ZERO-CYCLES ON VARIETIES OVER p-ADIC FIELDS
AND BRAUER GROUPS

SHUIJI SAITO AND KANETOMO SATO

ABSTRACT. In this paper, we study the Brauer-Manin pairing of smooth proper varieties over
local fields, and determine the p-adic part of the kernel of one side. We also compute the Ag
of a potentially rational surface which splits over a wildly ramified extension.

1. INTRODUCTION

Let k be a p-adic local field, and let X be a proper smooth geometrically integral variety
over k. Let CHy(X) be the Chow group of 0-cycles on X modulo rational equivalence. An
important tool to study CHg(.X) is the natural pairing due to Manin [M1]

(M) CHo(X) x Br(X) — Q/Z,

where Br(X) denotes the Grothendieck-Brauer group HZ (X, G,,). When dim(X) = 1, us-
ing the Tate duality theorem for abelian varieties over p-adic local fields, Lichtenbaum [L.1]
proved that (M) is non-degenerate and induces an isomorphism

L) Ao(X) = Hom(Br(X) /Br(k), Q/Z).

Here Br(X)/Br(k) denotes the cokernel of the natural map Br(k) — Br(X), and Ag(X)
denotes the subgroup of CHy(X') generated by 0-cycles of degree 0. An interesting question
is as to whether the pairing (M) is non-degenerate when dim(X) > 2. See [PS] for surfaces
with non-zero left kernel. See [Y2] for varieties with trivial left kernel. In this paper, we are
concerned with the right kernel of (M) in the higher-dimensional case.

1.1. We assume that X has a regular model 2~ which is proper flat of finite type over the
integer ring o, of k. It is easy to see that the pairing (M) induces homomorphisms

(1.1.1) CHy(X) — Hom(Br(X)/Br(2"),Q/Z),

(1.1.2) Ao(X) — Hom(Br(X)/Br(k) + Br(Z"),Q/Z),

where Br(X) /Br(k)+Br(.2") denotes the quotient of Br(X') by the image of Br(k) ®Br(.2").

If dim(X) = 1, then Br(2") is zero, and the map (1.1.2) is the same as (L) (cf. [CTOP]
1.7 (c)). Our main result is the following:

Theorem 1.1.3. Assume that the purity of Brauer groups holds for 2~ (see Definition 2.1.1
below). Then:
(1) The right kernel of the pairing (M) is exactly Br(Z"), that is, the map (1.1.1) has
dense image with respect to the natural pro-finite topology on the right hand side.
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(2) The map (1.1.2) is surjective.

Restricted to the prime-to-p part, the assertion (1) is due to Colliot-Thélene and Saito [CTS].
The assertion (2) gives an affirmative answer to [CT3] Conjecture 1.4 (¢), assuming the purity
of Brauer groups, which holds if dim(.2") < 3 or if 2" has good or semistable reduction (cf.
Remark 2.1.2 below). Roughly speaking, Theorem 1.1.3 (1) asserts that if an element of
w € Br(X) ramifies along the closed fiber of 2", then there exists a closed point 2 € X such
that the restriction w, € Br(z) of w is non-zero. We will in fact prove the following stronger
result on the ramification of Brauer groups:

Theorem 1.1.4 (Corollary 3.2.3). Let % be either 2 itself or its henselization at a closed
point. Put U := % [p~'] and assume that the purity of Brauer groups holds for % . If X" is
henselian local, then assume further that all irreducible components of Y are regular. Then
the kernel of the map

1/}:10 : BI‘(U) — H Q/Z y Wi (invv(w‘v»ver

vely

agrees with Br(% ), where Uy denotes the set of closed points on U.

The prime-to-p part of Theorem 1.1.4 has been proved in [CTS]. We will prove the p-primary
part of this result using Kerz’s idele class group [Ke]. The method of the proof gives also an
alternative proof of the prime-to-part in [CTS].

1.2. As an application of Theorem 1.1.3 (2), we give an explicit calculation of Ay(X) for a
potentially rational suface X/k, a proper smooth geometrically connected surface X over k
such that X ®; &’ is rational for some finite extension &’/k. For such a surface X, the map
(1.1.2) has been known to be injective (see Proposition 4.1.2 below), and hence bijective by
Theorem 1.1.3 (2). On the other hand, for such a surface X, we have

Br(X)/Br(k) ~ H&u(Gr, NS(X)),
where NS(X) denotes the Néron-Severi group of X := X ®, k, and G}, denotes the absolute

Galois group of k. Thus knowing the G-module structure of NS(X ), we can compute Ag(X)
by determining which element of Br(X') are unramified along the closed fiber of 2". For

example, consider a cubic surface for a € k*
X Tg’ + Tf’ + T23 + aTg’ =0 in ]P’ﬁ = Proj(k[Ty, T}, T», T3)).

If a is a cube in k, then X is isomorphic to the blow-up of P? at six k-valued points in the
general position (Shafarevich) and we have Ay(X) = 0. We will prove the following result,
which is an extention of results in [CTS] Example 2.8.

Theorem 1.2.1 (Theorem 4.1.1). Assume that ord,(a) = 1 mod (3) and that k contains a
primitive cubic root of unity. Then we have

Ao(X) ~ (Z/3)2.

In his paper [Da], Dalawat provided a method to compute Ay(X) for a potentially rational

surface X, which works under the assumption that the action of G, on NS(X) is unramified.
Theorem 1.1.3 provides a new method to compute Ay (X ), which does not requires Dalawat’s
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assumption. Note that p may be 3 in Theorem 1.2.1, so that the action of G}, on NS(X) may
ramify even wildly.

1.3. Let o0, be as before, and let 2" be a regular scheme which is proper flat of finite type
over 0. Assume that 2" has good or semistable reduction over 0;. Let d be the absolute
dimension of 2", and let 7 be a positive integer. In [SS1], we proved that the cycle class map

ot CHT N2 fm — HEH(, p™)

m

is bijective for any positive integer m prime to p. Here p,, denotes the étale sheaf of m-th
roots of unity. As a new tool to study CH?"*(.2"), we introduce the p-adic cycle class map
defined in [Sa2] Corollary 6.1.4:

ot CHY N (2) /ph — H2 (2, T (d — 1)),

Here T, (n) = %,.(n)s denotes the étale Tate twist with Z/p"Z-coefficients [Sa2] (see also
[Sch] §7), which is an object of D*(.2", Z/p"Z), the derived category of bounded complexes
of étale Z/p"Z-sheaves on 2Z". This object T, (n) plays the role of p>", and we expect
that T, (n) agrees with Z(n)* @ Z/p"Z, where Z(n)® denotes the conjectural étale motivic
complex of Beilinson-Lichtenbaum ([Be], [L2], [Sa2] Conjecture 1.4.1(1)). Concerning the

map o% ', we will prove the following result:
Theorem 1.3.1. The cycle class map Qﬁ? Lis surjective.

We have nothing to say about the injectivity of Q;lf ! in this paper (compare with [Y1]). A key
to the proof of Theorem 1.3.1 is the non-degeneracy of a canonical pairing of finite Z/p"Z-
modules
HX7H 2, %, (d— 1)) x Hy (2 ,%,.(1)) — Z/p'Z

proved in [Sa2] Theorem 10.1.1. We explain an outline of the proof of Theorem 1.3.1. Let
Y, U, A, be as in Theorem 1.1.4. Let X, and Yj be the sets of all closed points on X and
Y, respectively, and let sp : Xy — Y| be the specialization map of points. By the duality
mentioned above, there is an isomorphism of finite groups

HE (2,50 (d = 1)) = Hy o(2, %, (1)),

where we put M* := Hom(M,Q/Z) for abelian group M. We will construct an injective
map

whose dual fits into a commutative diagram

d—1
Qpr

CH™(2)/p" HE (2, %0(d - 1)) ——= Hy o( 2, %, (1))

B P ez B )" D (Br(Afp])"

z€Up veSpec(Az[p~1])o z€Uo
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Here v,,» denotes the direct product of the p"-torsion part of the map 1), in Theorem 1.1.4 for
all x € Uy, which is injective by Theorem 1.1.4 and its dual (¢,)* is surjective. Therefore
Theorem 1.3.1 will follow from this commutative diagram and the surjectivity of (6,-)* and
(1r)* (see §6 for details).

1.4. This paper is organized as follows. In §3, we will prove Theorem 1.1.4 in a stronger
form. In §4, we compute A, of cubic surfaces to prove Theorem 1.2.1. In §5 and §6, we will
prove Theorem 1.1.3 and Theorem 1.3.1, respectively.
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NOTATION

1.5. For an abelian group M and a positive integer n, , M and M /n denote the kernel and
the cokernel of the map M =2 M, respectively. For a field k, k denotes a fixed separable
closure, and G, denotes the absolute Galois group Gal(k/k). For a discrete G-module M,
H*(k, M) denote the Galois cohomology groups H¢,, (G, M), which are the same as the
étale cohomology groups of Spec(k) with coefficients in the étale sheaf associated with M.

1.6. Unless indicated otherwise, all cohomology groups of schemes are taken over the étale
topology. For a commutatitive ring R with unity and a sheaf .% on Spec(R)¢, we often write
H*(R,.7) for H*(Spec(R),.7).

1.7. For a scheme X, a sheaf .# on X and a point z € X, we often write H(X,.#) for
H(Spec(Ox.),.#). For apoint x € X, x(x) denotes its residue field. We often write X
for the set of all closed points on X. For a pure-dimensional scheme X and a non-negative
integer ¢, X ? denotes the set of all points on X of codimension ¢q. For an integer n > 0 and a
noetherian excellent scheme X, CH,,(X) denotes the Chow group of algebraic cycles on X
of dimension n modulo rational equivalence; if X is regular of pure dimension d, we often

write CH" (X) for CHy—,,(X).

2. PRELIMINARIES

In this section, we introduce some terminology and notions which will be useful throughout
this paper.

2.1. Purity of Brauer groups.

Definition 2.1.1. Let X be a noetherian scheme.

(1) For a closed immersion ¢ty : Z — X with codimy(Z) > 2, we say that the purity of
Brauer groups holds for the pair (X, Z), if R*,Gy,x = 0.
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(2) We say that the purity of Brauer groups holds for X, if the purity of Brauer groups
holds for any pair (X, Z) with codimx(Z) > 2.

Remark 2.1.2. There are some known cases on this purity problem:

(1) For a noetherian regular scheme X with dim(X) < 3, the purity of Brauer groups
holds for X ([Ga)).

(2) For a noetherian regular scheme X and a prime number ¢ invertible on X, the purity
of Brauer groups holds for X with respect to the /-primary torsion part ([RZ], [Th],
[FD.

(3) For aregular scheme X over [F),, the purity of Brauer groups holds for X with respect
to the p-primary torsion part ([Mi], [Gr], [Sh]).

(4) Let p be a prime number, and let £ be a henselian discrete valuation field of charac-
teristic zero whose residue field is perfect of characteristic p. Then for a smooth or
semistable family X over the integer ring of k, the purity of Brauer groups holds for
X with respect to the p-primary torsion part ([Sa2] Corollary 4.5.2). This purity fact
is a consequence of a result of Hagihara [Sa2] Theorem A.2.6, which relies on the
Bloch-Kato-Hyodo theorem on étale sheaves of p-adic vanishing cycles ([BK], [H]).

2.2. Milnor K-groups and filtration. For a field K, we define the Milnor K-group KY (K)
as
Ky (K) = (K*)**/ J,
where J denotes the subgroup of (K *)®? generated by symbols
a1 ® ay  with aj,a9 € K* anda; +a, =0 or 1.

When K is a discrete valuation field, we define the associated filtration UK (K) C KY(K)
(m > 0) as the full group K¥ (K) if m = 0, and as the subgroup generated by symbols of the
form
{1+7™a,b} witha € oxandb e K*
if m > 1, where ok denotes the integer ring of K and 7 denotes a prime element of oy. Let
p be a prime number which is different from ch(/’), and put
H(K) == HX(K, 1),

We define the filtration U™ on H?(K) as that induced by U™ on K3'(K) via the norm residue
symbol
KY(K) — H*(K).
Now let K be a henselian discrete valuation field of mixed characteristic (0, p). Let F' be the
residue field of ok, and let 7 be a prime element of 0. Put
7% = Ker(d : Q% — QL) 0% g = Im(dlog : K} (F) — Q).
Then by [BK] Theorem (5.12), we have isomorphisms
Q%‘,log @ Q}:‘,log (m = 0)7
(2.2.1) g H*(K) ~ < QL 0 <m<é,pfm),
OL/zr e F/FP (0 <m < ¢, plm)
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defined by the following assignments respectively for a;, as € ok and by, be, b3 € 05
{b1,bo} + {m, b3} — (dlog(by) A dlog(bs), dlog(bs)),
{14+ 7"ar, b1} + {1+ 7"ag, 7} = @ - dlog(by) —m™" - daz,
{1+7™a1, b1} + {1+ 7"as, 7} — (@ - dlog(by), @z ).

Lemma 2.2.1. Let K be a henselian discrete valuation field of mixed characteristic (0, p).
Let F be the residue field of 0. Then

(1) There is a short exact sequence
0 — Br(F)® HY(F,Q/Z) — Br(K) — Br(K")%" — 0,

where K" denotes the maximal unramified extension of K and Gp = Gal(F/F)
denotes the absolute Galois group of F'.
(2) If K contains a primitive p-th root of unity, then the image of the map

pBr(F) ® p1,(K) — ,Br(K) ® iy (K) ~ H*(K)

is contained in U H?(K), where ¢’ denotes the natural number p - ordg (p)/(p — 1).

Proof. (1) There is a short exact sequence
0 — H*(F,(K")") — H*(K,Gy) — H*(K",Gy)"" — 0
obtained from the Hochschild-Serre spectral sequence
Ey’ = HY(F, H'(K"™,Gy)) = H""(K,Gy),
and Hilbert’s theorem 90. The assertion follows from the direct decomposition
(K" ~ 7 x (6%)*, a+~ (ord(a),ar @),

where 7 denotes a fixed prime element of 0.
(2) The assertion is a variant of [BK] Lemma (5.1) (ii), whose details are left to the reader
as an exercise. [

3. UNRAMIFIEDNESS THEOREM FOR BRAUER GROUPS

Let k£ be a henselian discrete valuation field of characteristic 0 whose residue field F is
finite and has characteristic p. Let o, be the integer ring of k£ and put S := Spec(oy,).

3.1. Two generalizations on unramifiedness. Let %/ be an integral scheme which is faith-
fully flat of finite type over S. Let V be the divisor on % defined by the radical of (p) C 0.
We call w € Br(U) unramified along V, if w is contained in the image of Br(% ) — Br(U). If
% is regular, this condition is equivalent to that w belongs to the subgroup Br(% ) C Br(U).
Following the ideas of Colliot-Thélene—Saito in [CTS] §2, we introduce two generalized no-
tions of unramifiedness.

Definition 3.1.1. (0) We say that an étale morphism f : B — % is quasi-cs along V , if
it satisfies the following two conditions.
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(i) For any generic point 7 of V, there exists exactly one connected component B’
of B which splits completely over 1 (namely, the image of g := f|p/ contains
and g~!(n) is isomorphic to the sum of finitely many copies of 7).
(i1) Each connected component of B splits completely over some generic point of V.
(1) We say that w € Br(U) is quasi-unramified along V, if there exists an étale map
B — % quasi-cs along V such that w|g, € Br(Bj) belongs to the image of Br(B).
(2) We say that w € Br(U) is O-unramified, if its specialization w|, € Br(v) is zero for
any closed point v on U whose closure in % is finite over S.

Remark 3.1.2. (1) Let w € Br(U) be unramified along V. Then w is quasi-unramified
along V' obviously, and we see that w is O-unramified as follows. Indeed, for a closed
point ¢ : v — U whose closure in % is finite over S, there is a commutative diagram
of schemes

v = Spec(o,)

(I

U .9,

where o0, is the integer ring of x(v). Hence w|, is zero by the fact that Br(o,) is zero.
(2) For a generic point 17 of V, let A, be the henselization of 0, at its maximal ideal,
and let [, be the fraction field of A,. Then we have

(3.1.3) P Br(4,) ~lim Br(B),
nevo B
where B ranges over all étale %/ -schemes which are quasi-cs along V' (note that the
set of such B’s endowed with a natural semi-order is co-filtered). Hence w € Br(U)
is quasi-unramified along V' if and only if its restriction to €, .0 Br(X,) belongs to
the subgroup (B, cy0 Br(A4,).

(3) If % is regular and the purity of Brauer groups holds for % (in the sense of Definition
2.1.1), then w € Br(U) is quasi-unramified along V' if and only if w is unramified
along V. Indeed, assuming the purity of Brauer groups, one can easily see that the
restriction map

nev

HY (% ,Gn) — €D H) (%, Gu)
nevo
is injective, and that the restriction map
Br(U)/Br(%) — P Br(K,)/Br(A,)
nevo

is injective as well.

3.2. Unramifiedness theorem. Let 2" be either an integral proper flat scheme over S or its
henselization at a closed point. Let Y be the divisor on 2~ defined by the radical of (p) C Oy
Let Z C 2 be a closed subscheme of pure codimension one with Y C Z. Let Z; be the
union of the irreducible components of Z which is flat over S, and put  := 2" — Z;. Put

U=%2 -7, V=YN%, d:=dim(Z) = dim(%).
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By Remark 3.1.2 (1), the following implications hold for elements of Br(U):
quasi-unramified along V' <= unramified along V' = O-unramified.

The main result of this section is the following implication:

Theorem 3.2.1. Assume that % is regular in codimension 1. If 2 is henselian local, then
assume further that % = Z (andV =Y = Z) and that all irreducible components of Y
are regular. Then an arbitrary O-unramified element of Br(U) is quasi-unramified along V.

Remark 3.2.2. (1) By Remark 3.1.2 (2), the assertion in Theorem 3.2.1 is equivalent to
the claim that any O-unramified element maps to zero under the natural map
) — @ Br(K,)/Br(4,).
nevo

(2) If U is regular, then Br(U) is torsion. In this case the prime-to-p part of Theorem
3.2.1 is due to Colliot-Théleéne—Saito [CTS] Théoréme 2.1.

By Remark 3.1.2 (3), we obtain the following corollary:

Corollary 3.2.3. Assume that the purity of Brauer groups holds for % . Then the following
three conditions for w € Br(U) are equivalent:

(1) w is O-unramified.

(2) w is quasi-unramified along V.

(3) w is unramified along V, i.e., belongs to Br(% ).

We will prove Theorem 3.2.1 in §§3.3-§3.4 below.

3.3. An idele class group. Let the notation be as in §3.2. The following construction of
idele class groups is a slight modification of [Ke] §3 and §4 (cf. [S1]).

Definition 3.3.1. (1) A chain on 2 is a sequence of points P = (pg, p1,...,ps) on 2~
such that
{po} C{p} C--- C{ps},

where the closures are take on .2". The dimension d(P) of a chain P = (po, ..., ps)
is defined as dim {p_s}

(2) A Parshin chain on (2", Z) is a chain P = (py, ..., ps) such that dim@ = ¢ for
0 <7< sandsuchthatp; € Z fori <s—1landp, € U.

(3) A Q-chain on the pair (2", Z) is a chain P = (py, ..., ps_2, ps) such that dim@ =
iforie{0,1,...,5s—2,s}and thatp;, € Z fori < s—2and p, € U.

For a chain P = (py, . ..,ps), let @% p be the finite product of henselian local rings con-
structed as in [KS] Definition 1.6.2 (1) and [Ke] Definition 3.1, and let K p be the product
of its residue fields. By definition K'p is a ring over the residue field of p, and we have the
induced map if p; € U:

(3.3.1) tp : Spec(Kp) — U.

Let & (resp. 2) be the set of Parshin chains (resp. Q-chains) on (2, Z). For an integer
j >0, let &, be the set of P € & with d(P) = j).
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Remark 3.3.2. A closed point z € Uy gives rise to P, = (y,x) € S, where y is the unique
point of {x} N'Y. We identify U, with a subset of #?; by the assignment x — P,.

Definition 3.3.3. For a Weil divisor D such that |D| C Z, we define the idéle group of
(Z,D) as

(%, D) := Coker( P vk (Kp) — D Kg’(m_l(Kp)),

Pey pPew

where D(P) is the multiplicity of the prime divisor {p,—;} in D for P = (po, ...,ps) € Pa.
For Weil divisors D, D’ such that |D|,|D’| C Z and D" > D, we have a natural surjective
map
I(Z,D)— I(Z,D).
There exists a natural homomorphism
v @D Klip) 1 (Kp) = (2, D)
Qe2

whose (P, ())-componets 1p ) are defined as follows. Take Q) = (po, ..., ps—2,ps) € 2. If
P = (po, ... Ps—2,Ps-1,ps) € & for p,_1 € Z, the natural inclusion K C Kp induces
(note d(Q) = d(P))

Ypq KZI(Q)—l(K@ - KIC‘I/I(P)—l(KP)'
If P= (po,...,ps—2,ps—1) € & forps_1 € U, Kp is the product of the residue fields of
discrete valuations on K induced by ps_;. Thus we have the residue symbol (note d(Q) =

d(P)+1)
Ypg KZI(Q)A(K@ - K]L;I(P)fl(KP)'
Definition 3.3.4. Let D be a Weil divisor such that |D| C Z. We define the idéle class group
of (2, D) as
C(%,D) = Coker(@ K¥p (Kp) % 1(2, D)).
Pe2

Note that for P € &, Kp is a product of d(P)-dimensional local fields, and that there is a
natural injective map due to Kato [K] §3.4 Proposition 3

O3 BI'(KP) — Hom(KZ’(P)_l(KP), Q/Z)
Proposition 3.3.5. There exists a canonical homomorphism

®: Br(U) — lim Hom(C(Z',D),Q/Z)

|D|CZ

fitting into the following commutative diagram for any P € .

Br(U) —2~ ling ,  Hom(C(2’, D), Q/Z)

.
p l

Br(Kp) ——— Hom(K!» ,(Kp), Q/Z)
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where the left vertical map is induced by the map (3.3.1) and the right vertical map is induced
by the natural map Ky(P)_l(Kp) — I(Z, D).

Proof. The assertion follows from the same argument as for the construction of the reciprocity
map in [KS] §3 using the reciprocity law proved in loc. cit. (3.7.4). U

Proposition 3.3.6. For any Weil divisor D such that |D| C Z, the natural map
&P z— c(2,D)
xzeUp

is surjective (cf. Remark 3.3.2).

Proof. The assertion is proved by the same argument as in [Ke] Corollary 6.8 and the follow-
ing fact (cf. [Ke] Corollary 6.7). For an arbitrary P € £, there exists an integer m such that
the natural map

annihilates U m/KZ’( p)—1(Kp) for any m’ > m. O

3.4. Proof of Theorem 3.2.1. Let the notation be as in §3.2. For P = (py,...,pq) € Py,
write Ap = @}7 p With P’ = (po, ...,ps—1) and let Fp = Kp: be the product of the residue
fields of Ap. Foreachn € YV, let Z,, C 22, be the set of Parshin chains P = (py, ..., pa) €
Py withpg_1 =n. Forn € Y? and P € Z,), there are natural injective ring homomorphisms

LnypZAn%Ap, Kn—)KP.
We will prove the following lemma:

Lemma 3.4.1. For eachn € V°, the maps v, p with P € %, induce an injective map

(3.4.2) Br(K,)/Br(A,) — [] Br(Kp)/Br(Ap).

Pe%,
We first prove the theorem admitting this lemma. Indeed, we get
Ker (Br(U) — HBr(m)) C Ker(Br(U) — H Br(Kp)>
PePy

by Propositions 3.3.6 and 3.3.5 and the injectivity of ®p. Hence Lemma 3.4.1 implies the
theorem.

Proof of Lemma 3.4.1. Fix ann € V°. Let A;; be the strict henselization of A,, and let K7 be
the fraction field of A;. We define A as the product of the strict henselizations of the direct
factors of Ap (i.e., a product of copies of Ay), and define K5 as the product of the fraction
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fields of the direct factors of A (i.e., a product of copies of K7). There is a commutative
diagram with exact rows

0 H'(n,Q/Z) Br(K;)/Br(Ay) Br(K7)
a (3.4.2)
0— [[ H'(Fr,Q/Z) — [] Br(Kp)/Br(Ap) —= [] Br(Kp).
Pe%y Pe%, Pe%,

where the vertical arrows are restriction maps, and the exactness of each row follows from
Lemma 2.2.1 (1). The right vertical map is obviously injective. It remain to show the injectiv-
ity of the left vertical map a, which we prove in what follows. Recall that x(7) is the function
field of Y, = m C &, and that Y, is either a integral proper scheme over a finite field, or
its henselization at a regular closed point.

Take a dense open regular subset Y’ C Y, if Y, is proper over a finite field, and let Y’ =Y,
if Y, is henselian local. Let %’ be the subset of %, consisting of all Parshin chains P =
(Po, P1s---,pa) € Pywithp; € Y'fori =0,1,...,d—1. For P = (po, p1,...,pa) € %', let
Yp be the henselization of Y along (po, p1, - - - , Pa—2), Which is a direct sum of the spectra of
discrete valuation rings. Let zp be the direct sum of the closed points of Y and put xp = py.
There is a commutative diagram

0 H'(n, Z/pZ)

HY(Y',Q/Z)

P H(.Q/Z)
ye(Y)1
c a’J/ bi
1 #'@pr,0/z) 2 [] H'(Fr.Q/2)— [] H2.(¥r.Q/2),

Pex’ pPex’ pPex’

where the vertical arrows are natural restriction maps, and the upper row is exact by the purity
of branch locus [SGA2] Exposé X Théoreme 3.4 (1). The lower row is a complex (but not
necessarily exact) and the arrow d is defined as the composite map

dp : H'(zp,Q/Z) ~ H'(Spec(0y. ), Q/Z) — H'(Yp,Q/Z) — H'(Fp,Q/Z)

for each P € #'. The map dp for P = (po,p1,...,pa) € %' is injective if the closures
m C Y’ are regular at xp = py for 0 < ¢ < d — 2. Therefore, in order to show that o’
is injective, it is enough to verify that b and c are injective, by a simple diagram chase in the
above diagram. The map c is injective by the Cebotarev density theorem [Se2] Theorem 7,
if Y, is proper over a finite field. If Y’ is henselian local, then c is obviously injective. The
injectivity of b is checked as follows. We have

H)(Y',Q/Z) ~ H(y, R%’y@/Z) (iy : y < Spec(OF,))
for any y € (Y”)!, and we have
H? (Yp,Q/Z) ~ H(2p, R*pQ/Z)  (ip:zp — Yp)
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for any P € %'. Moreover if P = (py,ps. .., pa) With ps_1 = y, then we have R*%Q/Z ~
T*R%'!yQ/Z, where 7 : zp — y is the natural map which is essentially étale. Hence b is
injective. Thus a’ and «a are injective and we obtain Lemma 3.4.1, which completes the proof
of Theorem 3.2.1. U

3.5. Application to arithmetic schemes. Let 2" be an integral scheme which is proper flat
of finite type over Spec(Z). Put X := 2" ®z Q.

Theorem 3.5.1. Assume that the purity of Brauer groups holds true for 2. Then there is an
exact sequence:

0 — Br(2) — Br(X) — [] Br(z)/Br(o,),

where for © € Xy, 0, denotes the integral closure of Z in k(x).

Remark 3.5.2. For x € X, Br(o,) is a finite 2-torsion group by the classical Hasse principle.

Proof. The above sequence is a complex by the properness of 2". We show that the resulting
specialization map
Br(X)/Br(2) — [[ Br(z)/Br(o.)
z€Xo
is injective. Let P be the set of all prime numbers. For p € P, let Z; be the henselization of
Z at (p). Put Q) := Frac(Z}), and let @, be the set of all closed points on Xqy. We construct
the map
a: [ Br(z)/Br(e,) — [] ] Br(v)
r€X0 pEP vEQ)p
as follows. Let x be a closed point on X and let v be a closed point on XQg. We define the
(x,v)-component of « as the natural restriction map (resp. the zero map), if the composite
map v — XQ;. — X factors through + — X (resp. otherwise). Note that for v € @Q,,
there exists a unique x € X, such that the composite map v — Xqgn — X factors through
x — X, and that this uniqueness implies the well-definedness of . Now let us consider a
commutative diagram of specialization maps

Br(X)/Br(%)

[T Br(x)/Br(o,)

z€Xo
J/a

@ Br(XQg)/Br(%ZE) — H H Br(v),

peEP pEP vEQ)

whose commutativity follows from the definition of . In this diagram, the bottom horizontal
arrow is injective by Corollary 3.2.3, and the left vertical arrow is injective by the localization
exact sequences

c—>Br(2) —>Br(X) —= P H} (2,Gp) —> -,

peEP
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- —Br(2%) — Br(Xgy) — H}, (223, Gn) — -,
with Y, := 2 ®z [F,, and the excision isomorphism
Hy (2',Gy) =~ Hy, (273,Gn)  foreach p € P.

Hence the upper horizontal map is injective as well and we obtain the theorem. U

4. ZERO-CYCLES ON CUBIC SURFACES

In this section, we compute A, of cubic surfaces explicitly using the unramifiedness theo-
rem proved in the previous section.

4.1. Setting and results. Let k, 05, [F and p be as in the beginning of §3. Let a be an element
of £* which is not a cube in k. We are concerned with a cubic surface

X = {T3 + T2 + T3 + aT3 = 0} C Proj(k[Ty, Th, T, Ts]) = P3.
Let (3 be a primitive cubic root of unity in k.

Theorem 4.1.1. (1) Assume p # 3. Then we have
0 if ordy(a) = 0 mod 3,
Ao(X) ~ Z/3 ifordg(a) £ 0 mod 3 and (3 & k,
Z/3®Z/3 ifordiy(a) #Z 0 mod 3 and (3 € k.

(2) Assume p = 3, ordy(a) = 1 mod 3 and (3 € k. Then we have
Ao(X)~Z/387Z/3.

(1) is stated in [CTS] Example 2.8 under a slightly simpler setting. We include a proof of
(1) here for the convenience of the reader. (2) is a new result and would be the first example
of a potentially rational surface which splits over a wildly ramified extension and whose Ag
is computed explicitly. It would be interesting to find cycles which generate Ay(X) in the
theorem.

To prove Theorem 4.1.1, we need the following three facts, where X is as before.

Proposition 4.1.2 (Colliot-Thélene). The following map induced by the Brauer-Manin pair-
ing is injective:

Ao(X) — Hom(Br(X)/Br(k),Q/Z).

Proof. The case X (k) # () is stated in [CT1] Proposition 5. Otherwise, the assertion follows
from his injectivity result in loc. cit. Proposition 7 (b) and the same arguments as in loc. cit.
Proposition 5 (cf. [BI] Theorem (2.1), Proposition (A.1)). See also [S2] Theorem A and [Kh]
p. 70 Corollaire 2 for generalizations. U
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Proposition 4.1.3. Let % be a regular scheme which is faithfully flat over S and satisfies
U @, k ~ X. Let 1) be a generic point of % ®,, F, let A, be the henselization of Oy, and
let K,, be the fraction field of A,. Assume that

(4.1.4) . '(Br(4,)) =0, where ¢:Br(X) — Br(K,).
Then the following map induced by the Brauer-Manin pairing is surjective:

Ao(X) —> Hom(Br(X)/Br(k), Q/Z),

Proof. By (4.1.4), Theorem 3.2.1 and Remark 3.1.2 (2), the map in question has dense image.
As we mentioned in §1.2, Br(X)/Br(L) is zero for L = k(y/a). Hence Br(X)/Br(k) is a
finite 3-torsion and the assertion follows. U

To state the third fact, we assume that k£ contains (3, and fix an isomorphism

(4.1.5) 3Br(k(X)) ~ H*(k(X),u5?), z—2® G,
where k(X)) is the function field of X. Consider rational functions
Ti T To + T
po=toteh o Tot D € k(X)*

T T T
and put

e = (a, f)C3’ €2 = (aag)C:s € 3Br(k(X)),
where for u,v € k(X)*, (u, v)¢, denotes the inverse image of {u, v} € H?(k(X), u§?) under
the isomorphism (4.1.5).

Theorem 4.1.6 (Manin [M2]). e, and ey belong to Br(X), and Br(X)/Br(k) is a free 7./ 3-
module of rank 2 generated by e, and es.

4.2. Proof of Theorem 4.1.1 (1). Without loss of generality, we may assume that a € oj, —
{0} with ordg(a) = 0, 1 or 2. Consider a projective flat model of X over S := Spec(oy)

4.2.1) 2 = Proj(ox[Ty, Ty, To, T3] /(T5 + T + T + aT3)) C P3.

Let 7 be the generic point of Y := 2" ®,, F, let A, be the henselization of -, and let K,
be the fraction field of A,. We divide the problem into 4 cases as follows.

Case (i): p # 3, a € o/ and (3 € k. In this case it is easy to see that 2~ is smooth over S.
Once we show

(4.2.2) Br(X) = Br(Z") + Im(Br(k) — Br(X)),
then Ag(X') = 0 by Proposition 4.1.2. Since we have

Br(2") = Ker(Br(X) — Br(K,)/Br(4,)),
by the purity of Brauer groups for .2, it is enough to show

(4.2.3) Im(Br(X) — Br(K,)) C Br(4,) + Im(Br(k) — Br(K,)),
in order to show (4.2.2). Since p # 3 and (3 € k, there is an exact sequence
(4.2.4) 0 — 3Br(A4,) @ ps(k) — H*(k(X), 5% = k(n)* /3 — 0

and it is easy to check d(e; ® (3) = 0 for i = 1,2, which implies (4.2.3) by Theorem 4.1.6.
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Case (ii): p # 3, a € o] and (3 ¢ k. In this case, the assertion is reduced to the case (i)
immediately by a standard norm argument.

Case (iii): p # 3, ordg(a) = 1,2 and (3 € k. One can easily check that the fixed model 2
is regular at ) € Y, i.e., O, is a discrete valuation ring. By Propositions 4.1.2, 4.1.3 and
Theorem 4.1.6, we have only to show

1 1(Br(4,)) =0, with ¢:Br(X) — Br(K,).
Note that we have the exact sequence (4.2.4) in this case as well. For

w=ae + ey € 3Br(X) C3Br(k(X)) (a,5€Z/3),

we have
Ty + Cng)a<T0 + T2>5
0w ® (3) = ord - 9% = ord . € */3,

where we regarded f and g as rational functions on Y. Thus it is enough to show

Lemma 4.2.5. For o, 3 € Z, assume that f*g° € k(n)* belongs to (k(n)*)3. Then we have
a = =0mod 3.
Proof. Let E be the elliptic curve over [ defined as
E = Proj(F[To, T1, To) /(T + T7 + T3)) C P;.
It is easy to see that () is the rational function field in one variable over the function field
F(FE). Since (F(Y)*)3NF(E)* = (F(E)*)%and f,g € F(E)*, the assumption of the lemma
implies that f*¢° € (F(E)*)3. We now look at the divisors on E
divg(f) =3([P] - [0]),  dive(g) = 3([Q] - [0]),
where we put
O=(1:-1:0), P:=(1:-¢:0), Q:=(1:0:-1).

Take O to be the origin of the elliptic curve F, and define zero-cycles C,C’" on E as C' :=
[P] — (0], C" := [Q] — [O]. Since f*g® = h? for some h € x(n)* by assumption, we have

a-C+p-C" =divg(h)
as zero-cycles, and the residue class oz~6—|; B-C" is zeroin Ag (E) ~ E(IF). Hence the assertion
follows from the linear independence of C' and C” in the Z/3-vector space 3 E(IF). O
Case (iv): p # 3, ordy(a) = 1,2 and (3 ¢ k. Consider the scalar extension
X R, 0, — X (L = k((3)),
which is étale by the assumption p # 3. Then we have
. '(Br(4,)) =0, with . :Br(X) — Br(K,)

by the previous case and a standard norm argument. Therefore by Propositions 4.1.2 and
4.1.3, the assertion is reduced to the following proposition due to Colliot-Thélene [CT5],
which holds without the assumption p # 3:
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Proposition 4.2.6 (Colliot-Thélene). Let e; (i = 1, 2) be the elements of Br(X ) in Proposi-
tion 4.1.6. Then Br(X)/Br(k) is a free Z/3-module of rank 1 generated by Coresx, /x(e1),
where Coresx, /x denotes the corestriction map Br(Xp) — Br(X).

Proof. Put G := Gal(L/k), which has order 2. Let o be the generator of G. We prove
4.2.7) o(e;)=e; and o(ey) =—ey in 3Br(X;),

which implies the assertion by a standard norm argument. To prove (4.2.7), we work with
Galois cohomology groups of the function field

F:=L(X1) = k(X)(G).
Since 3Br(X1) C H?(F, u3), it is enough to show the following two claims:

(1) Foru,v € F*, we have o((u,v)¢,) = —(o(u),0(v))¢, in H*(F, us).
(2) We have

T0+C31T1} { T0+C3T1} : 2 9
g o6 Bl f Lol e 62y
{ e B (F, 1)

We first show (1). Since Z/3 ~ Mg@’? as (G,-modules, we have
o((u,v)e,) = o({u, v} ® G3) = {o(u),0(v)} ® 0(C3)
— {o(u), o)} ® G = —((u),0(v))e,.
We next show (2). Take an affine open subset of X as follows:

To T, T
(P + P+ 22 +a=0} CA} (:13:773, y:ﬂ, z:ﬁ)

Then noting that H2(F, u?) is a 3-torsion, we compute

T+ Gy T+ Gy o’ —xy + o 2’ +y°
a, ——= %+ < a, =00, —————— =190 ——=
zty x+y (z +y) (x+y)?
_ 3y _ )@ a _
={a,—a— 2"} = {?,—?—1} =0.
This completes the proof of Proposition 4.2.6 and Theorem 4.1.1 (1). U

4.3. Proof of Theorem 4.1.1 (2). Without loss of generality, we may assume ¢ = 7 (a prime
of 0;). Let 2 be the projective flat model of X over o defined in (4.2.1). We will use the
following affine open subset:

T T T:
(4.3.1) U :=Spec(oxfz,y, 2]/ (a® + 4y + 22+ 7)) (2=2, y==, 2=22).
T3 T3 T3
Let Z; be the special fiber of 2~ — S, which is irreducible. Let Y be the reduced part of .2
and let 7 be the generic point Y. It is easy to see that we have
(4.3.2) UNY = Spec(Flz,y, z|/(z +y + 2)).
Put e := ord,(3). We show the following lemma.

Lemma 4.3.3. 0y, is a discrete valuation ring with absolute ramification index 3e.
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Proof. Putt = x + y + 2. Then we have
4.3.4) trrl+rw) =2+’ + 22+ =0 in Oy, = Op,,
where we put
u=—e (2*(y+ 2) + ¥ (z + 2) + 2} (x + y) + 22yz) with € =37 ° € 0.

In view of (4.3.2), this implies that ¢ generates the maximal ideal of &, (and that u belongs
to 0y, ). Hence Oy, is a noetherian one-dimensional local ring with maximal ideal generated
by ¢, which is a discrete valuation ring. The ramification index of 0, over oy, is 3 by (4.3.4),
which implies that the absolute ramification index of Oy, is 3e. ]

Let A, be the henselization of 0y, as before, and let K, be its fraction field. We put
H = H*(K,, 15?)
in what follows. Since k contains (3, we have
sBr(4,) ® us(k) C U H

by Lemma 2.2.1 (2), where U*H denotes the filtration on H defined in §2.2 and ¢’ denotes
pe/(p — 1) = 3e/2. As before, by Propositions 4.1.2, 4.1.3 and Theorem 4.1.6, we ought to
show

1 1(Br(4,)) =0, with ¢:Br(X) — Br(K,).

Hence it is enough to show the following:
Proposition 4.3.5. Let o, § € Z/3, and put
w = ey + fey = a(m, fe, + B(m,9)e € sBr(X).
Assume that
Uw) @ G = afm, f} + B{m, g} € 3Br(K,) ® us(k) ~ H
belongs to U3¢ H. Then we have o = 5=0,ie,w=0.
Note that k() = F(y, z) by (4.3.2). By (4.3.4), we have 7 = —t3(1 + 7°"'u)~! and
w=—ofl+ 7 u, f} — p{1 4+ 7 u, g} € UV H,
One can derive the proposition easily from the following lemma, where the Bloch-Kato iso-

morphisms (see (2.2.1)) are defined with respect to the prime element t € A,.

Lemma 4.3.6. (1) {147 Y, f} belongs to U ~2H, whose residue class in gri¢ "> H ~
Q717 is zdy — ydz up to the multiplication by a constant in F*.
(2) {1+7°'u, g} belongs to U**2H, whose residue class in gry > H ~ QL is zdy—ydz
up to the multiplication by a constant in F*.

Proof of Lemma 4.3.6. We first prove (1). Since 2% + y3 + 23 + 7 = 0, we have
(4.3.7) u=e(y’z +yz2 +tv) with vi= —(2*+ (t —z)* +7-t71)
(note that 7 - t ! is contained in the maximal ideal of A,). On the other hand, we have

(4.3.8) f= Tty m—+y B 2G—1)
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where €, := (1 — () -t¢ € Ay, We define a filtration UK (n > 0) on K as the full
group K, for n = 0 and the subgroup {1 + t"c| c € A, } forn > 1. We recall the following
standard facts:

Sublemma 4.3.9. Fora,b € A,, h € U"K,S (n > 0) and integers {,m,v > 1, we have

(1) {1+ta+t"b,h} = {1 +t'a,h} + {1 +t™b,h} mod U™ " H
(2) {1+ t'a(l +t™b)* h} = {1 +t'a, h} mod U™ H
(3) {1+#m1+ﬂ%}z_{1+t“mdﬂ—#a}mmuﬂ”mﬂ.
1+ tha
Proof of Sublemma 4.3.9. (1) follows from the equality
(14 t‘a)(1 + t™b) _ tHmab
1+ tfa + t™b 1+ tta + t™b
and (3) (cf. [BK] Lemma (4.1)). The assertion (2) follows from a similar computation. (3)
follows from similar computations as in [Sa2] Lemma 8.7.4. L]

We turn to the proof of Lemma 4.3.6 (1), and put €5 := 3t =3¢ € A;. Then we have

(147, f =41+ 7 e (g2 4 ya? + ), 1+ 2L et 28
z z(z —t)

1+ % 260, 1 4+t == LA 1+t36*3eg(y2z+yz2),1+te’+1—62y
z z2(z —t)

+{1—|—t3e Seqy’z, 1+t 2y}+{1+t3e Seqyz?, 1+ 19 —== 2y },
z z

where the congruity holds modulo U3¢ ~'H by Sublemma 4.3.9 (1)—(3) and (4.3.4). There-
fore, it is enough to show

Lemma 4.3.10. (1) The sum

{1+t3e 2631} 14 2y}—|—{1+t36363(y22+y22),1+t6/+1 (Ez_y t)} c U2y
z z2(z —

maps to zdy — ydz up to the multiplication by a constant in F*, under the Bloch-Kato
isomorphism gr‘;’]e/_2H o~ Ql with respect to the prime element t € A,,.

(2) {1 + 13 By, 1 + L } belongs to U3¢~ H.
2

(3) {1 + 13 By, 1+ L } belongs to U H.
2

Proof. (1) Let 665 € k(1) be the residue class of eyes = 3(1 — (3)t73¢ € Ay, which in fact
belongs to F* by (4.3.4). We note that 3|¢’ and that ch(n) = 3. By Sublemma 4.3.9 (3) and
(4.3.7), the first term (resp. the second term) of the sum of symbols in question maps to

22z + y22)dy + (2422 + y*)d 2y — 2
%.(szryz)y;(szry)z (resp. %_z(y—kz) yZQy(y+z) 2)
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under the Bloch-Kato isomorphism, cf. (2.2.1). Since ch(n) = 3, the sum of these 1-forms
agrees with &é3(zdy — ydz).
(2) Noting that ¢/ > 3 and that H is a 3-torsion, we have

{14—7536 3€3y 2, 1+te 2y}
z

= {1+ % Beegy®, 17 Pesy?2} mod U 2H (Sublemma 4.3.9 (2), (3))
= {1+ (G- 1+ (G- 1) ez} (% €263 = (G — 1)3¢3)
= {1+ (G- 1%y esy®2} mod U 3H (Sublemma 4.3.9 (2))

{(1+(Cs—1)t 'y)? }

L+ (¢ —1)3t73y3 e

_ 3(¢s — Dt My + (G — )t 'y?)
- {1 M S T

(3) Similarly as for (2), we have

{1+t3€ 3e3yz 14¢t¢ 62y}
z

, €3y22} e U 'H.

= {1+ PBeegy’z, —*Pezy2?} mod U *H  (Sublemma 4.3.9(2),(3))

= —{1 + t3€/_362€3y22, t56/_6y32362€3} (Steinberg relation)
={1+ 5 SBesezyz, (1 — (3)¢3 ) (t° €2l = (1 — (3)°¢D)
= {1+ * Perezy®z, ea(1 + 7 u) 2t (F ) (€4 := (1 —C3)m %, (4.3.4)
= {1+ % Peresy’s, €43} mod U CH (Sublemma 4.3.9 (3)).

The last term is contained in U3¢ H, because 64C§ belongs to o, and F* is 3-divisible. This
completes the proof of Lemmas 4.3.10 and 4.3.6 (1). U

We next prove Lemma 4.3.6 (2). Put €3 := 3t73¢ € A;. Since

(4.3.11) gzﬂfﬂzg%(t—y)_g_(Ht(z—y))

vty oz oylt—2) 2 y(t — 2)
we have

{1+ﬂ_elujg}:{1—|—’n’ a(yPz +y2 +tv), = ( e y;)}

i
E{1+t36_263v,%}+{1+t363 5(y°z +y2%), 1 3’2 ‘Z;}

- {1 + 3 Bes(y?2 + y2?), %}

where the congruity holds modulo U?*~'H by Sublemma 4.3.9 (1)-(3) and (4.3.4). One
can easily check that the last term belongs to U3¢ H by similar computations as in Lemma
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4.3.10(3). One can also check that the sum of symbols
t —
{1 + 13 €40, g} + {1 + 3 Bes (v + y2?), 1+ He—y) } cU*?H
z y(t —2)
maps to €3(ydz — zdy) under the Bloch-Kato isomorphism grggj’QH o~ Q,17 (with respect to
the prime element ¢ € A,), by Sublemma 4.3.9(3) and (4.3.7). Here & € x(n)* denotes

the residue class of e3 = 3t~3¢, which belongs to F* by (4.3.4). This completes the proof of
Lemma 4.3.6 (2), Proposition 4.3.5 and Theorem 4.1.1 (2). U

5. PROOF OF THEOREM 1.1.3

In this section, we prove Theorem 1.1.3. Let k be p-adic local field, and let o, be the integer
ring of k. Put S := Spec(oy). Let 2 be a regular scheme which is proper flat of finite type
over S. Let Y be the closed fiber of 27/S.

5.1. Proof of Theorem 1.1.3(1). Let
(,):CHp(X)xBr(X) — Q/Z

be the Brauer-Manin pairing (M) in the introduction, and let w be an element of Br(.X) with
(c,w) = 0 for any ¢ € CHy(X). It suffices to show that w belongs to Br(.2"). Indeed, w
is O-unramified in the sense of Definition 3.1.1(2), and the assertion follows from Corollary
3.2.3, where we have assumed the purity of Brauer groups for 2.

5.2. Proof of Theorem 1.1.3 (2). We start the proof of Theorem 1.1.3(2), which will be
finished in §5.3 below. Let us recall the map (1.1.2), which we denote by ® in what follows:

® : Ag(X) — Hom(Br(X)/Br(k) + Br(Z"),Q/Z)
By Theorem 1.1.3 (1), ® has dense image. To prove that ® is surjective, it is enough to show
Im(P) ~ ij’" eT

for some non-negative integer r and some finite group 7. We are thus reduced to the following
proposition, where we do not assume the purity of Brauer groups:

Proposition 5.2.1. Put B := Br(X)/Br(k) + Br(2") and D, := Hom(B.is, Q/Z) for a
prime number (. Then:
(1) Dy is finitely generated over Z, for any (.
(2) If ¢ # p, then Dy is finite and the map ®, : Ao(X) — Dy induced by ® is surjective.
The image of ®,, : Ag(X) — D, is a Z,-submodule of D,
(3) Dy is zero for almost all { # p.

Remark 5.2.2. The ‘¢ # p’ case of Proposition 5.2.1 (2) is proved in [CTS] Corollaire 2.6.

Proof of Proposition 5.2.1. The assertion (1) is obvious. We prove (2). Note that the map
®, with ¢ # p has dense image with respect to the /-adic topology on D, (by the ¢-primary
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part of Theorem 1.1.3 (1) and the absolute purity). By a standard norm argument, we may
suppose that X has a k-rational point. Then we have a surjective map

P 40(C) — A(X).
C

Here C' ranges over the smooth integral curves over k£ which are finite over X. Since k is a
p-adic field by assumption, we have

A9(C) ~ 78 & T

for a non-negative integer ¢ and a finite group 7 by a theorem of Mattuck [Ma]. In case
¢ # p, these facts and (1) imply that Im(®,) is finite and dense, so that &, is surjective. To
prove the assertion for ®,,, we need to show that the composite map

Z;?TC (—>A0(O) HAQ(X) —_— Dp

is a homomorphism of Z,-modules, that is, continuous with respect to the p-adic topology.
Let fo : Br(k) — Br(C) be the natural restriction map. Since the above composite map
factors through the map

Z7re = Ag(C) — Hom(Coker(fc)p-ors, Q/Z),

it suffices to see the continuity of this map, which is a consequence of [S1] Theorem (9.2).
Thus we obtain Proposition 5.2.1 (2).
We next show Proposition 5.2.1 (3). Suppose ¢ # p. Since we have Im(®,) = D, and

Im(®,) ~ Im(Ag(X) = H*N(X,Zi(N)))

with NV := dim(X), the problem is reduced to the case where 2~ has strict semistable reduc-
tion over S by the alteration theorem of de Jong [dJ] and a standard norm argument using the
functoriality of cycle class maps, where ‘strict’” means that all irreducible components of Y
are smooth. We prove that &P, 2p De 1s finite, assuming that 2" /S has strict semistable re-
duction. For a torsion abelian group M, let M’ be its prime-to-p part. Forn € Z, let Q/Z'(n)
be the étale sheaf P, Q¢/Z¢(n). Consider a commutative diagram with exact rows

0 —Pic(2)®Q/Z —= H*(Z',Q/Z' (1)) —=Br(Z) ——=0
0 ——=Pic(X)®Q/Z —— H*(X,Q/Z'(1)) —— Br(X) ——0.
Since the left vertical arrow is surjective, we have
Br(X)'/Br(2") ~ Coker(a) ~ Ker(H; (2°,Q/Z (1)) — H*(2,Q/Z(1))).
Our task is to show that the complex

(5.2.3) Br(k) — HJ}(2,Q/Z'(1)) — H*(Z ,Q/Z'(1))
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has finite cohomology group at the middle. Let £*" be the maximal unramified extension of
k, and put X" := 2" ®,, 0pr and Y := Y ®p F. In view of the short exact sequences

0 — H'(F, HE(X",Q/Z' (1)) — HYH(Z,Q/Z'(1)) — HE(X",Q/Z/(1))% — 0,
0 — HYF, H* (X", Q/Z' (1)) — H*(Z,Q/Z' (1)) — H3*(X™,Q/Z'(1))°F — 0

obtained from Hochschild-Serre spectral sequences and the fact cd(IF) = 1, we are reduced
to the following lemma:

Lemma 5.2.4. (1) The group H%(X“r, Q/7Z (1))9 is finite.
(2) The composite map Br(k) — Hy(Z,Q/Z'(1)) — Hi(X",Q/Z'(1))% is zero.
Consequently, the complex (5.2.3) induces a complex

(5.2.5) Br(k) — H'(F, H2(X",Q/Z'(1))) — H'(F, H*(X",Q/Z'(1))),
(3) The complex (5.2.5) has finite cohomology group at the middle.

We first show Lemma 5.2.4 (1). For ¢ > 1, let Y@ be the disjoint union of the intersections
of ¢ distinct irreducible components of Y. Note that all connected components of Y (@) are
smooth proper varieties over F of dimension dim(2") — ¢. By the Mayer-Vietoris spectral
sequence

(5.2.6) E} = H* (Y Q/Z (u) = HE (XY, Q/Z/ (1))
(cf. [RZ] Satz 2.21), we have the following exact sequence of Gr-modules:
0— H' (YW, Q/Z) — HY(X™,Q/Z (1)) — H(Y®,Q/Z'(-1)).

Hence the assertion follows from the finiteness of H(Y ") Q/Z')%* due to Katz-Lang [KL].
Lemma 5.2.4 (2) is a consequence of (1) and the fact that Br(k)’ is divisible.

We next show Lemma 5.2.4 (3). For an abelian group M, let My 4y, be the subgroup of
elements which are divisible in M by all integers prime to p, that is,

MlL—div = m n- M.

n€z, (n,p)=1

We define a discrete Gp-module = as Pic(X™)/Pic(X")p 4. For this group we will prove:

Lemma 5.2.7. (1) = is a finitely generated abelian group.
(2) For any positive integer n prime to p, ,Pic(X") is finite. Consequently, Pic(X")L qiv
is divisible by integers prime to p (cf. [J] §4), and we have a natural injective map

a:E2®Q/Z —— H*(X™,Q/Z'(1)).
(3) The map
o : H(F,2®Q/Z) — H'(F, H*(X",Q/Z'(1)))

induced by « has finite kernel.
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The proof of this lemma will be given in §5.3 below. We finish our proof of Lemma 5.2.4 (3)
(and Proposition 5.2.1 (3)), admitting this lemma. By Lemma 5.2.7 (1), we have the following
sequence of finitely generated abelian groups with equivariant Gp-action:

(5.2.8) diagonal P z-2-=

ye(Y)0

where ¢ 1s induced by the Gysin map @ye vy L— Pic(X™). This sequence is a complex by
the semistability of 2" /S. Because the /-primary part of the complex (5.2.5) has finite coho-
mology group for any ¢ # p by Proposition 5.2.1 (2), one can easily check that the complex
(5.2.8) has finite cohomology group as well (in fact, (5.2.8) is exact because the cokernel of
the first diagonal map is torsion-free). Hence the cohomology group of the induced complex

(5.2.9) iz . @y @z— - =5q/z,

ye(Y)°

is finite and its order is the same as that of

Coker(g @ Y)0 7 — u/\—‘tors)tors

We denote its order by b. Now we show that the complex (5.2.5) has finite cohomology group.
By a standard norm argument, we may suppose that G acts trivially on the groups in (5.2.8).
Then consider a commutative diagram of complexes

(52.100 H'(F,Q/Z) D, cyo H'(F,Q/Z) HY(F,2® Q/Z)

/ ei |

Br(k)’ H(F, HH(X™,Q/Z/(1))) — H'(F, H*(X™, Q/Z'(1))),

where the upper row is induced by (5.2.9), the lower row is the complex (5.2.5) in question
and the bijectivity of the central vertical arrow is obtained from the spectral sequence (5.2.6);
the commutativity of the left square follows from the semistability of 2" /S. The upper row
has finite cohomology group of order b up to a power of p, and the right vertical arrow o/
has finite kernel by Lemma 5.2.7 (3). Hence the lower row has finite cohomology group of
order dividing b - #(Ker(a/)). This completes the proof of Lemma 5.2.4, Proposition 5.2.1
and Theorem 1.1.3 (2), assuming Lemma 5.2.7. U

5.3. Proof of Lemma 5.2.7. We first prove (1). We change the notation slightly, and put
E(Z) := Pic(Z)/Pic(Z)1. aiy for a scheme Z. For a smooth variety Z over a field, let NS(Z)
be the Néron-Severi group of Z. The natural map Z(X") — Z(Y) is injective by the proper
base-change theorem:
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We show that Z(Y") is finitely generated. Since Y has simple normal crossings on 2", we
have the following exact sequence of sheaves on Yg:

0 ’ ﬁ; ? GmaY(l) — Gm7y<2> —_—

where Y (1) (¢ > 1) is as in the proof of Lemma 5.2.4 (1). By this exact sequence, it is easy
to see that the kernel of the natural map Pic(Y’) — Pic(Y")) is an extension of a finite group
by a torsion divisible group. Hence the induced map

ZY) — ZY ) ~ NS(YD)/NS(YD),ptors

has finite kernel, and the assertion follows from the fact that the last group is a finitely gener-
ated abelian group. Thus we obtain Lemma 5.2.7 (1).

Lemma 5.2.7 (2) follows from the finiteness of the groups H'(X"™, 11,,) with (n,p) = 1.
The details are straight-forward and left to the reader.

We prove Lemma 5.2.7 (3). By the proof of (1), the natural map Z(X") — Z(Y V) has
finite kernel and Z(Y (") is finitely generated, which implies that the left vertical arrow in the
following commutative diagram has finite kernel by a standard norm argument:

HY(F,E(X") ® Q/Z') —*~ H'(F, H*(X",Q/Z'(1)))

l l

HY(F,2(YY) ® Q/Z) — H'(F, H*(Y",Q/Z'(1))),
where the bottom horizontal arrow is defined in the same way as o/ and it has finite kernel by

[SS2] Lemma 6.7 (note that Z(Y M) = NS(Y () /NS(Y (D), ). Hence  has finite kernel
as well. This completes the proof of Lemma 5.2.7. U

5.4. Appendix: Degree of 0-cycles. Let 2" be a regular scheme of finite type over S =
Spec(ox). We do not assume the properness of .2 /.S here. Put ) := Xy, and let Q4, be the
subset of () consisting of all closed points on X whose closure in 2 are finite over S. If
% is proper over S then we have Qs, = Q. Fory € Y?, let e, be the multiplicity of y in
2 ®,, F, and let f, be the degree over I of the algebraic closure of IF in x(y).

Theorem 5.4.1. Assume that the purity of Brauer groups holds for Z . Then the following
three numbers are equal to one another:
N, : the order of the kernel of the composite map Br(k) — Br(X) — Br(X)/Br(Z").
Ny : the greatest common measure of the degrees [k(v) : k] with v € Qgy.
N3 : the greatest common measure of the integers e, - f, withy € Y°.

Remark 5.4.2. This result was proved by Colliot-Thélene and Saito in [CTS] Théoreme 3.1,
up to powers of p. However, their arguments work including powers of p after some modifi-
cation, which we show in what follows.

Proof. By the arguments in [CTS] Théoréme 3.1, we have N;|Ny|N5. Our task is to show
N1 = Nj. Let us consider the composite map

o : Br(k) — Br(X)/Br(2) = @ HXNZ,Gu),

yeYo
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where the second map /3 denotes the composite map
B:Br(X)/Br(2) = H}Z,Gn) — @ H)(2,Gn),
yey?o

and the last map is injective by the purity assumption on Brauer groups (cf. Remark 3.1.2 (3)).
Hence it suffices to show the following lemma:

Lemma 5.4.3. Let 1) be a generic point of Y. Then the kernel of the composite map

o Br(k) <~ @ H)(Z,G,) —= HIZ,G,)

yey©
is isomorphic to Z/ e, f, L.

Proof of Lemma 5.4.3. Let A, (resp. Az) be the henselization (resp. strict henselization) of
Oy, atits maximal ideal, and let G, be the absolute Galois group of «(7). By the Hochschild-
Serre spectral sequence

Ey" = Hgo(Gy, Hyj(Ag, Gn)) = Hy ™ (Ay, Go) (= H (27, Gw)),
and a standard purity for G, ([G] I11.6), we have the following exact sequence:
0 — H'(n,Q/Z) — H}(A,, Gn) — H2(Az, Gn).

Next let s be the closed point of S, and let £"" be the maximal unramified extension of k.
The same computation for S yields an isomorphism H'(F,Q/Z) ~ H?(S,Gy,)(~ Br(k)),
because we have H2(0gY, Gr,) ~ Br(k™) = 0 (cf. [Se1]11.3.3). Thus we obtain the following
commutative diagram with exact rows:

0—— HYF,Q/Z) —— H3(S,Gy) 0
0—— H'(n,Q/Z) — HS(AW, Gn) — H%’(Aﬁ, G )%,
where «;, denotes the map induced by the right square. One can easily show that
a, = e, - Res,

where Res denotes the natural restriction map H'(F,Q/Z) — H'(n,Q/Z) induced by the
structure map 7 — Spec(IF). Thus we have

Ker(a,) ~ Ker(a,) ~ Z/e, f,Z.
This completes the proof of Lemma 5.4.3 and Theorem 5.4.1. U

6. PROOF OF THEOREM 1.3.1

In this section, we prove Theorem 1.3.1. Let the notation be as in §1.3. Put S := Spec(oy,)
and let Y be the divisor on 2~ defined by the radical of (p) C Oy
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6.1. Key diagram. For v € X, the closure {v} C 2" contains exactly one closed point of
Y by the properness of 2 .

Definition 6.1.1. We define a map of sets sp : X, — Y by the law that sp(v) = x if and
only if z is the closed point of {v} C Z". Since o is henselian local, there is a natural
identification of sets

sp~' ({z}) = {closed points on Spec(;-,[p~"])} (z € Yp)
where ﬁ%m denotes the henselization of 0y, at its maximal ideal.

We construct the key diagram (6.1.4) below. Let U C Y be a regular dense open subset. For
x € Uy, put A, := ﬁ%m and let v, ,» be the composite map

_ specialization invarian r
Yapr ¢ Br(Au[p]) II »Bv) /==~ [ zwz

vesp~! ({z}) vesp~! ({z})
We put Q := sp~*(Up), and define a map
Y ] wBr(4e — [ z/wz
zelUp vEQU

as the direct product of 1, ,-’s with z € Uj. Next we construct a canonical map
O HH( 2,5, (1)) — [ »Br(Aup™)),
zelUp
where T,.(1) = T,.(1)4 denotes the p-adic étale Tate twist [Sa2]. For this we will prove

Lemma 6.1.2. Let © be a closed point on U and let Y,, be the divisor on 2, := Spec(A,)
defined by the radical of (p) C A,. Then there is a canonical isomorphism

pBr(Ax[p™]) = Hy, (25, T:(1)).
By this lemma, we define the desired map 0, as the restriction map
HY(2,%.(1) — ] #(2:.5.0) = [ »Br(Ap™)).
zelp zeUp
Proof of Lemma 6.1.2. Consider the localization exact sequence
H*( 23, %, (1)) — HN(Za[p™ '] i) — HY, (25, T:(1)) — H (25, T,(1)),

where we have used the property that T,.(1) is isomorphic to i, outside of characteristic p
(cf. [Sa2]). Since A,[p~'] is a unique factorization domain, we have H?(Z,[p™ ], pipr) =~
»Br(A;[p~']). On the other hand, we have

HY(2,,T,(1) < Br(2) ~ Br(x) = 0,

HY(2:,%,(1)) ~ H*(2,%,.(1)].) = 0,

where the isomorphism (x) follows from the Kummer theory for & (cf. [Sa2] §4.5), and the
last vanishing follows from the facts that T,.(1) is concentrated in degree 0 and 1 (cf. loc. cit.)
and that cd(x) = 1. The assertion follows from these facts. O
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Corollary 6.1.3. Under the notation in Lemma 6.1.2, the Gysin map ([Sa2] Theorem 4.4.7)
HYY,,Z/p'Z) — Hy. (2,,%.(1)).
is injective.
Proof. By Hensel’s lemma, one can take a one-dimensional regular closed subscheme Z C
Z, which is étale over S. Let y be the generic point of Z. Then the composite map
ZIp"%~ H Y, Z/p"Z) — Hy (X, Tr(1)) = rBr(A.[p~"]) — »Br(y) ~ Z/p'Z

is bijective by the construction of the isomorphism of Lemma 6.1.2. U

We return to the proof of Theorem 1.3.1, and define « as the composite map

d—1

P H2d—2(5br,i€7«(d — 1)) - ng/(a%,rsr(l))*a

e

o : CH"Y(2)/p

where for a Z /p"Z-module M, M* denotes Hom(M,Z/p"7Z), and the last isomorphism fol-
lows from the arithmetic duality ([Sa2] Theorem 10.1.1). To prove Theorem 1.3.1, it remains
to show the following:

Lemma 6.1.4. (1) The following diagram is commutative:
(6.1.4) CH" (2 /p" 2 H (2, %,(1))
(0;77)"<
r (pr)* —171\*
P znz P »Br(Alp ')
VEQU xeUg

where the left vertical arrow sends v € Qy to the class of v.
(2) The maps 0, and - are injective. Consequently, (0,)* and (¢, )* are surjective.

We prove (2) in §6.2, and then prove (1) in §6.3 below.

6.2. Proof of Lemma 6.1.4(2). Put Z := Y \ U and 2”7 := 2\ Z. For z € U, let
2 and Y, be as in Lemma 6.1.2. The map 1, is injective by Corollary 3.2.1. Indeed this
injectivity is immediately reduced to the case (, € k by a standard norm argument, because
Z" is smooth over S by the semistability assumption on Z". To show the injectivity of 0,
we consider the following commutative diagram:

Op + Hy (2, %, (1)) < Hp (2", %.(1)) — ser, HY, (22, Ti(1))

H\(U,Z/p'Z) —~]] HIJ%Z/Z?TZ),

zeUp

where a and b are restriction maps, and ¢ and ¢ are Gysin maps ([Sa2] Theorem 4.4.7). The
arrow a is injective by the purity for T, (1) (cf. loc. cit.), and b is injective by the Cebotarev
density theorem [Se2] Theorem 7. The arrow ¢ is injective by Lemma 6.1.2 and Corollary
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6.1.3. It remains to show that the induced map Coker(c) — Coker(¢’) is injective. Let i be
the closed immersion U — 2. Since we have Coker(c) C H°(U, R*'%,(1)) and

Coker(¢) C [[ H(Ya, (R%'T, (1)),

zelUp

it suffices to show that for an étale sheaf .% on a noetherian scheme W, the restriction map

HO(VVagZ) — H HO(SpeC(ﬁ{}V@)a'g.|Spec(ﬁ€V’I))
zeWp

is injective, which follows from a standard argument using the induction on dim(W). Thus
we obtain Lemma 6.1.4 (2).

6.3. Proof of Lemma 6.1.4(1). Put A := Z/p"Z and N := d — 1 for simplicity. By the
definitions of the maps in (6.1.4), it is enough to show that the following diagram commutes
for each v € Qu:

tr(cv ,T)
_—

HO(CvaA) X Hg(cvasr(l)c’v) %Hg(cvazrﬂ)(]v)

f*l Tf* (1) f*l (2)

tl‘( Z,Y)

H*M(Z % (N)g) x HH( X, %,.(1)g) — HEHZ T, (d)y) —> A,

where C, denotes the normalization of m C Z, x denotes the closed point of C), and f
denotes the canonical finite morphism C,, — 2. See [Sa2] Theorem 10.1.1 for the trace
maps. The arrows f, arise from the following relative trace morphism with n = 0, 1 (loc. cit.
Theorem 7.1.1):

Gys; : Rf.%.(n)c, — T,(n+ N)o-[2N] in D*( 2, A),
and the arrow f* arises from the pull-back morphism (loc. cit. Proposition 4.2.8)

res’ : T, (1) — Rf.T, (g,

v

in D2, A).

The commutativity of the square (2) follows from a similar argument as for [Sa2] Lemma
10.2.1. We prove the commutativity (1) of pairings. Consider the following commutative
diagram:

g

Y
Sh

< h.g,
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where s denotes the closed point of S. Note that we have the base-change isomorphism
Rv,.Ri' = Rh'Ryg, by Deligne [SGA4] XVIII.3.1.12.3. To prove the commutativity of pair-
ings in question, it suffices to show that the following diagram commutes in D~ (s, A):

id®™ Rh' Rg. (res’)

6.3.1) h*Rm.Ac, @ RhRg.%, (1) h*Rr,Ac, @ Rh' Rm.T,(1)c,

iproduct
h* Rg. (Gys ;)& id Rh Rm.%,.(1)c,
l Rh'Rg.(Gys;)

R Rg. T, (d)5 [2]N].

product

h*Rg,T,(N)y [2N] @ Rh'Rg. T, (1)

Here the arrows ‘product’ are induced by the canonical morphism
Wt @ RhNYL — RMV( A @V L) (A, L € D(Sq, A))

and the product structure of Tate twists ([Sa2] Proposition 4.2.6). We defined Rh' for un-
bounded objects using a result of Spaltenstein [Sp] Theorem A. Finally one can easily check
the commutativity of (6.3.1) by applying Rh'Rg, to the following commutative diagram in
[Sa2] Corollary 7.2.4:

id®k resf

Rf.Ac, @ T, (1)

Rf.Ac, ® RfZ. (1),
J{product
Gysystia R1T, (e,

J{Gysf

product

T, (N)g [2N] @ T,.(1)4

This completes the proof of Lemma 6.1.4 and Theorem 1.3.1. U
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