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k: perfect field

Sm: category of smooth schemes/k
DMSH: ®-triangulated category
with covariant functor

Sm — DM : X — M(X)

Fundamental formula:

DMET (M (Y), M(X)[i]) = Hi;(Y, Cx(X))

C«(X): Suslin complex of X

Formula + Moving lemmas imply
comparison with Suslin homology,

Bloch’s higher Chow groups



Cor: additive ®-category

Same objects as Sm

Cor(X,Y) = free abelian group gen’d by
Z C X xY integral finite surjective/X

Sm(X,Y) — Cor(X,Y) by graphs
DMSH = pseudo-abelian envelope of
K%(Cor)/(MV + HI)

MV = ([Uxx V] = [U]e[V] = [X])
(U,V) elementary Nisnevich cover of X

HI = ( [X x Al] = [X])

Cor — DMSH, : X — M(X) = [X]



IWSUSIANEGMBIERM (cubical version)

O =P!— {1} with faces 0,0 € P!
Cn(X)(S) =Cor(Sx0O",X) (S€Sm)
Cn(X) sheaf on Smg;

n — Cn(X) cubical object of sheaves

- Definition
Cu(X) = é*(X)/é*(X)deg

complex of sheaves on Smg;

H?(X) := H;(C«(X)(k)) Suslin homology



IDEfiRitioRN Category MCor

Objects: modulus pair = (X, Xoo)
(i) X integral separated k-scheme
(ii) X~ effective Cartier divisor on X
(iii)) 2°:=X — Xoo € Sm

MCor(%Z ,%) C Cor(Z°,%°) subgroup
generated by Z C 2 ° x ° such that

(i) closure Z C X xY proper/X

(i1) p5(Xoo X Y) > p5(X X Yoo)

N

7" normalization of 7

D7 ZV X <Y projection

MCor is an additive ®-category:
(X, Xoo) X (Y, Yoo) = (X XY, Xoo XY + X X Yo)



O=(Pl,1) e MCor

Crn(ZWZ) = MCor(# x O", Z)
2 ,% € MCor

- Definition
Ci(Z) = Cou(X) /Cx(Z ) deg
complex of presheaves on MCor
% = (Y,Y>) € MCor
C«(Z )n complex of sheaves on Y&
U -5 7) > Cu(2) (%)

Py = (U, f~H(Yoo))

HP () = H;(C«(2)(Speck, D))

Suslin homology with modulus



IWHGpeT Construct a diagram

MCor -4 DRET -
o =x
o % — (77 XOO)
Cor M, DMET
DRS: ®-triangulated category
with covariant functor

MCor — DR§N - 27 — M(Z)

Fundamental formula :

DRS];;(M(@),M(%)[QL]) = Hi (Y, C(2)ay)
for 2" = (X, Xx) proper and % = (Y, Y)

I Mainresult Possible replacing

Cx(Z) by RC«(Z ) derived version




DMSH based on Al-invariance

3 invariants not captured by DM
k, Q, Pic(X,Xoo) , H(Z)

additive higher Chow dgroups
(Bloch-Esnault/Park)

higher Chow groups with modulus
(Binda-Kerz-S)



Wild ramification is not Al-invariant

IIThecrem (Kerz-S)

k finite, ch(k) # 2
2 = (X, Xx) € MCor
HE(27) = 73°(2)
r9°(Z) classifies coverings of 27°

with ramification bounded by X



DRI = pseudo-abelian envelope of

K*(MCor)/(MV 4+ CI)

MV = ([Zuxv] = [Zu]l @ [Zv] = [2])
2 = (X, Xs) € MCor

(U,V) elementary Nisnevich cover of X
X = (U, f~1(Xs)) for étale f:U — X

Cl=([2 xO]—-[2]) O=(PL1)
M :MCor — DRER, © 27 — M(Z) = [2]

w:DREN — DM, M(Z) — M(X — Xoo)

®-triangulated functor



ICGHiEEtureN # proper

DR§M(M(Z), M(2)i]) = H{s(Y,Cc(2)ay)

MPST: category of additive presheaves
of abelian groups on MCor

WwWant to define MINST c MPST

full subcategory of “Ninevich sheaves”

PST: category of additive presheaves
of abelian groups on Cor

NST := {F € PST | v*F is sheaf on Smys}

v : Sm — Cor graph functor



Category MSm
Same objects as MCor

MSm(%, Z) =
{f:Y - X | k-morphisms f*(Xx) < Yoo}
2 =(X,X0),  =(Y,Y0)

f e MSm(%, 2 ) Nisnevich cover if
(i) f:Y — X is Nisnevich cover
(ii) Yoo = f*(Xo)

= MSmys (big site), Z\is (small site)

[DEfinitionNN MNST :=

{F € MPST | v*F is sheaf on MSm\js}

v : MSm — MCor dgraph functor



- Theorem
(1) MNST — MPST has exact left adjoint
= MNST is Grothendieck abelian
(2) ExtynsgtZer(2), F) = HY;is(X, Fg)

2 =(X,Xx) € MCor and ' ¢ MNST
Zee(Z) € MPST represented by 2 € MCor
F 4 sheaf on X5 defined by

U LX) = F(2y) 20 = (U, f~1(X0))

(3) 4 — Z Nisnevich cover in MSm
o 2 L (U X U) = Lae (U ) — Ly (X)) = O
Is exact in MNST



Variant of Raynaud-Gruson platification

I Theerem X,Y integral separated/k,

X C X normal open dense

Z C X XY integral finite surjective/X
Z C X xY proper /X
- I3X - X proper birational, isom/X s.t.

Z' c X' x Y finite /X’



WDEfinitionN 0= (P 1)
DR®" = D(MNST)/(Z (2 x O) — Zi (Z))

IPFGPESIEGRN Functor
K°(MCor) - D(MNST) [Z]— Zi(Z)
induces fully faithful functor

DREH, — DR

K°(MCor) — D(MPST) fully faithful
D(MPST)/Inis — D(MNST)
Inis = {Nis locally acyclic complexes}

Key point: I\js generated by

Lix(U X g0 V) — Ly (U ) ® Lee (V') — L (X))

(2 ,7)/Z elementary Nisnevich cover



I Proposition'2™ The localization

7 D(MNST) — DR®'f

has fully faithful right adjoint ; s.t.

(i) Image(y) = {O-local complexes K}

H (2 ,K) S Hy (2 xO,K) V2 € MCor
(ii) jm= = RCs : D(MNST) — D(MNST)
RC«(K) = Hompvins ) (Ztr (O°) degr K)
Z+r(O°) 4, degenerate part of

cocubical object in MNST: n — Z.(O")
Bopshot 2,2 € MCor , ¥ = (Y, Y)
DR (M(2), M(2)i]) = H;i(YV, RCx(Z)a)

RC«(Z") = Hom p \insT) (Ztr (O ) degy Ztr (27))



P Rémark™ Inatural isomorphism

Ci(27) = Homp vips Ty (Ztr (O gegs Ztr (27))
= natural map C«(Z) - RC«(Z)

RC+(2") = HompninsT) (Ztr (O deg, Zer (27))

“derived Suslin complex of 27

Rémark’™ Proposition 2 follows from

Voevodsky’s abstract homotopy theory

using interval structure on O

coming from “multiplication map”

pw:OxO—=0



O= (Pl 1) =2 2 = (Pl ~) given by
Pl PLit—t/(t—1)

P =Pl —co=Al

rc Al x Al x Al graph of multiplication
ui Al x Al -5 Al

PEEmmall < MCor(Z x &, P)

Proof: T c P! x P! x P! closure of I

Modulus condition for [ checked by

r= Bl(OXoo,ooxO)(Pl X Pl)

HREMarkl r ¢ MSm(Z x #, %)

Essential to use MCor



X.% € MCor , ¥ = (Y, Yso)
DR (M (2), M(2)i]) = Hi;(YV, RC«(Z)ay)

RC.(27) = Hom ppins ) Ztr (O degs Zar (27)

Ci(Z) =5 RC(Z) if & proper

Conjecture follows from the following

IICoRjEEtureN © < MPST
(i) F is O-invariant (F(%2) = F(Z x0O))
(ii) F has M-reciprocity

= F\js 1S Ll-local
(HYio (2, F) S Hyi (2 x O, F))
Compare with Voevodsky’s theorem:

F € PST Al-invariant = Fyj. Al-local



F € MPST has M-reciprocity if

lim F(%) = F(Z) for VZ € MCor
%W ecComp(Z)

Comp(Z) ={j: & — % compactifications}

WETGBESIEORN 2 proper

h,(C«(Z)) € MPST has M-reciprocity

" EXpected Theorem | / < NPST
(i) F is O-invariant

(ii) F has M-reciprocity

= F\js is O-invariant

The conclusion is the case i = 0 of

Ii\lis(%aK) = Hli\lis(% xO,K) VZ € MCor



A reciprocity PST is F € PST satisfying
reciprocity condition inspired by

Rosenlicht-Serre’s modulus condition

(Definition skipped)
Rec = {Reciprocity PST} C PST

e abelian subcategory closed under

subobjects and quotients
e HI := {Al-invariant PST} C Rec
o {Commutative algebraic groups} C Rec

(e.g. G, € Rec)
e Some of VVoevodsky’s basic results

on HI can be extended to Rec



F € Rec = Fy\js € Rec

w; : MPST — PST exact left adjoint of
w* : PST — MPST W*F(Z) = F(Z°)
ITheorem r < MPST

(i) F is O-invariant

(ii) F has M-reciprocity

= w F' € PST has reciprocity



