, if my > 2, then 2D — Cy, > D 4+ C and Lemma 11.1(1)
implies (11.1) for e > my. If my = 1, then Lemma 11.1(2) implies (11.1) for
e>my(p"” —1).

In this section we prove Lemma 11.1(1). The proof of Lemma 11.1(2) will be
complete in §13.

Lemma 11.3. Let the notation be as in Definition 7.11 and the paragraph after it.
Fiz an integer 1 < e <e—1. Assume

(11.2) HY(X,0x(-2D — C +€F)) = H'(C,0c(-2D + F)) = 0.

For a € Pp(F), we have

2 2 2
{1—!—7;—?02@,}:‘(10}2& - {1+W?GWOZQ,ch}Za+{1+7T7DOZWF00}ZQ+F(2D)W(X, ).
Recall m,7p, f € Ox, rnc are such that locally at N C
C =divx(mw), D =divx(mp), F =divx(f)

so that (7, f) is a system of regular parameters in Ox pnc.
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2
™

2
=2 e+l ™D 1
= u fe+ € OZQ,FQC SO € fe+ OZQ,FQC-

o f fe
Proof. We fix a € Pp(F) and write Z = Z,. Take 1 + 7}?204 with o € Oz pnc. By
(11.2), letting A = (e — 1)F|¢ C C, Lemma 10.2 implies that the natural map
H(X,0x(—2D +€F)) — H°(A,0x(=2D + €F)|4)
is surjective. The target group is isomorphic to
Ox(=2D +€F) ® Ox,pnc/(f!,m) = Ox(=2D + eF) ® Oz,pnc/(f ),

where the isomorphism holds since Ox pnc(—2) C (f¢,7) C (f<1,7) by (7.16) and
the assumption € < e — 1. Hence there exist

a' € H(X,0x(—2D + ¢F))
and 3,7 € Oz rnc such that

Remark 11.4. By (7.16)

2 2 2

dlz = 7T—DaJr W—DBJr WDWV € Oz rnc-
fe f fe ’
This implies
’ 7T2D 7r2D ! 7T2D7T ! X
(11.3) (1+a)|Z:(1+Fa)(1+76)(1+ fe 7) €0z pne

where 8’ = fv~! with

2

v=1+ ;—?a =1—-7mpfuta € OE,FnC (cf. Remark 11.4)
2
and v = yv (1 + 7rTDB’)*I € Oz rnc- Put
Z'=divx(l +d')+ €F.

By Lemma 1.15(1), Z’' € Div(X,C)* with Z’NC = FN C. Locally at FNC,

2

(114) o = 07}—1—2 and Z' =divy(f + 75 ¢) withc € Ox pc.
By (7.16), letting b= f¢+ mp - u € k(X)*, we have
(11.5) divx(b) = Z+G for G € Div(X) such that |G|NFNC=g.

Noting Z'NC = F N C, we can apply Lemma 1.15(3) to 1 + o’ and b to get
{1+dYs —e{b}p + {b}2 € FECPW (X, C).

Hence (11.3) implies
2

2 2
{1+ %a}z +{1+ WTDB,}Z +{1+ Wj?f

Thus the proof of Lemma 11.3 is reduced to showing
(11.6) —e{b}p + {b}, € FEDIW (X, C).

Claim 11.5. There exists b € wp - O)X(,ch such that

v}z — b + {b} 7 € FEPIW(X,C).

(11.7) blruz =V|ruz € Oruz Frc-
Proof. We have
b= f°+mpu=urp(l—apfcu™) + f(f +mhe) € Oxpnc.

The second term is divisible by a local equation of FUZ" around FNC due to (11.4)
and the assumption € < e—1. Thus it suffices to take b’ = urp(1—7pf¢ ‘cut). O
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By Lemma 1.15(4) applied to 1 + @’ and b, we have
—e{b'Yp + {V' € FEPIW (X, 0).

which implies (11.6) since {b}r = {b'}r and {b}z = {b'} 7 thanks to (11.7) and the
fact Z' N C = F N C. This completes the proof of Lemma 11.3. O

Let the assumption be as in Lemma 11.1. By Lemma 11.3 and Remark 11.4,

2
s
{1+ "0z, prctz, C {1+ =20z rrctz,

fefl
7T2D7T 7% (2D)
c{l+ FOZE,FmC}Za + {1+ TOZQ,FQC}ZQ + WX, C)

2
c {1+ WTDOZG,FQC}ZQ + FPHOW (X, 0)

where the last inclusion holds since 7% 7/f¢ ! = —u"lnpr € Oy, pnc by (7.16).
Hence Lemma 11.1 follows from the following.

Lemma 11.6. Fiz a regular closed point © € C' and let A € I be such that x € Cy.
Let F € Div(X,C)" be such that v € F and F @ C at x. Take a local parameter f
(resp. w) of F' (resp. C) at x so that (w, f) is a system of reqular parameters at x.
Let Z € Div(X,C)" be such that locally at z,

(11.8) Z =divx(c- fC+7™) with c € Oxg,

where m > 0 is an integer. Consider the object (X,C’) of Bx, where g : X — X
is the blowup at x and C' = g*C (cf. Definition 1.10). Let Z' C X be the proper
transform of Z.

(1) If e > m, we have

2
™ k
TD € Oyt ync(—g" (2D = Cy)).

In particular we have

2
{1+ %Oz,m}z,m e FP "YW (x,0).
(2) Assuming (p,2my) =1 and e > m(p™ — 1) for an integer n > 0, we have

2
1+ WTDOZ@}Z@ e FeOW (X, C) + p" FOW ().

In this section we prove Lemma 11.6(1). The proof of Lemma 11.6(2) will be
given in §13. Note that Lemma 11.1(1) follows from Lemma 11.6(1).

Let C} be the proper transform of C) and E = g~ !(z) be the exceptional divisor
so that g*Cy = C4 + E. Let F' be the proper transform of F in X. We claim
Z'NF'NE = @. Indeed f/m (resp. ) is a local parameter of F' (resp. F) at
F'NE. By (11.8) and the assumption e > m, Z' is defined locally at F' N E by
c(f/m)eme™™ 4 1, which implies the claim. Noting that f is a local parameter of E
at any y € E — (F' N E), we have

2

T
TD € Oz, 72ne(=29"D + E) C Oz zne(—g" (2D — C)))

noting —2¢*D + E = —2¢*D + ¢*C\ — C} = —g*(2D — C,) — C}. Lemma 11.6(1)
follows from this.
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12. Proor oF KEY LEMMA III

Let (X,C) be in C (see Definition 1.9) and {C)}xer be the set of irreducible
components of C. Fix a Cartier divisor

D = Zm,\c,\ with my > 1.
Al
The following lemma is a preliminary for the proof of Lemma 9.3 whose proof will be
completed in §13. In this section we prove only Lemma 12.1(1), which is necessary for
the proof of Lemma 13.1. Lemma 11.6(2) and hence Lemma 11.1(2) will be deduced
from Lemma 13.1. Lemma 12.1(2) will be then deduced from Lemma 11.1(2).

Lemma 12.1. Take a reduced Z € Div(X,C)" and x € Z N C and a dense open
subset V- C X containing all generic points of C.

(1) We have (cf. Definition 1.4(4))
(14 04.(-D)}z. c FPwW(x,0) + FP W (x,C) + FPTOW (X, C),
(2) Assume p # 2. For any integer n > 0, we have
{1+ 0z.(-D)}z. C EDW(X,C) + FPTOW(X,C) + p"FOW ().
Remark 12.2. (1) Letting (cf. (9.1))

(12.1) Co=> Cn with J={AeT|my>2},
reJ

Lemma 12.1(1) implies

FOW(x,0) c FOwW(x, ) + FL T (x, 0),

m

noting FP+OW (X, C) ¢ FP+OOW (X, C) ¢ FY W (X, 0).
(2) Assuming p # 2, Lemma 12.1(2) implies

FOW(x,c) c FPw(x,c) + FP*OW (X, C) + p"FOW(U).

m
Proof of Lemma 12.1. Take an integer d > 0 large enough that the linear system

|dH — Z] on X (H C X is a hyperplane section) is sufficiently very ample. By
Bertini’s theorem there are Fy, Fow € L(d) = |dH]| satisfying the following:

(11) HY(C,0c(=2D + F)) = 0 for any F € £L(d) (cf. Remark 11.2),
(82) Fy = Z+G for G € Div(X,C)" such that GMC, GNC CV,GNCNZ = &,
(#3) FoomMC and Foo NC CV,and Foo NC N Fy = @.
Let L € Gr(1,L(d)) be the line passing through F and F,, and consider the pencil
{Fi}ier- By (¢3) the following conditions hold:
(ﬁ4) FtﬂFt/ﬂngfort;ét’eL,
(#5) there exists a finite subset ¥ C L such that F; m C and F,NC C V for
teL—X.
Choose an identification L ~ P! = Proj(k[Tp, T1]) such that Fy = F; with t = (1 :
0) € Pl and Fy, = F, with t = (0: 1) € PL. Put

W :=Z+ Fy € Div(X,C)".

Take ¢ = p" with NV sufficiently large and a finite subset S C P*(F,)\({0,1,00}UX)
with s = deg; (S) large enough that the following conditions hold for F' € L(d):
(#1) HY(X,0x(-2D - C+ (¢ —2)F)) = 0.
(#2) H(X,Ox (=D =W + (s = 1)F)) = HY (W, Oy (-2D + (s — 1)F)) = 0.
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Put
=Y Fi+(qg—2)Fx, A=P(F,)-(SU{0,00}).
teA
We have Ox(0) ~ Ox((s — 1)Fy)) so that (#2) implies
H'(X,0x(=D+© —W)) = H'(W,0n (-=D + 6) ® Ow(-D)) = 0.
Thus Lemma 10.2 implies that the natural map
Ow,wnc(=D + ©)

: HY(X,0 F,+(¢g—2)F. —

teA
is surjective. (£2), (#3) and (f4) imply
ZNnen |@| =@ and OFoo,FooﬁC(@) = OFoo,FooﬁC((q — Q)Foo).
Hence the target of ryy is equal to

Oz znc(—=D) Op, Func(=D + (¢ = 2)F)
Oz znc(—2D) OF,Foenc(—2D + (¢ — 2)Fy)

Since Fiyy M C' we have an isomorphism

D -2
. Op, Fonc(=D + (¢ = 2)Fx @ k(o
OF.ponc(=D = C + (¢ = 2) 2EFQNC
Consider the composite map
p: HY(X,0x(~D +0)) = Op pnc(-D+ (4 - DFx)) > @ ha)
zeFoNC
By the surjectivity of ry, for given aw € Oz ,(—D), one can find
a € H(X,0x(-D =Y F, + (¢ - 2)Fx))
teA
satisfying the following conditions:
(#1) a|z = amod Oz4(—2D) and a|z € Ozy(—2D) forally € (ZNC) — x,
(#2) () = (1,...,1).
(%2) implies a € Pp 4 2(Fx) and we put (cf. Definition 7.11)
Zy=divx(14+a)+ (¢ —2)Fx.
Take rational functions
Ty
T —Tj

p= and b=1—p?ton L =P,

We have
divx(b)= Y. FR+(1-qF +F withFR=2Z+G.
teAL (Fy)—{0,1}
y (#2), (43) and (#4), no component of divx(b) passes through F,, N C. Noting
blp, =1 and (1+a)|p =1 forte A=PYF,)— (SU{0,00}),
Lemma 1.15(1) implies

(122)  W(X,0)30={l+a}lz+{l+ale+ Y {1+a}p+{l-p" "}z.
tes

(d1) implies
{1+ a}ze— {14}z, € FEPW(X,0),

{I+a}zy € FCOIW(X,C) forye (ZNnC) - .
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By (82) and (#4), FooNGNC =@ and F,xc NF; NC =@ for t € S so that
a € Oxgne(—D) and a€ Oxpnc(—D) forteS.
Finally, using (1) and (&1), Lemma 11.1(1) with e = ¢ — 2 implies
{1-p" Y, € FEP W (x,C) + FPTOW (X, C).
Recalling GMC C V and FymC C V for t € S, this proves Lemma 12.1(1) since the

third term of (12.2) lies in FLL)W (X, C). Lemma 12.1(2) would follow from Lemma
11.1(2) (cf. Remark 11.2) whose proof will be complete in §13. O

13. Proor or KEY LEMMA IV

In this section we finish the proof of Lemma 11.6(2). Note that this completes
the proof of Lemmas 11.1 and 12.1 and hence Lemma 9.2. Lemma 11.6(2) follows
from the following lemma where we take 2D in Lemma 11.6 for D in Lemma 13.1.
Let the notation be as in the beginning of §12. Recall

D = Zm)\C)\ with my > 1.
el

Lemma 13.1. Fiz a regular closed point x € C and an integer n > 0. Let F €
Div(X,C)" be such that x € F and Fm C at v and X\ € I be such that x € C).
Take a local parameter f (resp. w) of F' (resp. C) at x so that (7, f) is a system of
reqular parameters at x. Let Z € Div(X,C)" be such that locally at x,

(13.1) Z =divx(u- f* + 1) with u € Ox 4, a,b € Zsy.
Assume
(13.2) (p,my) =1 and b > a(p™ —1).

Then we have (cf. Definition 1.4)
{14 02.(~D+F)}z, € FOW(X,C) 4+ p"FOW (V).
For the proof of Lemma 13.1, we need a preliminary lemma.
Lemma 13.2. For a fized integer n > 0, put

Cp=Y O\ with Jp={rel| 2 ez}
AEJp p
For Z € Div(X,C)" and x € Z N C, we have

{14 0z.(~D)}z. C FPTPW(X,C) +p"FOW(X, C).
Proof. By Remark 12.2(1) we have (noting Cp C Cj)
{14 024(-D)}z0 C B TW(X,C) + FPW (X, ).

Hence the lemma follows from the following fact: for integral F' € Div(X,C)" such
that FmC at y € FFNC, we have

14 Opy(—D) C (14 Opy(~D = Cp)) - (14 O, (-O))"".
Indeed, letting A € I be such that y € 'y, we have an isomorphism
14+ Opy(—D) 1+ OFy(—m\C))
14+ Opy(—D —Cp) 14 Opy(—(my+1)C))

if A € Jp, and otherwise the group on the left hand side vanishes. The desired fact
is checked by using p™|m) if A € Jp and the perfectness of k(y) (use the equality
(14+a)?" =1+ a?"). O
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Proof of Lemma 13.1 Taking a local parameter mp of D at x, we want to show
(13.3) {1+ O/FTD}Z,,c e FOW(X,C) 4+ p"FOW(U) for a € Ox,.

For integers m > 0, we inductively define
(Xma C;m Em, xm)

as follows. For m =0, Xg = X, Cj = C, Ey = &, xy = . For m = 1, let
g1 : X1 = Blz(X) — X be the blowup at z, C| C X; be the proper trans-
form of C, F; = g; '(x) be the exceptional divisor, and z; = C} N E;. Assum-
ing (X;—1,C),_1, Em—1,Zm—1) defined, let g, : X, = Bly,, (Xm—1) = Xm—1,
C! C X, be the proper transform of C!, |, E,, = g (2 1), and z,, = C!, N Ey,.
Let

¢m =gmo--og1: Xpm = X,
be the composite map, Cp, = ¢, (C)red, and E; ,, C X, be the proper transform of
E; C X; for 1 <i<m — 1. We also define Ey; as the proper transform of F'. Note
that (X, Cy,) is an object of By but not in By (cf. Definition 1.10). We easily see
that the following facts hold for m > 1:

(x1) (m/f™, f) is a system of regular parameters of X, at z,.

(¥2) f is a local parameter of E,, C X, at any point y € Ep\Ep—1 .

(x3) Let Z,, C X,, be the proper transform of Z in (13.1). If b > am, Z,, is
defined locally around Ep,\Ep—1,m by (7/f™) + ufb= ™. We have

b>am <= ZnNén' (2) C Ex\Em 1.m,

b>am+1 < Z,No ' (x) = 2.
(x4) ¢;,C =Cp,+ mEm+ 30 iEym,

1<i<m—1
By the assumption (p,my) = 1, there is a (unique) integer m such that 1 < m <
p"—1and p"|mmy—1. Take y € Z,,Ne,, (x). By (13.2) we have b > a(p"—1) > am
and (x2), (*3) and (x4) imply

0 c0y,, (~¢5,D+Ey) and ¢5,D — Ep >0

f

and hence

{1+ a”TD}Zm,y € FOnD-Em) |y (X, C) for o € Ox .

By (*4) the multiplicity of E,, in ¢}, D — Ey, is mmy — 1. Since p"|mmy — 1, Lemma
13.2 with Remark 1.13 implies

(14072 2 € W (X, Con) o+ " F W (X, C).

Noting F(C)W (X, Cpn) € FOW (U), this implies (13.3) and completes the proof
of Lemma 13.1.

14. Proor or KEY LEMMA V

Let the notation be as in §9. In this section we prove Lemma 9.3.

Lemma 14.1. Let g : X — X be the blowup at a closed point of C' and C =
g HC)rea. Then, for any integer N > 0, we have

(14.1) FYPw(x,C) c FOW(X,C) + FO @Oy (X, 0.
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Proof. Put D = ¢*D € Div(X,C)*. It suffices to show

{1+ Opy(=D)}p, c FOIW(X,C) 4 FO PNy (x| C)
for any reduced F € Div(X,C)* such that F @ C and for any y € FNC.
Claim 14.2. Let x = g(y). We may assume r(x) = k(y).

Indeed, take a finite Galois extension k' of k£ and consider the diagram

=, ¢ ~
X —X

g'l lg

/
X—>¢X

where X' = X @, k' and X' = X @, k. Let ¢' = ¢*C and C' = ¢*C. Note
that these are reduced since ¢ and ¢ are étale. Take a point y € X’ lying over
y and let 2’ = ¢'(y’). Taking k' large enough, we may assume rx(z') = k(y’). Set
F' = ¢*F € Div(X',C")*. Then F' is reduced and F' m C'. Thus we may assume

(14.2) {1+ OF’,y’(—g'*D')}F’,y’ C F(D')W(X', ') + Fg’*(D""N'C')W()N(',C"),
where D' = ¢*D. Note
(14.3) g (D'+N-CY=g"¢*(D+N-C)=¢*¢"(D+ N -O).

We have a commutative diagram

~ o~ NFI/F ~
1+ 0F17yl(—¢*D) —1+4+ OF,y(_D)
l{ ’}F’,y’ l{ ’}F,y

N

FO DWW (X, ¢y —— FOW(X, C)

|- -
. N,
FODW (X', ") —— FOW (X, C)
where Ny (resp. Nq;) is induced by the norm map (1.2) for ¢ (resp. (;3), and Npr/p
is the norm map induced by F" — F. Since F' — F is étale, Np/p is surjective

after replacing O,y and Of, by their henselizations. Noting Remark 1.13, (14.1)
follows from (14.2) and (14.3) and

N (FO's (D+N-Clyy (X1, 01)) € FO (PHN-Ow (X, ).
This completes the proof of Claim 14.2.

Now we prove Lemma 14.1 assuming x(z) = k(y). By Lemma 14.3 below, for
any integer m > 0, there exists G € Div(X,C)" such that G is regular at x and
(G',F)y > m + 1 where G’ is the proper transform of G in X. Lemma 10.1 implies

{1+ Opy(=D)}ry C {1+ Or y(—=D)}aryy + FOTOW (X, €.
We have mC > N - g*C for m sufficiently large so that
{14+ Opy(~=D)}ry C {1+ Ogry(—=D)}gry + FO PNy (X ).
Since G is regular at x = ¢g(y), G’ — G is an isomorphism at y. Hence we have
{1+ Oc y(=9"D)}ery = {1 + Oce(=D)}a,e in W(U).
This completes the proof of Lemma 14.1. O
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Lemma 14.3. Let X be a smooth surface over k and x € X be a closed point and
g: X" — X be the blowup at v with E = g~'(z). Let 2’ be a closed point of E such
that k(x) = k(2'). Let F C X' be an integral curve such that ' € F and F M E at

x'. Then, for any integer m > 0, there exists a curve G C X such that G is reqular

at x and (G',F)y > m + 1 where G' is the proper transform of G in X'.

Proof. We can take a system (s,t) of regular parameters of Ox , such that letting
Ey = divy(s) and Ej C X' be the proper transform of Ey, F N EyN E = @. Then
E — (E{, N E) = Spec(k(x)[t/s]) and there is ¢ € k(x) such that 2’ is given by the

e~

ideal (t/s —¢). For h € Ox , = k(x)[[s, t]] write

o0
h = Z h; with h; =0 or h; € k(z)[s,t] homogeneous of degree i.
i=0
Then we define in(h) = h;, with i, = max{i | h; # 0}. By [ZS, Ch.VIII§7 Bilinear
Lemma] we have the following.

Claim 14.4. Assume in(h) = QR for non-constant homogeneous Q, R € k(z)[s, ]

which have no common prime factor. Then there exist q,r € k(x)[[s,t]] such that
h=qr, Q@=1in(q) and R =in(r).

Let f € Ox, be a local equation of g(F) C X. Putting d = iy, we can write
in(f) = Z a;t’s?7 with a; € k().
1<j<d
Then we have
B xxr F = Spec r(x)[2]/(p(2))  with ¢(z) = Y a;2.
1<j<d

Since FME at 2/, this implies a decomposition in(f) = (t—cs)H where H € r(z)[t, s]
is not divisible by (¢ — ¢s). By Claim 14.4 there exist g, f' € x(z)[[s,t]] such that
f=g9f',in(g) = (t —es) and in(f') = H. Then, taking G = divyx ,(¢') (cf. Remark
6.4) for ¢’ € Ox, such that ¢ = g mod (s,¢)™"? in Ox,, one easily see that G
satisfies the desired property of Lemma 14.3. O

Put (cf. (9.1))

(14.4) Co=>» Cn with J={XeI|my>2}
AeJ
Take a dense open subset V' C X containing all generic points of C.

Lemma 14.5. (1) Let g : X — X be a map in Bx (cf. Definition 1.10). Note
that C = ¢*(C) is reduced. Then

(14.5) FUDW(X,C) c FOW(X,C) + FPTOwW (X, 0).
(2) For any integer N > 0, we have (cf. Definition 1.4(4))

FPwx,0) c FPw(x,0) + FP™N O (x, 0).

m

Proof. To show (14.5), we first assume g is the blowup at a regular closed point =
of C. By Remark 12.2(1) applied to (X, C), we have

FUDW(X,0) c FYPW(X,0) + FYPHOw (X, 0),
where Cj is defined for ¢*D as (14.4). Clearly Cy = ¢*Cj so that
Y P Ow (X, ¢) = FY PO w (X, ) = FPTOW (X, 0),
where the second equality holds by (1.3). Hence (14.5) follows from Lemma 14.1.
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Now we prove (14.5) in general case by induction on the number of blown-up
points. Decompose g as

g: X 5 X' 2 X with D' = ¢*D, D =¢*D' =¢'D,

where ¢ is in By and 1 is the blowup at a regular closed point of C' = ¢*C. By the
induction hypothesis applied for ¢, we have

(14.6) FOW (X', ¢y c FPOW(X,0) + FPTOw(x,0),
By applying to ¥ what we have shown, we get

(14.7) FOW(X,¢) c FOW (X', ¢y + FS D x ¢,
where CJ is defined for D" as (14.4). Noting that ¢ is in Bx, we see ¢*Cy = C{, and
FP W (x7 ¢y = B POy (x, oy = BP0 (X, 0.
Thus (14.5) follows from (14.6) and (14.7) .

Next we show Lemma 14.5(2). By induction on N, we may assume N = 1. By
Remark 12.2(1) we have

FOW(X,C) c F.

m

Dwx,c) + FPTw(x,0).
Hence it suffices to show
FPwW(x,c) c FOW(X,0) + FPT (X, 0).
This is a direct consequence of (14.5) and Definition 1.12. O
Lemma 14.6. (1) Let g : X — X be a map in Bx (cf. Definition 1.10) and
C =g Y(C)reqa- Then, for any integer N > 0,
(14.8) FOUDIW(X,C) c FPOW(X,C) + FPHN-Cw (x, C).
(2) For any integer N > 0, we have (cf. Definition 1.4(4))
FOWw(x,0) c FPw(x,0) + FOHNOW (X, ).
where V' is any open subset of X such that V N C is dense in C.

Proof. (2) is shown by the same argument as the proof of Lemma 14.5(2) using
(14.8) instead of (14.5). We show (14.8). Write D = ¢g*D € Div(X,C)*. First we
assume ¢ is the blowup at a closed point x € X. Fix IV in the lemma. By Lemma
14.5(2) applied to (X, C) and D, for any integer M > 0 we have

(14.9) FOW(X,0) c FPW(X,0) + FPMOw (X, 0),

where Cj is defined for D as (14.4). We have |¢~"(Cy)| C |Co| so that M - Cy >
N - g*Cy for M large enough. Then

(14.10)  FLPHOy (% @) ¢ B PNy (% ¢) ¢ FRHN W (X, 0).

Thus (14.8) follows from (14.9), (14.10) and Lemma 14.1.

Now we prove Lemma 14.6 in general case by induction on the number of blown-
up points. The reduction argument is similar to that of the proof of Lemma 14.5(1).
Decompose g as

g: X 5 X' 2 X with D' = ¢*D, D =¢*D' =¢'D,

where ¢ is in B x and 1 is the blowup at a closed point of ¢~ !(C). By the induction
hypothesis applied for ¢, we have

(14.11) FPYW(x' ¢y c FPOW(X,C) + FPHN-COw (X, 0),
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where C" = ¢=1(C),eq. By applying to ¢ what we have shown, we get
(14.12) FOW(X,¢) c FPYW(X', ") + FP'+MCoyy (X!, ")

for any integer M > 0, where C}, is defined for D’ as (14.4). We have |¢~1(Cy)| C |C}|
so that M - Cj > N - ¢*Cy for M large enough. Hence

FPHMCoyy (X! ') ¢ @ PENColyy (x! ¢y = FPHNCoy (X, 0).
Thus (14.8) follows from (14.11) and (14.12). O
Remark 14.7. If D > 2C', then Cy = C so Lemma 14.6(2) implies

FOWw(x,0) c FPw(x,0) + FPHNOW(X,0) for any N > 0.

Lemma 14.8. Let the assumption be as in Lemma 14.6(1). Assume p # 2. For
any integers N,n > 0 we have

(14.13) FYUPIW(X,C) c FOW(X,C) + FPHNOW (X, C) + p"FOW (D).
Proof. Put D = ¢*D. By the same induction argument as the proof of Lemma

14.6(1), we are reduced to the case where g is the blowup at a closed point € C.
By Remark 12.2(2) applied to X, C, D, we have

FOW (X, ¢ c FOW(X,0) + FOOW (X, E) + p" FOW (D).
Noting D+C > ZC~’, Remark 14.7 applied to )Z', C’, D+C implies
ﬁ(D"'é)W(X,C') C Fmgf))W(X,é) + ﬁ(f)"'M'é)W(X,C’) for any M > 0.
Taking M large enough so that M - C > N - ¢*C, we have
FO+MOyy (X &) ¢ FO"PHN-C)yyr (X, () = FOHN-Ow (X, ).
Thus we get

FOW(X,0) c FPW(X,0) + FP+HNOWw (X, 0) + p" FOW(U).

Now (14.13) follows from Lemma 14.1. O
Finally we prove Lemma 9.3. By Remark 12.2(2) we have
FOW(x,0) c FDW (X, 0) + FPHOW (X, C) + p"FOW (V).
Noting D + C' > 2C', Remark 14.7 implies
FOrOW (x,C) c FDW(X,0) + FPHNOW (X, C).

m

Thus it suffices to show
FOw(x,c)c FPW(X,C) + FPHNOWw (X, C) + p" FOW (U),

which follows from Lemma 14.8 and Lemma 1.11.

15. APPENDIX

In this section we give a sketch of a proof of Lemma 2.6. For a ring R over [,
and for an integer ¢ > 0, put

SCK,(R) = lim Ker (K;V™ (R[T]/(T™)) — Kq(R)),

n

where K V™ (R[T]/(T™)) is the subgroup of K,(R[T]/(T™)) generated by symbols.
For an integer n > 0 put

(15.1) Fil"SCEKy(R) = Ker(SCK,(R) — K™(RIT]/(T™))).
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Let T@KQ(R) be the p-typical part of S@KQ(R) as defined in [B, Ch.II §7] (see also
[Kal, p.636]). Letting I, be the set of positive integers not divisible by p, we have
the projection to the p-typical part:

n ~ ~
(15.2) TR = Z — MVnFn : SCKy11(R) = TCKy41(R)
nel, "
(see [B, Ch.II §1 (2.1)] for F;, and V;,). Recall the Artin-Hasse exponential

B(T) =[] @ =1)""/" e TCK\(R)
nel,

(Note SCK{(R) =1+ T - R[[T]] and E(T) = 7x(1 — T)). There is an isomorphism
Y W(R) — TCEK\(R) ; (ag,a1,a2,++) = [[ B(anT").
n>0
It induces a pairing
(153)  W(R) x Kg'™(R) = TCKy1(R) 5 (w51, 9q) = ()91, yg)-
For a discrete valuation field L with residue field F, let

(15.4) Resyyp: SCK (L) 47 SCK,(E)
be the residue map from [Kal, §2.5 Lemma 2.5]. For an N-dimensional local field
K as in (2.5), we define

Resgp, : SCKy41(K) — SCK;(F,) = (1 + TE,[[T])*
as the composite T'ry, r, © Resy, jky © Resp, i, © - - Resg gy _,, where Tryy g is the
trace map SCK; (ko) = SCK:(FF,). It induces natural maps (see (a) below)

Resp, : TCKn11(K) — TCKL(F,) = W (F,),

Resjyp, - TCKy11(K) MO W (F)) = W(F,) (s € Zoy).
By [Kal, §3.1 Th.2 and the argument on p.662], the p-part of U is induced by (2.1)
and a pairing
(o i WalK) < Ky (K) = Wy(By) ~ 2/p*Z,
which arises from the pairing (cf. (15.3))

Ress
K/Fp

W(K) x KM(K) = TCKy 1 (K) — " W,(F,).
Thus the commutativity of (2.6) follows from that of the following diagram

fil,, Ws(K)  x KM(K)/V"KNM(K) DL Z|p*Z

lstd Tp% Tps—l
m0b Gox Bx mi 0N Teo, B 27,
where F'*d is the map in (2.3). The latter commutativity follows from
s—1—1 s—1

Resi(/]Fp{E(CTp ), 1+aby---by_1,b1,... 7bN71} = —E(th )

(15.5) i
with h = Resi p (¢~ 'de Aadby A--- Adby ).

for a,by...,bny—1 € Ok, ¢ € K and i € Z such that vg(a) > m — 1 and that
pug(c) > —(m — 1) with 0 < i < s —1 or plog(c) > —m with 0 < i <
min{s,ord,(m)} — 1. The formula is checked by using the explicit computation
of the residue map in [Kal, §2.2 and §2.4].
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Here we give a sketch of the computation assuming:

(x) K is the fraction field of the henselization of F{¢, 7} at the prime ideal (),
where F' is a finite field and F'{¢, 7} is the henselization of F[t,n| at (¢, )
(this is the only case we use in this paper).

In this case we have N = 2 and k; = E := F{t}[1/t] and kg = F. We identify F
with a subfield of K. The formula (15.5) is then reduced to the following formulas

1

s—1—1 _ s—
(15.6) Resi/p {E(cT? ~ ), 1+ atm 't} = —B(f(c,a)T" )
with f(c,a) = Res%mp (c”lildc Aar™ dt) € F,
ResS.m {E(cT?"™ "), 1 + br™, 7} = —E(g(c,b)T""™")
(15.7) K/%

with g(c,b) = Res%/]Fp (cpi_ldc A bﬂ'mdﬂ'),

for a,b € E and ¢ = yn~¢ with v € E and e,i € Z such that ept < m — 1 with
0<i<s—1lorep'<m with0<i <min{s,ord,(m)} — 1. Noting

and that ep’ < m and ple if ep’ = m, we compute

i —eResp (ay?'dt)  if m = epi + 1,
(15.8) RGSSIZ(/]F (Cp _ldc/\ aﬁm_ldt) _ € €8E/]Fp (a'Y ) im .ep
! 0 otherwise,

; Res? (bvpi_ldy) if m = ep’
15.9 Res® o (P ~Vde A br™dr) = E/Fy ’
( ) CSK/F, (C cAom 7r) { 0 otherwise.

In what follows we only prove (15.7) ((15.6) is proved similarly). We will use the
following facts (cf. [Kal, §2.2 and §2.4]): Let L be a discrete valuation field with
residue field £ and Resr,/p be as in (15.4).

(a) Resp/p preserves the filtration from (15.1) and commutes with F;, and V.
In particular Resy, o 7, = 71 o Resy, g (cf. (15.2)).

(b) We have SaKq_H((’)L) C Ker(Resr,/)-
(¢) For a € SCK,(Oy,) with its image @ € SCK,(F), we have

Respp({a,m}) = a.

(d) Endow Sé’Kq(L) with topology by the filtration (15.1). For s € Z+g let
F*TCK,(L) be the closed subgroup of SCK,(L) topologically generated by

{E@aT?"),r,...,rq 1} and {E(aT?"),r1,...,7q 2, T} forn>s,
where a € L, 1,...,74-1 € L™ (for the second element, see (e) below). Put
T®,K,(L) = F*TCK,(L)/F*"'TCK,(L).

Then there is a well-defined map

R -1
%S Q% %T@qu(L) ) ar—/\



56 MORITZ KERZ AND SHUJI SAITO
We have Resy p(F?TCKy(L)) C FSTCKy(E) and the diagram

q,s
o

Q%_l — > T(I)qu(L)
Resg/El LResL/E
qg—1,s
012 == TP,K, 1(E) .

is commutative (see [Kal, §2 Prop.3]).

(e) For aring R over F, let S(R) = @ S,(R) be the sub-graded ring of
q>0

D K (RITTIT )

q>0

generated by the image of @ K" (R[[T]]) and T € Ki(R[[T]][T~']). For

920
n € Zsy let SM(R) = @S,Sn) (R) be the graded ideal of S(R) generated
q>0
by 1 +T"R[[T]] € Si(R). Then there exists a natural map (see [Kal, §2.2

Lemma 4])

lim S(R)/SSM(R) — SCK,(R),

n

which is an isomorphism if R is regular having a p-basis over F, (see [Kal,

§2.2 Cor.1]). In particular the symbol {z, T} € S@KQ(R) with z € S@Kq,l(R)
makes a sense. We have {7g(x),T} = tp{x, T} by [B, Ch.II §6 Prop.(1.1)(ii)].
(f) For an N-dimensional local field K, [Kal, (3) on p.679] and (a) imply

mr, Res /e, ({SCKy(K),T}) = 0.

Lemma 15.1. Let K be as in (x). Take integers d,j,e,m > 0 such that j|d and
je < m. Fiz~v,b € E and put £ =1 — yr~¢T%7 and define 0}, € 1 + TOk[[T]] for
0 < k < j inductively by

0p =1+ br™, O, =1+ (—1)F (00 - - - Op_y) ‘o™ kexbkd/s,

Then we have

{61+ br™, 7} = (1) {(=1)'*y 71,05, 7} mod Ker(rr, Resg/r,) C SCK;(K).
Proof. For A, B € K[[T]] with 1 + B # 0 we have a formula
(15.10) {14+TA,14+B} = —{-B(1+TA),1+(1+B) 'TAB} in Ko K[[T)][T"]).
From this and (e) we deduce

{61+ br™, 7} = —{—br™¢, 01,7} = —{(=1)"'b¢,0,, 7} in SCK3(K).
If m —e >0, (b) and (¢) imply {(—1)""1b,0;,7} € Ker(Resk/g,) so that
{6, 1+bn™, 7w} = —{£,01, 7} mod Ker(Resg/p, ).

Repeat the same argument by noting m — ke > 0 for k£ < j and the facts

{a,0, 7} € Ker(Resgr,) for k <j and a € Ok[[T]]",
{T,0k, 7} € Ker(ry, Resgp,) for k < j,
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which follows from (b), (¢) and (f), one obtains
{&,1+bn™ 7} = (-1)"H¢,0;-1, 7} mod Ker(7g, Resg/r,)

= (=1){(1 = 0;-1)¢, 05,7}
= (=1)7{(=1) by~ g U= Deg, 0;, 7} mod Ker(r, Resg/m,)
= (=1 {(=1) (1 = ;) ""by/ta™ Ve 05, m)
= (1) {7y, 0;, 7} mod Ker(7r, Resg/r,)
= (—1{(=1)"*"y 71, 05,7}

This completes the proof of Lemma 15.1. O

Now we prove (15.7). We take d = p*~! and j = p’ in Lemma 15.1. By the lemma
and (a), putting € = (—1)'*¢, we are reduced to showing

(15.11) 75, Resep {ev™'€,0;, 7} = E(hT?"),
td’y . L

R b if m = ep’,

(15.12) n= J Besiym, (07 20) _ r
0 if m > ep’

(note (—1)J = —1 by the assumption p # 2). we have
{€,0;,7} € {SCK5(K),T} + Fil”" SCK3(K) (cf. (15.1)).
Indeed, writing A = —y7~¢ and B = (—1)7(0p0; - - 0j_1) " Lon™Feqd,
(6,0;} = {1+ AT 1+ BT} = —{~BT%(1 4+ ATY7),1 + (1 + BT%) " ABT*+/7}
by (15.10). In view of (f) we get
75, Resm {€,05,7} € v, (Fil"™ SCK:(F,)) = Ker(W(F,) — Wy(F,)),
where the equality follows from [B, Ch.I §1 Remark 4.3 (ii)]. Recalling
0, =1 — (00 ---0,_1) “bom™ I TP
(a) and (c) imply (recall j = p')
R . ;
ey = {00t

Hence (15.11) follows from
7, Resp p {1 — by?' TP

s—1 s—1

cev} = Resy e {B(P' TP "), ev} = E(hT?" ),

where h is from (15.12). The first (resp. second) equality follows from (a) (resp.
(d)). This completes the proof.
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