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Plan of the talk

@ §1 Review of Abbes-Saito’s theory

@ §2 Motivic ramification filtrations

@ §3 Comparison theorem of motivic and Abbes-Saito filtrations
@ §4 Reciprocity pairings (key in the proof)

@ 85 Computations of characteristic forms

@ §6 Application: Cdarc descent for reciprocity sheaves (Kelly-S)
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Review of Abbes-Saito's theory

§1. Review of Abbes-Saito's theory
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Review of Abbes-Saito’s theory

Abbes-Saito’s (non-logarithmic) ramification theory

X smooth separated scheme over a perfect field k of ch(k) = p > 0.
D c X a SNC divisor, U = X — D.
R =3%"..;niD; an effective divisor supported on D (n; € Z).

P = Blan(roer) (X x X)\(X x RUR x X).

ppe PP S XX X2X, pr i (U)=UxU (i =1,2).
For finite group G and G-torsor ¢ : V — U, AS give a condition:
the ramification of ¢ is bounded by R in terms of P)((R).

Remark The AS theory works even for case R is a Q-divisor.
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Review of Abbes-Saito's theory

Assume G abelian. The Abbes-Saito condition is equivalent to

() B G-torsor pi(¢) — ps(p) over U x U extends to that on P)((R).
Define
HA(U) == {G-torsors ¢ : V — U} ~ H' (U, G)

Then
HE"(X, R) == {p € HL(U)| ¢ satisfy (#)" }

give filtration on H.(U) parametrized by (X, R) with U = X \R.
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Review of Abbes-Saito’s theory

Characteristic forms (T. Saito)

Assume G cyclic, and (for simplicity) p # 2 or multiplicities in R > 2.
char® : HLA (X, R) — (D, Q% (R)p).

Construction:
o Vi =P xx D~V(©QL(R)) xx D.
q1, G2, )t : VR X VR — Vg: projections and addition.

o Image(x'™) C HE(Vr)aa = {v € Hu(Va) | div+asp = n™¢},
R * *
X HES (X, R) — HE(PEY) = HE(VR) 5 @ — (Plo—p3e)ve
e every ¢ € H:(VR)aa is given the Artin-Schreir covering

t’ —t =5 for some s € Qy(R)p.
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Review of Abbes-Saito's theory

Theorem 1.1 (Abbes-Saito (Zariski-Nagata purity))

H(Spec O%  \n)
Hé,AS(X’ R) = Ker (H5(U) — @ e Ohm - ),
neR(©) G pec X 77)

where R, = R X x Spec ng,n and U = X\R.

Theorem 1.2 (T. Saito)

For D; C R irreducible component with n; > 2 and dense open
V C D,
H5" (X, R) chas (1)

LV, Q%(R)y).
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Review of Abbes-Saito's theory

Computation of characteristic form

Assume G = Z/p°Z, p # 2, D smooth and R = nD with n > 2,
X =SpecA, D ={r =0} withm € A, U = Spec A[1/x].
HL(U) = Wy(A[1/7])/1 — F (Artin-Schreier-Witt theory).
Theorem 1.3 (Abbes-Saito, Yatagawa)

HY'®(X,nD) = Image (AL, W,(A[1/7]) — HL(U)).

fill W,(A[1/x]): Brylinski-Kato-Matsuda’s filtration.

For a = (as_1,...,ao) € fil, W (A[1/7]),

char(@) = —F*'d(a) = — Z o’ da;.
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Review of Abbes-Saito’s theory

Brylinski-Kato's filtration on W(A[1/7]):
fil, W, (A[1/7]) = {(as_1, ..., a0) | p'ords(a;) > —n}
Matsuda's variant:
fil}, W (A[1/a]) = fil, 1 Wi (A[L/m]) + V= fil, W (AL /7))

where s = min{ord,(n), s}.
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Motivic ramification filtrations

§2. Motivic ramification filtrations
In the rest of this talk, fix a perfect base field k, and set

Sch := {separated schemes over k}
Sm := {X € Sch | X smooth of finite type over k}

Sm := {X € Sch | X essentially smooth over £}

We extend F' € PSh(Sm) to Sm by
F(X):= h_l’l;liel F(X;) for X = I'&niel X;
where [ filtered, X; € Sm, and all transition maps are étale.

e.g. Spec(O%,) € Sm for X € Sm and = € X.
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Motivic ramification filtrations

We also use the following categories:

MSm :={(X, R) | X € Sch, R € Div"(X), X\R € Sm}
MSm :={(X, R) € MSm | X proper over k}

For fixed U € Sm,

MSm(U) :
MSm(U) :

Il
-

(X,R) e MSm | X\R = U}
(X,R) € MSm | X\R = U}

Construction of functors (Kahn-Miyazaki-S-Yamazaki):

wC: PSh(Sm) “% PSh (MSm) — PSh" (MSm).

PSh""(—) category of presheaves of abelian groups with transfers.
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Motivic ramification filtrations

For X,Y € Sm, an elementary correspondence from X to Y is an
irreducible closed subset Z C X x Y finite and surjective over a
component of X (e.g., a graph of a morphism).
Cor : The category defined by

@ Objects = the same as Sm,

@ Morphisms =finite correspondences = finite integral sums of
elementary correspondences.

“Taking graph” induces a functor Sm — Cor ; f — I';.
PSh* (Sm) = category of additive presheaves Cor® — Ab
Representable object for U € Sm:

Z(U) = Cor(—,U) € PSh" (Sm)
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For I € PSh" (Sm) and U € Sm, Yoneda's lemma gives
F(U) = Hompgytr (g (Ze(U), F).
For (X, R) € MSm(U), we define
WwHE(X, R) = Hompgyr(sm) (ho(X, R), F),

ho(X, R) is a quotient of Z,(U) = Cor(—,U) defined as follows:
For irreducible 7' € Sm with n € T generic point,

Zy(U)(T) ={a € Zy(U,) | closure in U x;, T of |a] is finite over T'}

ho(X, R)(T) = Image(Zy(U)(T) — Zo(U,) — CHo(X,|R,))
(Y, =Y xynforY € Sch.)
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Motivic ramification filtrations

CHo(X,|R,) is Chow group with modulus defined as
Zo(U,)/{dive(f)| C C U, curves),
with f € k(n)(C)* such that f =1 mod R
(C C X, the closure of C, C" — C the normalization)

Warning: The description of ho(X, R)(7T) is valid only locally on 7.

We have gotten the first functor in
wC: PSh"(Sm) “Z PSh"(MSm) — PSh' (MSm).

71 is the left Kan extension along MSm — MSm:

S. Saito (University of Tokyo) The Abbes-Saito formula for motivic ramifica 10 September 2021 14 /46



Motivic ramification filtrations

For G € PSh" (MSm) and (Y, S) € MSm, put
nG(Y,S) = lim G(X,R),
(X,R)eComp(Y,S)
where an object of Comp(Y,S) is a pair ((X, R),7) with
e (X,R) € MSm,
@ j:Y < X open immersion such that X\R =Y.
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Motivic ramification filtrations

W€ : PSH” (Sm) “Z PSh"(MSm) 5 PSh* (MSm).
Write F' = wC'F € PSh" (MSm) for F' € PSh'"(Sm).

F(X,R)C F(U), U € Sm, (X,R) e MSm(U)

give a filtration on F(U) equipped with modulus transfers:
[Z]*(F(X,R)) C F(Y,S) for V € Sm, (Y,5) € MSm(V),
where Z C V x U is an elementary correspondence satisfying

o the closure Z C Y x X of Z is proper over Y,
e pyS > piR (px :7N—>X, Py :7N—>Y),
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Motivic ramification filtrations

Definition 2.1

F € PSh'"(Sm) is a reciprocity sheaf if
® The restriction Fism € PSh(Sm) is a Nisnevich sheaf,
@ (reciprocity) For any U € Sm,

F(U) = U F(X,R).
(X,R)eMSm(U)
RSChyis C PSh""(Sm) the full subcategory of reciprocity
sheaves.
Theorem 2.1 (S.)

RSCys is a Grothendieck abelian category.

Point: The Nisnevich sheafication preserves reciprocity.
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Motivic ramification filtrations

Examples of reciprocity sheaves

@ Aliinvariant object in F' € Shvi, (Sm) (e.g. G, K}).
F e Shvir Al-inv iff F(X,R) = F(U) for (X, R) € MSm(U).
@ The sheaf Q' of (absolute or relative) Kahler differentials.

© The cohomology sheaves H!(Q2°) of the de Rham complex.
@ The de Rham-Witt sheaves W,,Q of Bloch-Deligne-lllusie.

@ A smooth commutative algebraic k-group G (e.g. G,).

@ The group Conn' (resp. Conn.,) of isomorphism classes of

(resp. integrable) rank 1 connections.
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Motivic ramification filtrations

@ The group of isomorphism classes of Q,-sheaves of rank 1.
Q@ H} = Hg (=, G) for a finite flat k-group scheme G
Q@ )" := R'e.Q/Z(n)s (i,n € Zs), where

e Xet = Xnis,

Q/Z(n)er = Z(n)* ® Q/Z = p&' & WeeQfo[—n]

is the étale motivic complex with Q/Z-coefficient.

Hélé0 = H}(—,Q/Z) = Homeon (m (—)*, Q/Z),
H};' = Br(—) cohomological Brauer group.

HY™ unramified cohomology group.
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Motivic ramification filtrations

Remark 2.2

Out of the above examples, many more examples can be
manufactured by taking (co)kernels (since RSCy;s is abelian), and
tensor products and internal homs.

Fact(Riilling-Sugiyama-Yamazaki): RSCy;s carries a monoidal
structure @RSC.

Ex: G,, ®%5€ G, ~ Q! and G, ®R®S€ G, ~ P! if ch(k) # 2.

Fact(Merici-S): For F € RSCy;, and G € PSh" (Sm) which is a
quotient of a finite sum of representable sheaves, we have

HomPShtr(Sm) (G, F) E RSCNiS-
Ex: Hompgyir (g (27, ™) = Q™" @ Q™71 if ch(k) = 0.
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Motivic ramification filtrations

Summary of §2: Construction of

PSh'" (Sm) — PSh (MSm) ; F — F
giving the motivic filtration for every U € Sm:

() {F(X,R) C F(U)}x.memsmm)

satisfying a functoriality called modulus transfer.

. ) . £ . .
F'is reciprocity sheafg:e> F ' is a sheaf on Smy;s and (x) is exhaustive.

Remark: CH,(X|R) is very hard to compute, so it seems hopeless
to compute F(X, R) C F(U) just by definition.

It's desirable to invent effective tools to compute it.
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Comparison theorem of motivic and Abbes-Saito filtrations

§3. Comparison theorem of motivic and
Abbes-Saito filtrations
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Comparison theorem of motivic and Abbes-Saito filtrations

Fix (X, R) € MSm with X € Sm and D = |R| SNCD on X.
We say (X, R) admits a smooth comactification if 3X «— X

such that X € Sm proper over k and X\(X\R) is SNCD on X.
This is the case if X is already proper.

Theorem 3.1 (Riilling-S (Zariski-Nagata purity))
Assume (X, R) admits a smooth comactification. For F' € RSCyjs,

- F(Spec O
F(X,R) = Ker (F(U) — EB (Spec 05y 1) Ji
ne RO F(Spec O% ., Ry)

where U = X\R and R, = R x x Spec O% .
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Comparison theorem of motivic and Abbes-Saito filtrations

Recall Abbes-Saito’s construction for (X, R) with U = X\R:
pipe: PP 5 X x X2X, pr (U)=U x U (i = 1,2).

Definition 3.1
Let F' € RSCxjs. Define FAS(X, R)C F(U) as

{v € F(U)| pi(p) — p3(p) € F(U x U) extends to F(P{Y).}

Theorem 3.2 (Riilling-S )

(i) F(X,R) C FA5(X,R).

(i) F(X,R) = FA(X,R) if (X, R) admits smooth comactification.

Corollary: FA%(X, R) admits modulus transfers assuming RS.
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Comparison theorem of motivic and Abbes-Saito filtrations

Characteristic forms of reciprocity sheaves

Fix (X, R) € MSm with X € Sm and D = |R| SNCD on X.
Smp: category of separated smooth schemes of finite type over D.

For FF € RSCyis, We can construct the characteristic form

charl’” : F(X,R) — T(D, Q% (R)jp ®0, Hompgy gm,) (O, Fp))

FD = Ker ( @ (hz)*ﬂ Smp, i> @ (hz])*F’\ SmDimD]-)

1<i<r 1<i<j<r

For ' = H} (G finite abelian group), char%R) agrees with T. Saito’s.
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Comparison theorem of motivic and Abbes-Saito filtrations

The construction done in the same manner as T. Saito’s :
o Vi =P xx D~V(©L(R)) xx D.
q1,q2, it : VR X Vg — Vg1 projections and addition.
° Image(X(R)) C F(VR)ag :={a € F(Vg) | fa+ ¢a = p*a},
YB : F(X,R) < F*(X,R) — F(P{) = F(Vy)
a — (pia — p5a) vy,

° F<VR)ad — F(D7 Q%((R)w ®op HO—mPSh(SmD)(O> FD))
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Comparison theorem of motivic and Abbes-Saito filtrations

For F' € RSCyjs, we have the characteristic form at (X, R):

Char%R) . F(X,R) — L(D, Qx(R)p ®op, Homps, sm,) (O Fp))

Theorem 3.3 (Riilling-S )

Assume (X, R) admits smooth comactification.

For D; irreducible component of R with multiplicity> 2 and dense
openV C D;,

F(X , R) char(f) .
—— = I'(V,Q%(R)y ®p,, Hom m (O, F )
F(X,R . Di) ( X( )IV Oy L20pgh(s V)( V)))
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Reciprocity pairings (key in the proof)

85. Reciprocity pairings (key in the proof)
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Reciprocity pairings (key in the proof)

Fix (X, R) € MSm with U = X\R — X.
For K function field over k, write Xx = X Xxj Spec K.

For coherent ideal I C Oy, define KM (Ox,.,I) C K¥(Ox,) as
<{a1,...,ad}| ap €1+ 10x,, a; € 0%, (i = 2,...,d)>

Fact: If IOy = Oy, there exists a surjective map

0: Z(Ux) = @ Z -5 HL (Xk, KY(Ox,, 1)),

zeUgk

induced by the maps for closed points z € Uk

0. : 7 — Hg(XlﬁKéw(oXKvI)) - HI(\iIis(XKchJlV[(OXK7I))'

S. Saito (University of Tokyo) The Abbes-Saito formula for motivic ramifica 10 September 2021 29 /46



Reciprocity pairings (key in the proof)

Theorem 4.1 (Riilling-S )

Let I' € RSCyjs. There exists a bilinear pairing

(_’_)X/K : F(U) X I&H ch\llis(XK>KéV[(OXKaI)> - F(K)a

ICOx
10y=0y

satisfying the following conditions:
(i) Let Ir C Ox be the ideal sheaf of R. The pairing induces

(=, _)X/K : ﬁ(‘X? R) x ch\llis<XK> Kc]l\/l(OXK?IR)) — F(K).
(i) Fora € F(U) and a closed point z € Uk,
(@,0:(1))x/x = ()42 (a @) K) € F(K),

(i,:z2 = Uk, g.: 2z — SpecK)
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Reciprocity pairings (key in the proof)

Examples of reciprocity pairings

(m e s FU) x iy, B (Xie, K2 (O 1)) = F(E),
Case F = H}.(—,Q/Z) = Homeon (75°(—), Q/Z) and k finite:

F(k) = Homeon(Gal(k/k), Q/Z) — Q/Z ; x — x(Froby).
Then (—, —)x/x with K = k induces a map
lim  HY(X, K3 (Ox, 1)) = 7{*(U) = Hom(Hg, (U, Q/Z), Q/Z).
10y=0y
This coincides with the reciprocity map of Kato-S.
Case ' = Conn' and dim(X) = 1:

(=, —)x/K coincides with Bloch-Esnault’s pairing in:

Gauss-Manin determinants for rank 1 connections on curves.
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Reciprocity pairings (key in the proof)

Construction of (—, —)x/x uses pushforward maps for F' € RSChyg:
For proper f: Y — X in Sm, Binda-Riilling-S construct
fo: RfF(d)y|d] = Fx (d = dim(Y') — dim(X)),

d times
7\

F<d) =F ®RSC er ®RSC e ®RSC Gn; FX = FlXNis'

The construction recovers Grothendieck's pushforward maps for
F = and Gros’ pushforward maps for I = W Q¢ without using
general machinery of Grothendieck and Ekedahl dualities.
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Reciprocity pairings (key in the proof)

Recall (X, R) € MSm, U = X\R € Sm, K/k function field.

(=, —)x/x induces the following local versions (Higher local symbols)

{(= xma: FU) @ K(Q(O%,.) = F(K)}

mEmc(XK)7
me(Xg) = {z = (x1,...,24)| 2; € X, {z:} D {1} }-

Theorem 4.2 (Riilling-S )

Assume X € Sm and |R| is a SNCD on X. Fora € F(U), the
following conditions are equivalent:

() a € F(X,R).
(i) (a,B)x/ke =0 for all
K/k and x € me(Xg) and f € URK} (Q(O%,. ,))-
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Reciprocity pairings (key in the proof)

Point of proof of (ii) = (i) is a factorization of 0:

Zo(Us) = Zua(U)(K) — ho(X, R)(K) = CHy(X | Ric)
— Hltjlis(XKv KCJIW(OXK7 IR))a

where ho(X, R) is a quotient of Z(U) used to define F(X, R).

Idea of proof of F(X, R) = FAS(X, R):

For a € F(U), apply the projection formula of higher local symbols to
prpz: PYY - X x X2 X,
and use the above theorem to compare ramification of a along X — U

and ramification of pi(a) — pi(a) € F(U x U) along P)((R) —UxU.
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Computations of characteristic forms

64. Computations of characteristic forms

Fix (X,nD) € MSm with X, D € Sm and n € Z~o. Assume
X =SpecA and D = {m =0} with 7 € A.
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Computations of characteristic forms

Witt vectors

Assume ch(k) = p > 0. Consider W € RSCy;s. We have

W(X,nD) =Y F'(f,W,(A[1/])),

r>0
(F" : Wy — W the iterative Frobenius)
This filtration has been studied by Kato-Russell.
charly? : Wy(X,nD) — Q%(R);p ®o, Hompg gm,) (O, W;)
For a = (as_1,...,a1,a0) € fil, W (A[1/7])

s—1 s—1

~—
N
—
no

~—

charg,}v? (o) =
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Computations of characteristic forms

Frld(a) = Y00 o' da

V=1 O — W, the iterative Verschiebung,

Day = O anmiga ¢ ael O,

where 12ay € T'(D, O) is the residue class of may.

The computation is due to Y. Yatagawa.
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Computations of characteristic forms

H}, with G = Z/p°Z (ch(k) = p > 0)

H(U) := {G-torsors p : V — U} ~ H' (U, Z/p°Z)
By Artin-Schreier-Witt theory, we have an isomorphism in RSChyjs:
§:HY ~W,/1—-F
We have a commutative diagram
()

chary;,
W (X,nD) — 0} (R)lD ®o HO—mPSh(SmD)(Ov W)
jg lZdQ%‘ ®Hom(0,5)
Char( )
H

! L(X,nD) —= Q% (nD);p ®o Hompg), (smp)(Os HE)

Point: 0 is surjective (non-triviall).

This enables us to compute char% from charg,f,?.
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Computations of characteristic forms

Kahler differentials

Let ch(k) = p > 0. Consider Q' € RSCyjs. For R = nD, we have
char QZ(X nD) — Qy(nD)p ®o Hompg,smp,) (O, QY
We can show

Q% (ogD)((n—1)D) ifp=0or0<p Jn,

(X, nD) = j
(X,nD) { 2 (nD) if 0 < pln.

Furthermore, char ) factors via maps

Qi(X,nD)  darl?
DL S L D) 00, (2 © 25")
Q(X,(n—1)D) =

idﬂl RE

(S

Qﬁ((nD)lD ®o, Hompgp,gm ) (O, Q)
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Computations of characteristic forms

where . '
£:Qp @ Q)" — Hompg, (smp) (O )

is Op-hom given for B € Q%, a € Q51, A € Op
(B, a)(N) = (1) 'A(B — da) — a A dA
Define (independent of choice of m with D = {m = 0} C X)
Lx(nD) = Op - % C Q(nD)p
Resp., : Y (log D)((n —1)D) = Lx(nD) ®0 Q)5
B i—z ® Resp(m"~' 3)

where Resp : % (log D) — Q' is the residue map.
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Computations of characteristic forms

(R) Qi(X,nD) . . -
charg,; : — < QL (nD)1p @0, (A ® Q'
Q Qi(X,(n—l)D) X( )ID D( D D )

is computed as follows:

Casep=0o0r0<p fn(n—1):

QZX(IOg D)((?’L — 1)D) (Resp,nod,Resp )

Qg D)N(n—2D)  ~  PIeet

Case 0 < p|n — 1:

Q% (log D)((n — 1)D) Resp,,
O ((n—1D) -

Lx(nD)® Q;?
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Computations of characteristic forms

Case 0 < p|n:

(R) Q% (nD)
" Qi (log D)((n —2)D)

charg; — Qk(nD)m ®op, (A & Q)

For simplicity, assume X = D x Speck[rn], D = Speck[z1, ..., z4).

For w = — with f € k[z1, ..., 24],
charQl d d—Z: )14, 0) — Z% ® (dvv, W),
= " v=1 ™
S, = gjdzlA---Ad% v, = (—1)”+1fdzl/\---/\dél,/\---/\dzi.
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Computations of characteristic forms

Cdarc descent for reciprocity sheaves

LK : PSh(Sm) — PSh(Sch) left Kan extension along Sm — Sch.
Theorem 5.1 (Kelly-S)

Assume ch(k) = 0 or embedded resolution of singularities over k.

For F' € RSCyis, LK(F)can € Shvean(Sch) satisfies cdarc descent.

Recall (Bhatt-Mathew, Elmanto-Hoyois-lwasa-Kelly)

A gcgs morphism Y — X in Sch is a cdarc cover if
Homgen(Spec R, YY) — Homgen(Spec R, X)

is surjective for all henselian valuation ring of rank< 1.
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Computations of characteristic forms

The above theorem follows from the following, which follows from

the Abbes-Saito formula for motivic filtrations.

Theorem 5.2 (Brylinski-Kato formula for motivic conductors)

K : function field over k, X : regular separated of finite type over K,
K-rational point 0 € X, D C X regular divisor containing 0.

C,C" C X regular curves intersecting transversally with D at 0.

Put M = Frac(O% p), L = Frac(Og,), L' = Frac(Og ;).

Take F' € RSCyis and a € F(X — D) and consider

ajc € F(C —0), ajcr € F(C" = 0) the restrictions of a. Then

(C,C")o = ciyla) = cplac) = cp(aer).
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Computations of characteristic forms

Motivic conductors

® = {Frac(O%,) | X € Sm, z € XV}

For each F' € RSCy;s, we get a collection of maps

{cL : F(L) = N}reo

¢F'(a) = min{n € N| a € F(Spec O, m?)} (a € F(L)).

It recovers known conductors such as

@ Kato-Matsuda’'s Swan conductors for F' = H}, with G = Z/p*Z,
@ irregularities for ' = Conn?,

© Rosenlicht-Serre conductor for F' represented by a commutative
algebraic group.
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Computations of characteristic forms

Thank you for attention!
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