RECIPROCITY SHEAVES AND THEIR
RAMIFICATION FILTRATIONS

KAY RULLING AND SHUJI SAITO

ABSTRACT. We define a motivic conductor for any presheaf with
transfers F' using the categorical framework developed for the the-
ory of motives with modulus by Kahn-Miyazaki-Saito-Yamazaki.
If F is a reciprocity sheaf this conductor yields an increasing and
exhaustive filtration on F(L), where L is any henselian discrete
valuation field of geometric type over the perfect ground field. We
show if F' is a smooth group scheme, then the motivic conductor
extends the Rosenlicht-Serre conductor; if F assigns to X the group
of finite characters on the abelianized étale fundamental group of
X, then the motivic conductor agrees with the Artin conductor de-
fined by Kato-Matsuda; if F' assigns to X the group of integrable
rank one connections (in characteristic zero), then it agrees with
the irregularity. We also show that this machinery gives rise to a
conductor for torsors under finite flat group schemes over the base
field, which we believe to be new. We introduce a general notion of
conductors on presheaves with transfers and show that on a reci-
procity sheaf the motivic conductor is minimal and any conductor
which is defined only for henselian discrete valuation fields of geo-
metric type with perfect residue field can be uniquely extended to
all such fields without any restriction on the residue field. For ex-
ample the Kato-Matsuda Artin conductor is characterized as the
canonical extension of the classical Artin conductor defined in the
perfect residue field case.
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1. INTRODUCTION

Fix a perfect field k and let Sm be the category of separated smooth
k-schemes. Let Cor be the category of finite correspondences: Cor has
the same objects as Sm and morphisms in Cor are finite correspon-
dences (see 2.1 for a precise definition). Let PST be the category of
additive presheaves of abelian groups on Cor, called presheaves with
transfers. In this note we give a construction which associates to each
F € PST a collection of functions

' ={cF: F(L) » NU{co}}rea,

where N is the set of non-negative integers, ® is the collection of
henselian discrete valuation fields which are the fraction fields of the
henselization O% , of X € Sm at points = of codimension one in X,
and

F(L) = lim F(V — D,),

where V' — X ranges over étale neighborhoods of z and D, is the
closure of z in V. We call ¢ the motivic conductor for F. Our main
aim is to convince the reader that our construction deserves such a
pretentious terminology. Indeed, it gives a unified way to understand
different conductors such as the Artin conductor of a character of the
abelian fundamental group 73(X) with X € Sm along a boundary
of X, the Rosenlicht-Serre conductor of a morphism from a curve to
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a commutative algebraic k-group, and the irregularity of a line bundle
with connections on X € Sm along a boundary of X . It also gives rise
to a new conductor for G-torsors with G a finite flat k-group scheme.
The latter conductor specializes to the classical Artin conductor in case
G is constant.

Our construction of the motivic conductors is rather simple once
we have the new categorical framework introduced in [KMSY21a],
[KMSY21b] at our disposal (see (1.0.1) below). The main aim of loc.
cit. is to develop a theory of motives with modulus generalizing Vo-
evodsky’s theory of motives in order to capture non-A!-invariant phe-
nomena and objects. The basic principle is that the category Cor
should be replaced by the larger category of modulus pairs, MCor:
Objects are pairs X = (X, X,,) consisting of a separated k-scheme of
finite type X and an effective (possibly empty) Cartier divisor X, on
it such that the complement X \ X, is smooth. Morphisms are given
by finite correspondences between the smooth complements satisfying
certain admissibility conditions (see §3 for the precise definition). Let
MCor C MCor be the full subcategory consisting of objects (X, X,
with X proper over k. We then define MPST (resp. MPST) as
the category of additive presheaves of abelian groups on MCor (resp.
MCor). We have a functor

w:MCor — Cor, (X,X,)— X — X,

and two pairs of adjunctions

MPST <~ MPST, MPST < PST,
— —
where 7* is induced by the inclusion 7 : MCor — MCor and 7 is
its left Kan extension, and w* is induced by w and w) is its left Kan
extension (see 3.3 for more concrete descriptions of these functors). A
basic notion is the O-invariance, where 0 = (P!, 00) € MCor: F €
MPST is called O-invariant if F(X) ~ F(X ® 0) for all X € MCor
(see 3.1 for the tensor product ® in MCor). It is an analogue of the
Al-invariance' exploited by Voevodsky in his theory of motives. We
write CI for the full subcategory of MPST consisting of C-invariant
objects. We know ([KSY, Lem 2.1.7]) that the inclusion CI - MPST
admits a right adjoint h% which associates to F' € MPST the maximal

O-invariant subobject of F. We define the functor
* he
W€ PST “5 MPST — CI,

'Recall F € PST is Al-invariant if F(X) ~ F(X x A!) for all X € Sm.
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and write I = nwCF € MPST, for ' € PST. Then the motivic
conductor ¢! for F' € PST is defined by

(1.0.1) (@) = min{n| a € F(Op,m;")}, forae F(L).
Here, for G € MPST, L = Frac(O% ,) € ®, and n € Z>1, we put
G(Op, m") = lim G(V,nD,),
v

where V' — X ranges over étale neighborhoods of z and D, is the
closure of z in V' and nD), is its n-th thickening in V. By convention,

G(Op,m;") =G(Or) = ligG(V), for n = 0.
v

For G = F there are natural inclusions F(Op, m;") < F(L), which
are used to define (1.0.1). It turns out that { F(Or, m;") }nez., induces
an increasing filtration on F(L) which is exhaustive if F € RSC. Here
RSC is the full subcategory of PST consisting of the objects belonging
to the essential image of CI under w,. Objects of RSC are called
reciprocity presheaves and play a key role in this note. We know (see
[KSY, Cor 2.3.4]) that RSC contains all Al-invariant objects in PST.
Moreover it contains many interesting objects I which are not Al-
invariant. In this note we consider in particular the following examples
(X runs over objects of Sm):

(i) F(X) = Homgp (X, T'), where I' is a smooth commutative al-
gebraic k-group which may have non-trivial unipotent part (for
example I' = G,).

(i) F(X) = H.,(X,Q/Z) = Homeon(m1(X)*, Q/Z).

(iii) F(X) = Conn'(X) (resp. Connj, (X)) the group of isomor-
phism classes of (resp. integrable) rank 1 connections on X.
Here we assume ch(k) = 0.
(iv) F(X) = Hy,¢(X,T), where I is a finite flat k-group.
We prove the following (see Theorems 5.2, 7.20, 8.8, and 6.11 for the
precise statements).

Theorem 1. (1) In case (i), ¢t agrees with the conductor of Rosen-
licht-Serre ([Ser84]) if L has perfect residue field. If ch(k) = p
18 positive and F = W, s the group scheme of p-typical Witt
vectors of length n, then cf' agrees with a conductor defined by
Kato-Russell in [KR10] for any L.
(2) In case (i), ci agrees with the Artin conductor Arty, of Kato-
Matsuda (see §7.1).

2Tt coincides with the classical Artin conductor if L has perfect residue field.
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(3) In case (iii), c'' agrees with the irregqularity of connections.

As far as we know, the motivic conductor ¢’ in the case (iv) is

new and we give an explicit description only in case the infinitesimal
unipotent part of G is a,, where p = ch(k) (see Theorem 9.12).

An amusing application of the motivic conductor ¢f is to give an
explicit description of the maximal Al-invariant part of F: Let HI C
PST be the full subcategory of Al-invariant objects. The inclusion
HI — PST admits a right adjoint A%, which associates to F' € PST
the maximal A'-invariant subobject of F' (see 4.30 for an explicit de-
scription of AY,). Let NST C PST be the full subcategory of Nis-
nevich sheaves, i.e., those objects F' € PST whose restrictions to
Sm C Cor are sheaves with respect to the Nisnevich topology.

Theorem 2. For FF € RSCNNST and X € Sm, we have
W (F)(X) = () {a € F(X)| f(p"a) < 13,
P

where p ranges over all morphisms Spec L — X with L € ®.
In case F = H:\(—,Q/Z) from (ii) (resp. F = Connj, from (iii)),

int
Theorem 2 asserts that the maximal A'-invariant part of F' is precisely

the subsheaf of tame characters (resp. regular singular connections).

In what follows we fix FF € RSC N NST and introduce a class of
collections of functions

c={cp: F(L) = N}reo

which may be called conductors for F'. Let Funce(F, N) be the partially
ordered set consisting of collections of functions with partial order given
by ¢ < ¢, if er(a) < di(a) for all L € ® and a € F(L). Let CI(F)
be the partially ordered set consisting of subobjects G of w®F such
that the induced maps wiG — ww®'F are isomorphisms and with
partial order given by inclusion. Then every G € CI(F) gives rise to
an exhaustive increasing filtration {nG(Or,m;")},>0 on F(L) and we
define ¢ € Funce(F,N) by

¥(a) = min{n | a € nG(Or,m;™)}, fora € F(L).

By definition the motivic conductor ¢ of F is ¢*“F and ¢ < @, for
all G € CI(F'). Now a question is whether there is a simple charac-
terization of the poset {c“| G € CI(F)} in Funce(F,N). We answer
it in the following refined form. Let n be a positive integer or co. Let
®_,, C ® be the collection of such L that trdeg, (L) < n. (Note that in
positive characteristic ®<; consists precisely of those L € ® that have
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a perfect residue field.) Let Funce(F,N)<, be the poset consiting of
collections of functions

C = {CL : F(L) — N}LE‘I’STL

with partial order defined in the same manner as Funce(F,N). There
is an obvious restriction functor

(1.0.2) Funcg(F,N) — Funce(F,N)<,, ¢~ c="

We then introduce six axioms (c1) through (c6) for Funce(F,N)<, (cf.
Definitions 4.3 and 4.22) and call those elements satisfying the axioms
semi-continuous conductors of level n. Let Cond(F)%, be the sub-
poset of Funce(F,N)<, consisting of such objects. Write Cond(F)*
for Cond(F)%, with n = co. * For example, for F' = H}(—, Q/Z)
from (ii), the classical Artin conductor {Arty}.ece_, is an element of
Cond(F)%, and the Kato-Matsuda conductor {Art;}rcq is an element
of Cond(F)*. We show the following (see Theorem 4.25).

Theorem 3. (1) ¢ € Cond(F)*¢ for every G € CI(F).
(2) There exists an order reversing map

Cond(F)¥, — CI(F), cw F,

such that ¢ = (cF)=n. For X = (X, Xs) € MCor with X =
X — | X| we have

E(X) = {a € F(X) | ex(a) < X},
where cx(a) < X means that for any L € &<, and any mor-

phism p : Spec O, — X such that p(Spec L) € X, cp(p*a) is
not more than the multiplicity of the pullback of X, along p.

As a consequence, we obtain the following (see Theorem 4.25(4)).
Corollary 1. There exists a unique map
Cond(F)Z,, — Cond(F)*™, ¢+ c~,
such that F, = F.e and that ¢ = (¢>)=".

We call ¢ the canonical extension of c. For example, the Kato-
Matsuda Artin conductor is the canonical extension of the classical
Artin conductor. We say F has level n, if (¢!')=" € Cond(F)%,; in
this case ¢! is the canonical extension of (¢!')<", by Theorem 4.25(5).
We show that F' = H} (—,Q/Z) in (ii) is of level 1 (see Theorem 8.8),
F = Conn' (resp. F = Connj,) from (iii) is of level 2 (resp. 1)

int

3There is one axiom (c4) which is not preserved by the functor (1.0.2). So it
does not induce Cond(F)*¢ — Cond(F)%,,.
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(see Theorem 6.11), and F' = Hg ((—,T") from (iv) is of level 1 if the
infinitesimal unipotent part of I' is trivial and else is of level 2 (see

Theorem 9.12).

We give a description of the content of each section: In section 2 we
explain how to extend a presheaf with transfers to the category of reg-
ular schemes over k£ which are pro-smooth; this is well-known and we
include it only for lack of reference. In section 3 we recall the necessary
constructions and results from the theory of motives with modulus as
developed in [KMSY21a], [KMSY21b], [KSY16], [KSY], and [Sai20].
Then we introduce in section 4 the notion of (semi-continuous) con-
ductors and prove Theorems 3 and 2. We close the section with a dis-
cussion of the relation between the motivic conductor of a reciprocity
sheaf with certain vanishing properties of its associated symbol. This is
needed in order to prove in the later sections that a certain conductor
is equal to the motivic one; the main point being Corollary 4.40. In the
second part we consider various conductors which are mostly classical
and show that they are motivic in our sense. Kahler differentials and
rank one connections are considered in section 6, where ch(k) = 0. In
the following sections we assume ch(k) = p > 0. In section 7 it is shown
that one of the conductors defined by Kato-Russell for W, is motivic.
We use this in section 8 to show that the Kato-Matsuda conductor
for characters is motivic, which yields also a description of the motivic
conductor for lisse Q-sheaves of rank 1. Finally, in section 9 we de-
fine and investigate a conductor for torsors under finite flat k-groups,
which we believe to be new. The general pattern of these computa-
tions is always the same: First we show that the collection ¢ = {c}
defined in the various situations defines a semi-continuous conductor
(of a certain level) in the sense of Definitions 4.3 and 4.14, then we do
a symbol computation to show that this conductor is actually motivic.
Note however, that the actual computations in the various cases differ
quite a bit.

Acknowledgments. We thank the referee for helpful remarks.

Conventions 1.1. We work over a perfect field k. If K/k is a field
extension, then by a K-scheme we will always mean a scheme which
is separated and of finite type over K. In contrast, the phrase scheme
over K refers to any scheme morphism X — Spec K. By a smooth K-
scheme we mean a K-scheme which is smooth over K. We denote by
Smy the category of such schemes and set Sm = Smy. For k-schemes
X and Y we write X X Y instead of X X, Y. For any scheme X we
denote by X @ the set of i-codimensional points of X.
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Part 1. The general theory
2. PRESHEAVES WITH TRANSFERS ON PRO-SMOOTH SCHEMES

The material in this section is well-known, we give some details for
lack of reference.

2.1. Denote by Cor the category of finite correspondences of Suslin-
Voevodsky. Recall that the objects are the smooth k-schemes and
morphisms are given by correspondences, i.e., Cor(X,Y) is the free
abelian group generated by prime correspondences, i.e., integral closed
subschemes V' C X x Y which are finite and surjective over a connected
component of X. Given two prime correspondences V € Cor(X,Y)
and W € Cor(Y,Z) their composition is given by the intersection
product (see e.g. [Ser65, V, C])

(2.1.1) W oV = pis(piaV - p3sW),

where p;; denotes the projection from X x Y x Z to the factor (i, j).

Denote by ProCor the pro-category of Cor, i.e., objects are functors
I° — Sm, i — X, where [ is a filtered essentially small category, and
the morphisms between two pro-objects (X;);er and (Y;);es are given
by

ProCor((X;), (¥;)) = lim liny Cor(X,. Y;).
jeJ iel

Definition 2.2. We define the category Cor™ as follows: The objects
are the noetherian regular schemes over k of the form

(2.2.1) X =lim X;,

where (X;);es is a projective system of smooth k-schemes indexed by a
partially ordered set and with affine transition maps X; — X, ¢ > j. If
X and Y are two objects in Cor®™, then Cor®°(X,Y) = Cor(X,Y)
is the free abelian group generated by prime correspondences in the

sense of 2.1. The composition is defined in the same way as in the case
of Cor. (Note that this still makes sense by [Ser65, V, B, 3., Thm 1].)

Remarks 2.3. (1) All objects in CorP™ are separated, noetherian,
and regular schemes over k. Any affine, noetherian, and regular
scheme over k defines an object in Cor”™, by [Pop86, (1.8)
Thm| and [SGA 4, Exp I, Prop 8.1.6].

(2) Note, that for X, Y € Cor™ the cartesian product X xY does
not need to be noetherian; but if ¥ € Sm and X € Cor™®,
then X x Y € Cor?™.
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Lemma 2.4. Let A be a k-algebra which is noetherian, reqular, and is
a directed limit A = i e A;, where the A; are smooth and of finite
type over k and the transition maps A; — A;, j > i are flat. Let X be
a reqular quasi-projective A-scheme. Then X € Cor®™.

Proof. Set S; = SpecA; and S = Spec A = 1&111 S;. Choose an S-
embedding X C P%. We find an i, and a subscheme X;, C Py, such
that X = X, X85, S. Set X, = X, X5, S;, for © > ig. Then the
transition maps X; — X;, j > ¢ > 1y, are affine and flat, hence so is
the projection 7; : X = @Z X; = X,,. Since X is regular, there exists
an open neighborhood U;, C Xj, containing 7;,(X) which is regular
(see [EGA 1V,, Cor (6.5.2)]). Since U, is of finite type over the perfect
field k, it is even smooth. Set U; = U,, X 54, S;. Then the transition
maps U; — U;, j > i > ip, are affine and flat, each U; is smooth, and
we have X = @Z U;; hence X € Cor?™. O

Lemma 2.5. There is a (up to isomorphism) canonical and faithful
functor
Cor?” — ProCor, @Xi = (X5).

Proof. For any X € Cor® we choose once and for all a projective
system (X;);er as in (2.2.1). In particular, (X;) € ProCor. Note, if
X = 1'&1],67 X7, then (X;) = (X7) in ProSm. Take X = lm, _ X; and
Y = 1&1],6] Y; in Cor” and let V' C X xY be a prime correspondence.
For any scheme S over k we denote by

pi:XXS—>Xi><S7 pilinXi/XS%XiXS, ilzi,
and by
0;:Y xS —=Y; xS, 0y;:YyxS—=Y; xS, j>j,

the projection and transition maps of (X;x.S) and (Y; x5, respectively.
By assumption all these maps are affine. For all j, the morphism
V' — X x Y induced by o; is a morphism of finite type X-schemes.
Since V' is finite over X, its image o;(V) C X X Y; is proper over
X. Hence V. — ¢;(V) is proper and affine, hence finite. Since X
is noetherian o;(V') is finite over X, hence we obtain a well defined
correspondence 0,V € Cor(X,Y;) with the property

(2.5.1) 0 .V=0V=0.

Furthermore, since X x Yj is noetherian, we find an index i (depending
on j) and a correspondence V; ; € Cor(X;,Y;) such that

0V = pi Vi
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If we find @' and Vj ; with pj V. = 0.V, then clearly V;; = Vj . in

7

ling, Cor(X;,Y;). Therefore we obtain a well-defined element V;
Cor(X;,Y;) — ligCor(Xi Y;)), Vij—Vj.

By the base change formula (see (2.5.6) below) we obtain o ;,V; = V.
We obtain a morphism

(2.5.2) Cor”(X,Y) — ProCor((X;),(Y;)), V — (V});.
It is injective by (2.5.1). Finally we have to check that (2.5.2) is com-

patible with composition. Take Z = @leL 7z, € Cor™. For any
scheme S over k denote by

TZIZXS%ZZXS

the projection map. Take prime correspondences V € Cor”™*(X,Y)
and W € Cor”(Y,Z). For any | € L we find an index j(l) €
J and a correspondence Wj); € Cor(Yjq),7;) such that 7,W =
o yWjw,- For any j(I) we find an index i(j(l)) € I and a correspon-
dence Vig)),j0) € Cor(Xiay),v,q,) such that o;0).V = pji;)) Vi s0)-
Then the compatibility of (2.5.2) will hold if we can show

(2.5.3) Tl*(W o V) = p:(j(l))<wj(l),l o Vi(j(l)),j(l)); forall [ € L.

To this end we recall some well-known formulas. Assume we are given

the following diagram of schemes over k which are in Cor”?,

X/ L Y/
h’j Jh
xJt.y_ 4.z
and assume the square is cartesian and tor-independent. Then for

cycles o, B, 5',v on X, Y, Z, respectively, the following relations hold
as soon as both sides of the equation are defined (see [Ser65, V, C]):

(2.5.4) gy =1(gef).
(2.5.5) gufroo=(go [
(2.5.6) h*foa = fih a.
(2.5.7) f(B8-8)=r18)- 8.
(2.5.8) fila- f5(B)) = fila) - B.

Using these formulas it is straightforward but a bit longish to check,
that (2.5.3) holds. Indeed, since all cycles involved are always finite
over some scheme over k it will be clear that the formulas in question
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are defined; the base change formula (2.5.6) will be only applied in
cases where one of the maps f or h is flat, hence the tor-independence
condition will be automatic. (But note that A might not be flat so
there might appear higher Tor’s in the computation of h* and h'",
respectively.) This finishes the proof. O

2.6. A presheaf with transfers in the sense of Suslin-Voevodsky is a
functor F': Cor® — Ab; they form the category PST. We extend it
to a functor F': ProCor® — Ab by the formula

F((Xi)ier) = lim F(X,).

Precomposing F' with the functor from Lemma 2.5 we obtain presheaves
on Cor™°, which we again denote by F,

F:(Cor’™)° — Ab.
For a € Cor®°(X,Y) we denote by o* = F(a) : F(Y) — F(X), the
induced map. If f : X — Y is a morphism with graph I'y C X x Y
between k-schemes which are objects in Cor”™, then we set
(2.6.1) [f=100F(Y) = F(X);
if f is a finite morphism and F; C Y x X is the transposed of the graph
of f we set

(2.6.2) fo = (T4 F(X) = F(Y).
3. REVIEW OF RECIPROCITY SHEAVES

In this section we collect some definitions, notations and results from
[KMSY21a], [KMSY21b], [KSY], and [Sai20].

3.1. A modulus pair X = (X, Xs) consists of a separated and finite
type k-scheme X and an effective Cartier divisor X,, > 0 such that
the open complement X := X \ |X,.| is smooth. We say X is a proper
modulus pair if X is proper over k. A basic example is the cube

O:= (P}, 0).

Let X = (X,X,) and Y = (Y,Y,) be two modulus pairs with
corresponding opens X = X \ |X| and Y = Y \ |Y|, respectively.
The modulus pair X ® Y is defined by
(3.1.1) XRYi=(X XY, Xeo xY +X xY).

An admissible prime correspondence from X to ) is a prime correspon-
dence V' € Cor(X,Y) satisfying the following condition

(3.1.2) Xooiow > Yoo

0|7 |7N7
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where V' — V © X x Y is the normalization of the closure of V.
We denote by Cor,qm(X,Y) C Cor(X,Y) the subgroup generated
by admissible correspondences. Assume X is a proper modulus pair.
Recall from [KSY, Lem 2.2.2], that the presheaf with transfers ho(X') €
PST is defined by

ho(X)(S) = Coker (coradm(i ® S, &) 275 Cor(s, X)) ,

where we write S instead of (S,0) and i. : S < A} is the e-section,
e € {0,1}. We have a natural quotient map Z,(X) — ho(&X'), where
Z(X) is the presheaf with transfers representing X, i.e., Z(X)(S) =
Cor(S, X).

Definition 3.2 ([KSY, Def 2.2.4]). Let F' € PST, X € Sm and a €
F(X). We say a has SC-modulus (or just modulus) X, if X = (X, X4)
is a proper modulus pair with X = X \ |X| and the Yoneda map
a:Zy(X)— F, factors via

Zix(X) . F,
. A
ho(X)

i.e., for any S € Sm and any correspondence v € Cor,, (0 x S, X) C
Cor(A' x S, X) we have ijy*a = ily*a.

We say F' has SC-reciprocity, if for all X € Sm any a € F(X) has a
modulus. We denote by RSC C PST the full subcategory consisting
of presheaves with transfers which have SC-reciprocity. Further we set

RSCy;. = RSC NNST,

where NST C PST is the full subcategory of Nisnevich sheaves with
transfers.

3.3. It is shown in [KSY] that the presheaves in RSC are in fact
induced by presheaves on modulus pairs in the following way: Let
X = (X,X) and Y = (Y, Y,) be modulus pairs with corresponding
opens X and Y, respectively. An admissible correspondence from X to
Y (see 3.1.1) is called left proper, if the closure in X x Y of all its irre-
ducible components is proper over X. We denote by MCor(X,)) C
Cor(X,Y) the subgroup of all left proper admissible correspondences.
This subgroup is stable under composition of correspondences (see
[KMSY21la, Prop 1.2.3]). Hence we can define the category MCor
with objects the modulus pairs and morphisms given by admissible
left proper correspondences. We denote by M Cor the full subcategory
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with objects the proper modulus pairs. We denote by MPST the cate-
gory of presheaves on M Cor and by MPST the category of presheaves

on MCor. By [KMSY2la, Prop 2.2.1, Prop 2.3.1, Prop 2.4.1] there
are three pairs of adjoint functors (w;,w*), (w,,w*) and (n, 7%):

PST < MPST =~ MPST — PST.,

w* T w

which are given by
(3.3.1) WF(X,Xo) = F(X\ [Xu|), wH(X)=H(X,0),
(3.3.2) WwF(X,Xs)=F(X\|Xs]), wGX)= lim  G(&),

XeMSm(X)
(X>’ TlG(Z/{) = hﬂ G(X)7

XeComp(U)

|
T

(3.3.3) T*F(X)

where MSm(X) is the subcategory of MCor with objects the proper
modulus pairs with corresponding opens X and only those morphism
which map to the identity in Cor(X, X), and Comp(lf) is the category
of compactifications of U = (U, Us), i.e., objects are proper modulus
pairs X = (X, Uy + X)), where U, and ¥ are effective Cartier divisors
such that X \ |¥| = U and Uoo\ﬁ = Uy, and the morphisms are those
which map to the identity in MCor (U, U), see [KMSY21a, Lem 2.4.2].
The functors wy, w), 7 are exact and we have w; = w7.

We denote by CI the full subcategory of MPST of cube invariant
objects, i.e., those ' € MPST, which satisfy that for any proper
modulus pair X the pullback along ¥ ®0 — X induces an isomorphism

F(X)= F(xXeO).
By [KSY, Prop 2.3.7] we have w(CI) = RSC and there is a fully
faithful left exact functor w®! : RSC — CI given by
(3.3.4) WNF)(X,Xs) = {a € F(X\X.) | a has moduls (X, X.)}.
We have
(3.3.5) wnwC(F) 2 uw(F) 2 F.
3.4. We recall some more definitions and results from [KMSY21a],
[KMSY21b], and [Sai20] related to Nisnevich sheaves.

For € MPST and X = (X, X,,) € MCor we denote by Fy the
presheaf on X defined by

(3.4.1) (USX) e Fx(U) := F(U,u"Xy).

We denote by MINST the full subcategory of MPST consisting of
those F'such that Fy is a Nisnevich sheaf on X, for any X = (X, X)) €
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MCor. Further, MNST is the full subcategory of MPST consisting of
F such that n /" € MINST. By [KMSY21a, Thm 4.5.5] and [KMSY21b,
Thm 4.2.4] there are exact sheafification functors (i.e., left adjoints to
the natural inclusions)

anis - MPST — MNST, ay;s : MPST — MINST,
such that
(1) (QleF)<X> - hgf;Y%Y FX,Nis(Y; f*Xoo)7 where X' = (X> Xoo) S
MCor, Fy nis denotes the Nisnevich sheafification of the presheaf

Fy on X, and the limit is over all proper birational morphisms
f Y — X which restrict to an isomorphism Y \ |f*X.| =

7\ [ Xosls
(2) m restricts to an exact functor nn : MINST — MNST and
satisfies
(3.4.2) anisT ' = nanisF,  for all F € MPST .

It follows that anis = 7*an;s7 and

ANis|MNST — 1dMNST> aNis[MNST — idMnsT-

By [KMSY21b, Prop 6.2.1],

* o V * _ , x V
anjsW = W aynjsy  ONisW = W Qg

where af;, : PST — NST is Voevodsky’s Nisnevich sheafification
functor (see [Voe0Ob, Lem 3.1.6]), and we obtain induced functors

w*: NST — MNST, w*":NST — MNST.

Lemma 3.5. For F € RSCyis we have wC'F C anyswC'F C w*F in
MPST (see Definition 3.2 and (3.3.4) for notation). Here the first
inclusion is given by the unit of adjunction.

Proof. By definition w'F C w*F. We obtain the following commuta-
tive diagram

aNiswCIFC_> anisw™ I’

| |

WA C— = W*F,

in which the vertical maps are induced by adjunction. The vertical map
on the right is an isomorphism since w*F € MNST, the top horizontal
map is an inclusion since ay;s is exact. This gives the statement. O

Remark 3.6. It follows from Corollary 4.16 below that the first inclusion
in Lemma 3.5 is actually an equality.
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3.7. We define the category MCor™* as follows: The objects are pairs
X = (X, X), where

(1) X is a separated noetherian scheme over k of the form X =
@ie s X, with (X;)ic; a projective system of separated finite
type k-schemes indexed by a partially ordered set with affine
transition maps 7; ; : X, — Yj, 1> 7,

(2) Xoo = l'ﬁnie[ Xi oo, With X; o an effective Cartier divisor on X,
such that X; \ | X; | is smooth, for all 4, and 771 Xj00 = Xico,
i > 7,

(3) X \ | Xo| is regular.

The morphisms are given by the admissible left proper correspondences
which are verbatim defined as in 3.3. That the composition of corre-
spondences in Cor®™ induces a well-defined composition in MCor?™
is shown in the same way as in [KMSY21a, Prop 1.2.3].

Lemma 3.8. There is a (up to isomorphism) canonical and faithful
functor

MCor?® — ProMCor, l‘gl(yi,Xim) = (X, Xiso )i

)

Proof. Let X = (X, Xw), Y = (Y,Y,) € ProMCor. We write X =
Téniel% with &; = (X, Xj ), and similarly Y = l'&njej Yj. Set X =
X\ | Xwl, etc. We have to show that the injection (2.5.2) restricts to

(3.8.1) MCor?(X,Y) — ProMCor((X;), (V;)).

To this end let V€ MCor®°(X,)) be a left proper admissible cor-
respondence. For j € J denote by o,(V) the image of V' under the
projection X X Y — X x Y;. Then o;(V) is a finite prime correspon-
dence as was observed in the proof of Lemma 2.5. Let V C X x Y be
the closure of V. By assumption V is proper over X. Since X x Y; is
separated and of finite type over X the image of V in X x Y is closed
and proper over X; hence it is equal to the closure o;(V) of o;(V).
Now [KMSY21la, Lem 1.2.1] yields

(3.8.2) Xoo g 2 Yo

o5 (V) o (V)

with the notation from (3.1.2). As in the proof of Lemma 2.5 we find
an index ¢p € I and a finite correspondence V;, ; C X;, x Y; which pulls
back to o;(V). We can also assume (after possibly enlarging i) that
the closure V;,; C X;, x Y of Vj, ; pulls back to o;(V). We obtain
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the cartesian diagram

|

o(Vj) —= X =lim X;
|

Vio,j Xl

Since the upper horizontal arrow is proper, the lower horizontal ar-
row becomes proper after possibly enlarging ig, see [EGA IV3, Thm
(8.10.5), (xii)]. Hence by our construction and (3.8.2), the scheme

Viei = Vi N (Xi, X Y;) is a left proper admissible correspondence
from X, to ), and gives a well-defined element

Ve hﬂ ProMCor(X;,);).

icl
This shows that (2.5.2) restricts to (3.8.1). O

3.9. Let F' € MPST. Using Lemma 3.8 we can extend F' to a presheaf
on MCor? by the formula

F(X) = @F(?@), X = l&lé’(Z € MCor™™ .

4. CONDUCTORS FOR PRESHEAVES WITH TRANSFERS

Definition 4.1. (1) We say that L is a henselian discrete valuation
field of geometric type (over k) (or short that L is a henselian
dvf) if L is a discrete valuation field and its ring of integers
is equal to the henselization of the local ring of a smooth k-
scheme U in a 1-codimensional point z € UM, ie., O = (’)[’}71.
For n € N5; U {oo} we set

® = {L henselian dvf}, &, ={L € ® |trdeg(L/k) < n}.

Note that in positive characteristic ®<; consists precisely of the
henselian dvf’s with perfect residue field.

(2) Let X be a smooth k-scheme. A henselian dvf point of X is a
k-morphism Spec L — X, with L € .

(3) Let X = (X, X.) be a modulus pair with X = X \ [X,|. A
henselian dvf point of X" is a henselian dvf point p : Spec L — X
extending to Spec O — X. Note, if it exits, such an extension
is unique, and if X is proper, then there always exists an ex-
tension. We will denote this extension also by p. We will also
write p : Spec L — X for the henselian dvf point of X defined

by p.
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Notation 4.2. (1) Let FF € PST and X € Sm. A henselian dvf
point p : n = Spec L — X is a morphism in Cor™® (see 2.2).
Hence we get a morphism (see 2.6)

pfF(X)— F(n)=:F(L), a~ pa.

Also n = Spec L — Spec O, = 77 is in Cor®™ and we get an
induced map F(Op) := F(7) — F(L).

(2) Let X = (X, X) be a modulus pair with X = X \ |X,| and
p : Spec L — X a henselian dvf point. Then we denote by

1 (Xoo) = 0(p" Xoo) € Ny
the multiplicity of X, pulled back along p.

Definition 4.3. Let I’ € PST and n € [1,00|. A conductor of level n
for F is a collection of set maps

c={c,:F(L) >Ny | Led,}

satisfying the following properties for all L € ®-,, and all X € Sm:

(cl) cp(a) =0 = a € Im(F(Or) — F(L)).

(¢2) ep(a+b) < max{cp(a),cp(b)}.

(e3) cn(fea) < [e(zi,’(/(IL))—" for any finite morphism f : Specl’ —
Spec L and any a € F(L'). Here e(L’/L) denotes the ramifica-
tion index of L'/L and [—] is the round up.

(c4) Assume a € F(AY) satisfies ¢y (pia) < 1, for all z € X
with trdeg(k(z)/k) < n — 1, where k(2)(t)s = Frac((?f,évoo)
and p, : Speck(r)(t)os — Al is the natural map. Then a €
T F(X), with 7 : AL, — X the projection.

(c5) For any a € F(X) there exists a proper modulus pair X =
(X, Xo) with X = X \ | X/, such that for all p: Spec L — X
we have

cr(pa) < vp(Xeo).
A conductor of level co will be simply called conductor.

Remarks 4.4. (1) If F'is homotopy invariant, then setting cz(a) =
0, if a € Im(F(OL) — F(L)), and ci(a) = 1 else, defines a
conductor (of any level).

(2) If ¢ = {cL} is a conductor for F. Then for any L we have

(4.4.1) a € Im(F(O;) — F(L)) <= c(a) = 0.

Indeed, if a € Im(F(OL) — F(L)), then we find a smooth

k-scheme U, a 1-codimensional point z € UM, a k-morphism
Spec O, — Spec Oy, — U and an element a € F(U) such that
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p‘a = a € F(L), where p : SpecL — SpecOp — U. The
vanishing of ¢ (a) hence follows directly from 4.3(c5).

(3) Let ¢ = {cz} be a conductor. Then ¢=" := {c, | trdeg(L/k) <
n} is a conductor if and only if ¢=" satisfies (c4).

Definition 4.5. Let F' € PST and let ¢ = {c.} be a conductor of level
n for F. Let X = (X, X,,) be a modulus pair with X = X \ |X,|. For
a € F(X), we write

cx(a) < Xeo
to mean ¢ (p*a) < v (Xs), for all henselian dvf points p : Spec L — X
with trdeg(L/k) < n (see Definition 4.1).

Lemma 4.6. Let ¢ be a conductor of some level for F' € PST, X €
Sm, and a € F(X). Let X = (X, X,,) be any proper modulus pair
with X = Y\XOO. Then there exists a natural number n > 1 such that
cx(a) <n-Xg.

Proof. By 4.3(cb), there exists a proper modulus pair X; = (X1, X1 o)
with corresponding open X and such that ¢z (p*a) < v (X ), for all p.
We find a proper normal k-scheme X with k-morphisms f : X, — X,
fi: Xo — Xj such that X\ |[f*Xo| = X = X\ | X10o| Taken >1
with f7 X <n- f*Xs. Then for p: SpecL — X

cr(pta) S vL(Xieo) = vi(f1 X100) Svr(n- ffXs) =vr(n - X).

Hence the statement. O

Proposition 4.7. Let F € PST and let ¢ be a conductor of level n for
F. Then

MCor 3 X = (X, X.0) = F.(%) = {a € F(X\ [Xoe]) | ex(a) < X}
defines an object in MPST. Furthermore (see 3.3 for notations):

(1) For any X € MCor the pullback along the projection map
X @0 — X induces an isomorphism F.(X) = F.(X @ O).
In particular, ™ F, € CI.

(2) wiT*F, = F.

(3) F € NST = F, € MINST.

Proof. We start by showing F, € MPST. Let X = (X, X,) and
Y = (Y,Y,) be two modulus pairs with corresponding opens X and
Y, respectively. We have to show that a left proper admissible prime
correspondence V' € MCor(X,)) C Cor(X,Y) sends the subgroup
F.(Y)C F(Y) to F.(X) C F(X). Take a € F.(Y) and a henselian dvf
point p : n = Spec L — X with trdeg(L/k) < n. We have to show

(4.7.1) cL(pV*a) <v(p"Xuo).
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Since V' — X is finite, (7 Xx V)weq is a disjoint union of points n; =
Spec L;, with L; € &<,. Thus

Vop=> mj-n € Cor(n,Y),

with some multiplicities m; € N. For each ¢ we get a commutative
diagram

pi

=V —=Y

|,

77—>X7

where p; is a henselian dvf point of Y and f; is finite. We have n; =
I, oT% in Cor(n,Y) (see 2.6 for the notation). Thus

(4.7.2) PV = mi- fup] i F(Y) = F(n).

Since the closure V of V in X x Y is proper over X and p extends to
p, we see that p; extends to p; as in the diagram

Pi

T

SpecOp, ——=V ——=Y

|

Spec Op, X
Since V satisfies the modulus condition (3.1.2) we get
(4.7.3) vr, (Xoo) > v, (Yoo)-

Indeed, let B be the local ring of V' at the image of the closed point of
Op;, v and y € B the local equations for Xo, 7 and Yoy, respectively,
and = and g their images in Oy, \ {0}. Then (3.1.2), says that z/y €
Frac(B) is a root of a monic polynomial P(T) € B[T]. It follows that
z/y € L; is a root of the image of P(T) under B[T] — Oy,[T], i.e., /7y
is integral over Oy, i.e., vr,(Z) > v, (7).
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Let j be an index with cr(fj«pja) = max;{cr(fipia)}. We obtain
(4.7.4) cL(pV*a) = cL(Z mi - fipia), by (4.7.2)

< cr(fjpja), by 4.3(c2)

[cr,(pja )W

| e(L;/L)
< vz, (Yo )w a € Fe(Y)

( L;/L)

UL]' (Xoo)-‘
e(L;/L) |

=L (Xoo)a
where the last equality follows from v, (Xo) = e(L;/L)vr(Xs). This
proves (4.7.1) and hence that F; is in MPST.

Next, we prove (1). Let X = (X, X) be a modulus pair with
X = X\ |X.| Denote by m : X x A} — X the projection and by
o+ X = X X A} the zero section. These define morphisms 7 €
MCor(X @ [, X) and iy € MCor (X, X ® ). We have to show that
™ 1 F(X) = F.(X ®0) is an isomorphism. Since i{m* = idp,(x), it
suffices to show that 7* is surjective. Take a € F.(X ® O). For any
henselian dvf point p : Spec L — (P%,{oo}y), with trdeg(L/k) < n,
we have

cr(pfa) < vp(Xeo X P14+ X x {00}) = v (X x {oo}).
Hence by 4.3(c4), there exists an element b € F(X) with 7*(b) = a.
We have to check that b € F.(X). Take p : Spec L — X a henselian
dvf point with trdeg(L/k) < n. Then igop : SpecL - X @O is a
henselian dvf point and thus

cr(p™b) = cr(pigr™d) = cr((io 0 p)*a)
< (Xoo X PY 4+ X x {00}) = v, (Xoo).
Hence b € F.(X). Statement (2) follows directly from (3.3.2) and
4.3(ch). Finally (3). For X = (X, X)), the presheaf F. » on Xg (see
(3.4.1)) is given by
USX)={ac FU\ |[u'Xy|)|cv(a) < u' Xy}

We have to show that this is a Nisnevich sheaf. Since F' is a Nisnevich
sheaf it suffices to show the following: Let u : U — X be an étale map,

a € F(U\|u*Xo]|) and assume there is a Nisnevich cover L;U; — U so
that cy,(ufa) < uju* X, all . Then we have to show cy(a) < u*X.

< by 4.3(c3)

< by (4.7.3)
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To this end, observe that if p : Spec L — (U, u*X ) is a henselian dvf
point with trdeg(L/k) < mn and = € U is the image point of the closed
point of Spec Oy, then by the functoriality of henselization p factors
via Spec O, — Spec OZ@ — U. Hence there is an ¢ such that p factors
via Spec Oy — U; =5 U. Thus cz(p*a) < vp(uiv* Xs) = vp (v Xs).
This completes the proof. 0

4.8. Let F' € PST and let ¢ be a conductor of some level for F. Let
F, € MPST be as in Proposition 4.7. We set (see 3.3 for notation)

F..=n7"F, € MPST.
By adjunction we have a natural map
F.— F.,
which is injective. Indeed, on X' = (X, X.) € MCor it is given by the
inclusion inside F/(X \ | X))
Fu(X) = hﬂ Fo(Y) = Fe(X).
YeComp(X)
By Proposition 4.7 and [KMSY21b, Lem 4.2.5] (or a similar argument
as in the proof of 4.7(3)) we have
(4.8.1) F € NST = F, ¢ MNST.

4.9. Let F' € RSC. Denote by CI(F') the partially ordered set consist-
ing of those subobjects G C w®'F in MPST, such that the induced
map wiG — wwCF = F is an isomorphism, and where the partial
order is given by inclusion G; C Gy We set

CI(F)xi, := CI(F) N MNST.
Lemma 4.10. Let F € RSC and G € CI(F). Then G, = 1G €
MPST has the following properties:
(1) the unit G1 — w*w,Gy of the adjunction (w,,w*) is injective;
(2) the counit nT*G1 = Gy of the adjunction (1, 7*) is an isomor-
phism;
(8) for all X € MCor the pullback G1(X) = G(X ® O) is an
1somorphism.

Proof. Note that (2) follows directly from 77 = id. We show (1) and
(3). The inclusion G — wWCF yields a commutative diagram

Gle— > 7w°IF

| |

w'w G — ww,nwF = w*F.
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Here the top horizontal row is injective by the exactness of 7, the
vertical maps are induced by adjunction, the vertical map on the right
is injective by (3.3.4). It follows that the vertical map on the left is
injective; furthermore the injectivity of the top horizontal map and
[Sai20, Lem 1.15, 1.16] imply that G, is O-invariant. O

Remark 4.11. The above lemma says that nn CI(F) C "CI*”, in the
notation of [Sai20].

Lemma 4.12. Let F' € PST and let ¢ be a conductor of some level for
F. Then 7°F. = 7F, € CI(F) (see 4.8 for notation). If F' € NST,
then T*Fc S CI(F)NiS.

Proof. By Proposition 4.7(2), it suffices to show that there is an in-
clusion 7*F, < wC'F inside w*F. For X a proper modulus pair set

Zy(X) := MCor(—, X), and

hD(X) = Coker (Ztr()()(ﬁ T ztr()c)> .

By [KMSY2la, Lem 1.1.3] and [KSY, Lem 2.2.2] we have (see 3.1 and
3.3 for notation)

Wi (X) = Zn(X),  whF(X) = ho(X),

where X = X \ |X|. Take a € F,(X) C F(X). Since F. is cube
invariant, by Proposition 4.7, the Yoneda map a : Zy(X) — 7*F,
factors via the quotient map Z,(X) — hg(X). Applying w = wn
we see that the Yoneda map a : Zy(X) — F in PST defined by
a € F(X) factors via Zy(X) — h(X), i.e., a € wCTF(X). This proves
the lemma. dJ

Notation 4.13. Let L € ®. Denote by s € S := Spec Oy, the closed
point. For all n > 1 we have (S,n -s) € MCor”™ (see 3.7). Let
G € MPST; we extend it to a presheaf on MCor?°. For n > 0 we
introduce the following notation:

wG(S)=G(S,0) ifn=0

GO, m") = {G(S,n ) if n> 1.

Definition 4.14. Let FF € RSCy;s and G € CI(F) (see 4.9). We
denote by ¢ = {cf¢} the family of maps ¥ : F(L) — Ny, L € ®,
defined as follows

c?(a) :=min{n > 0] a € nG(Op,m;™)}.
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This is well-defined since

F(L) = wn(G)(L) = n(G)(L,0) = | JnG(OL,m™).

In case G = wCF we write
(4.14.1) o=
and call ¢ the motivic conductor of F.

Theorem 4.15. Let F' be a presheaf with transfers.

(1) If F has a conductor ¢ of some level, then F' € RSC.

(2) If F € RSCy;s and G € CI(F) (see 4.9), then the family ¢ =
{cSY (see Definition 4.14) is a conductor for F in the sense of
Definition 4.3. In particular, ¢t is a conductor for F.

(3) Let F € RSCyis and G € CI(F'). Then in MPST
nG C F.c
and for all L € ® and n > 0, we have
nG(Op,m") = F,a(Or,mp").

(4) Let F € RSCyis and let ¢ be a conductor for F' (of some level).
Then
F. C nw'F = Fir,
where ¢ is the motivic conductor, see (4.14.1).

In particular,
F € RSCyjs <= F € NST and F has a conductor (of some level).

Proof. (1). We have F' = wyt*F, € w(CI) C RSC, by Proposition 4.7
and [KSY, Prop 2.3.7]. Next (2). We check the properties from Defi-
nition 4.3. Set Gy := nG. (cl) follows from w,G1(Or) = wG(Or) =
F(Op); (¢2) is obvious. As for (c3), let L'/L be a finite extension of
henselian dvf’s with ramification index e. The induced finite morphism
f : Spec Opr — Spec O, induces a morphism in MCor?™:

(Spec O, n - sp) — (Spec O/ en - sp/),

where sy, (resp. sp/) are the closed points. This yields the commutative
diagram

Gl(OL’v ®) - Gl(OL/ﬂ mZ’en) - (’_‘}*Q!Gl(OL/’ mZ’en) = F(L,)

| | |

G1(OL,0) —— G1(Op,m}") —— w'w,G1(Op, m;") = F(L).
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Hence, we obtain the following inequality which implies (¢3):
¢ (foa) <min{n | a € G1(Op,m;)} = min{n | ¥ (a) < en}.
The following claim clearly implies (c4):

Claim 4.15.1. Let X € Sm and a € F(AY). Assume X connected with
function field K. Set K(t)o := Frac(Oh, ) inducing the henselian
K>

dvf point Spec K (t)se — (Pk,00). Assume cf((t)oo(aK) < 1, where
arx € F(AL) is the restriction of a. Then a € F(X).

Proof of Claim 4.15.1. The restriction map F(AL) — F(Ak) is
injective, by [KSY16, Thm 6] and [KSY, Cor 3.2.3]; thus it suffices
to show ax € F(K). Set Ginis = anis(G1) (see 3.4). Consider the
Nisnevich localization exact sequence

Gl,Nis(P}(a 00) — Gl,Nis(A}(a @) — G1(K (1), Q))/G1<OK(t)ooa 00).
By [Sai20, Thm 4.1, we have Ginis(AL,0) = G1(AL,0) = F(AL).

Hence our assumption implies ax comes from G1,Nis(P}<, o0) and the
desired assertion follows from the cube invariance of Gy nis, see [Sai20,
Thm 10.1] (and Remark 4.11),

GLNis(P}{, OO) ~ Gl,NiS(K7 @) = Gl(K, (Z)) ~ F(K)

Next we prove (c5). Let X € Sm and a € F(X). We can assume
that X is ot proper over k. Take any X = (X, X, ) € MCor such
that X = X — | X|. We have

F(X) =wG(X) =limG(X,n - X),

n>0
and hence a € G(X,n - X.), for some n. Then, for any henselian dvf
point Spec L — (X,n - Xo), we get a € Gl(OL,mZmL(X“’)) so that
cF(a) <n-vp(Xs). This completes the proof of (2).

(3). It follows directly from the definition of F,¢ in Proposition 4.7,
that we have nG C F.c; hence also nG = nt*nG C n7*F.¢ = Fco.
Furthermore, the equality in the second part of the statement comes
from the inclusions

nG(Op,m;") C F,e(Op,m;") C {a € F(L) | a € nG(Or,m;™)},

where the first inclusion comes from the above and the second holds by
definition. Finally (4). The inclusion F, C nwCLF follows from Lemma
4.12. The equality F.r = nwC'F, now follows from this and (3). This
completes the proof. O

Corollary 4.16. The functor w' : RSC — CI restricts to a functor
(.OCI : RSCNiS — CINis = CINMNST.
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Proof. Take I' € RSCxy;is. By Theorem 4.15, Proposition 4.7(3), and
(4.8.1) we have mw©!F = F,» € MNST. Hence w®F € MNST, by
definition, see 3.4. O

Notation 4.17. Let F' € RSCyy. In the following we will simply
write

F:=Fr =7nw"F
By Corollary 4.16 we have 7*F € CI(F)y;s (see 4.9).

Corollary 4.18. Let I’ € RSCyis. Denote by (cF')S" the restriction
of the motivic conductor to trdeg < n. Assume (cI')S" is a conductor
of level n. Then

Proof. Clearly F.r C F(Cp)gn, and "D’ holds by Theorem 4.15(4). O

Proposition 4.19. Let Fy C F5 be an inclusion in RSCyis. Then the
restriction of the motivic conductor of Fy to Fy is equal to the motivic
conductor on Fi, i.e.,

CFl = (CF2)|F1 .

Proof. Let a € Fy(X). By the definition of the motivic conductor it
suffices to show: a has modulus (X, X.,) as an element in Fy(X), if
and only if it has the same modulus as an element in F;(X). This is
obvious, see Definition 3.2. O

Lemma 4.20. Let Fy, Fy, € RSCyis. Let L € ® and a; € F;(L). Then

cfl@& (a1 + ag) = max{cfl(al), cfQ(aZ)}.
Proof. Direct from Definition 4.14. 0

Proposition 4.21. Let ki/k be an algebraic (hence separable) field
extension and let I € RSCyisy, (i-e. F is a contravariant func-
tor Cory, — Ab which is a Nisnevich sheaf on Smy, and has SC-
reciprocity). Denote by Ry, F' : Sm = Smy, — Ab the functor given
by

X = Ry, i F(X) = F(Xy,),

where X, = X Xgpecr Specky. Then Ry, . F" € RSCxis and its motivic
conductor is given by

R F
e (a) = max{c], (a))},

where L @y k1 = [, Li and a = (a;) € Ry, (L) =[], F(L;).
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Proof. The first statement follows from the definition of RSCyjs; for
the second observe that for L € ® the kj-algebra L @ ky = [, L; is
unramified over L, hence (see 4.17 for notation)

szl/kF OL,mL HF OL“

This yields the statement. U

4.1. Semi-continuous conductors.

Definition 4.22. Let F € PST and let ¢ be a conductor of level
n € [1,00] for F'. We say c is semi-continuous if it satisfies the following
condition:

(c6) Let X € Sm with dim(X) < n and Z C X a smooth prime
divisor with generic point z and K = Frac(O%,). Then for
any a € F(X \ Z) with cx(ax) < r there exists a Nisnevich
neighborhood v : U — X of 2z and a compactification Y =
(Y, Y,) of (U, r-u*Z) such that (see Definition 4.5 for notation)

cylav) < Y,
where ay (resp. ax) denotes the restriction of a to U (resp. K).
Lemma 4.23. Let F' € PST and let ¢ be a conductor of level n for F.

The following statements are equivalent:

(1) c is semi-continuous;
(2) F.(Op,m;")={ae€ F(L) | cr(a) <r}, for L € &, 7 > 0.

Proof. Let a € F(L). Thena € F,(Op, m;") if and only if there exists a
smooth scheme X, a smooth prime divisor Z on X with generic point z,
a k-isomorphism OL =~ O% ., an element @ € F(X \ Z) restricting to a,

and a compactification ) = (Y, Ya,) of (X, - Z), such that cg-(@) < Yae.
From this description we see that this 'C’ inclusion in (2) always holds,
while this "D’ inclusion is equivalent to the semi-continuity of c. U

Corollary 4.24. Let F' € RSCyis and let ¢ be a semi-continuous con-
ductor of level n for F. Then (cF')s" < ¢, i.e., for all L € ®<, and all
a € F(L) we have cf(a) < cr(a).

Proof. Follows from Theorem 4.15(4) and Lemma 4.23. O
We can summarize part of the above as follows:

Theorem 4.25. Let ' € RSCyjs.

(1) Any G € CI(F) (see 4.9) defines a semi-continuous conductor
c (see 4.14). For Gy C Gy in CI(F) we have ¢ < ¢
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(2) Let ¢ be a conductor of level n € [0,00]. Then 7*F, € CI(F)nis-
For ¢y < ¢y we have T*F,, C 7*F,,. If furthermore c is semi-
continuous, then ¢ = (¢7 fe)<n,

(3) Assume G € CI(F)nis satisfies

G(X) = {a € F(X)|p'a € nG(Op, my ")), V0 iBpec L &,

with L € ®

for all proper modulus pairs X = (X, Xoo) with X = X \ | Xu|.
Then ™" F.c = G.

(4) Let ¢ be a semi-continuous conductor of level n for ' (possibly
only defined on trdeg < n). Then there exists a unique semi-
continuous conductor ¢ for F with the following properties:

T*F. =7 Fe and c= ()"

We call ¢* the canonical extension of c.

(5) Assume the restriction (cI')<" of the motivic conductor to trdeg <
n is a conductor. Then its canonical extension s the motivic
conductor, i.e., ((cf)=")>° = cF'.

Proof. (1) holds Theorem 4.15(3) and Lemma 4.23. (2) follows from
Lemma 4.12 and Lemma 4.23. (3) holds by the definitions involved.
(4). Set G := 7*F.. Then G € CI(F) by (2) and it satisfies the
condition from (3) by Lemma 4.23. Set ¢ := ¢“. Then ¢* has the
wanted properties by (3) and (2). Finally (5) follows from Corollary
4.18. U

We finish this section with some lemmas which are needed later on.

Definition 4.26. Let F' € RSCyys. We say F' is proper if the following
equivalent conditions are satisfied:

(1) For all X € Sm and any dense open U C X the restriction
map F(X) = F(U) is an isomorphism.
(2) Any conductor ¢ on F is trivial, i.e., ¢, =0 for all L.
(For this (2) = (1) implication use that (c4) implies that F € Hlyy
and then the statement follows from Voevodsky’s Gersten resolution,
cf. [KY13, Lem 10.3].)

Lemma 4.27. Let 0 —» F} 5 F LN Fy — 0 be an exact sequence in
NST and with Fy, F5, € RSCyis and assume F is proper.

Then F € RSCyis. Any (semi-continuous) conductor ¢ of level n on
F, induces a (semi-continuous) conductor cip = {c o} of level n
on F. Furthermore, the motiwic conductor of I is given by c'' = cf21
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Proof. Let ¢ be a conductor of level n on F,. Then ¢ clearly satisfies
(¢2), (€3), (c5) (and (c6) if ¢ does). By the properness of I} we have
an isomorphism F(L)/F(Or) = Fy(L)/F»(Or), which implies (cl).
Assume a € F(AL) satisfies the assumption in (c4) for cp. Let 7 :
A% — X be the projection and i : X < Al the zero-section. Then
Y(a—m*i*a) = Y¥(a) —m*i*(a) € FR(AX) satisfies the assumption from
(c4) for ¢; hence it lies in 7* F5(X), hence is zero; therefore a — n*i*a €
Fi(AY) = 7*F1(X), hence it is zero, i.e., a = 7*i*a. This shows that
c satisfies (c4). Therefore, ¢y is a conductor of level n. Thus Theorem
4.15 yields F' € RSCyjs and FCFM(OL,mZ”) C F(OL,mE”). We have
inclusions

Foroy(Op,mp") /[ Fi(Or) = F(Op,m;")/F(OL) < Fy(Or,mp"),

where the second map is injective by the properness of Fi. Since Fy =
F, ., the composition is an isomorphism; hence et = cfzy. O
Lemma 4.28. Let ¢ : F'—» G be a surjection in NST. Let ¢ = {cy, :
F(L) = N}rea_, be a collection of maps. Define ¢ = {c : G(L) —
N}LE‘I’Sn by
¢r(a) == min{c(a) | a € F(L) with p(a) = a}.

If ¢ satisfies (c1) (resp. (c2), (c3), (c6) ), then so does ¢c.

Furthermore, if ¢ has the following property: For all X € Sm there
exists a proper modulus pair (X, X)) with X = X \ Xo, such that for
all x € X the map ¢ induces a surjection

—h ~h
(4.28.1) F(X(m) \ Xoo,(@) = G(X(z) \ Xoo ()

where 72;) = Spec Ohyx and X (z) denotes the restriction of X to
Y?x). Then ¢ satisfies (¢5), if ¢ does.

Proof. (c1). If ¢.(a) = 0, then there exists a lift @ € F(L) with ¢z (a) =
0, hence a € F(Oy), by (cl) for ¢, hence a € G(Oy).
(c2). Let a,b € G(L). Take lifts a,b € F(L) with ¢ (a) = ¢,(a) and

cr(b) = ¢ (b). Then by (¢2) for ¢
cr(a+b) <cpla+ l;) < max{cp(a), cL(B)} = max{cr(a),c.(b)}.

(c3). Let f : Spec L' — Spec L be a finite extension with ramification
index e and let a € G(L'). Take a lift @ € F(L') with ¢/(a) = cp/(a).
Then by (¢3) for ¢

eu(fua) < cu(fud) < {M] _ FL’(C‘)] .

€ €
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(c6). Let X,z € Z, K be asin (c6) and a € G(X \ Z) with ¢x(ak) <
r. Let ax € F(K) be a lift of ax with cx(ax) = ¢éx(ax). Since
Spec K = Spec Ok \ Zo,., we find a Nisnevich neighborhood U — X
of z and an element a € F'(U \ Z) which restricts to ax. After possibly
shrinking U around z, we may assume that ¢(a) = ajnz,. By (c6)
for F', we may shrink U further around z to obtain a compactification
Y =(Y,Y,) of (Ur - Zy) such that

cy(av) < ey(av) < Yoo

(c5)(assuming (4.28.1)). Let X € Sm and a € G(X). Let X =
(X, X) be a proper modulus pair with X = X \ | X,| as in (4.28.1).
This condition implies that we find a finite Nisnevich cover {U; —
X}; and a; € F(U;x), such that ¢(a;) = ap,, in G(U;x), where
{U; x — X}, is the induced Nisnevich cover of X. Let J; = (Y3, Yi o)
be a compactification of (U;, Xoojy,) which admits a morphism Y, > X
extending U; — X and inducing a morphism of proper modulus pairs
Y; — X. By (¢b) for ¢ and (the proof of) Lemma 4.6 we find an integer
N >> 0, such that cp(p*a;) < N-vp(Yia), forall p: Spec L — U, x =
Yi\ [Yiol, L € ®<,. Let p : Spec L — X be any henselian dvf point
with L € ®,,; denote by s € X the image of the closed point under the
induced map p : Spec O, — X. By the Nisnevich property, there exists
an 7 and a point s; € U; such that U; — X induces an isomorphism
s; — s. Hence p factors via U; — Y,; — X. Thus

cr(pta) <ep(pta;) < N -vp(Yieo) = N - vp(Xoo),
where for the equality we used (Yjoo)jv, = (Xoo)jv,- Thus a satisfies
(c5) for (X, N - X.). O
4.2. Homotopy invariant subsheaves.

Corollary 4.29. Let F € NST be Al-invariant (in particular F €
RSCnis). Then the motivic conductor of F is given by

(q) = {o if a € F(Oy)

c
L 1 else.

Proof. The right hand side defines a conductor, as already remarked in
4.4; it is clearly semi-continuous. By Corollary 4.24 we get "<’ in the
statement and (cl) forces it to be an equality. O

4.30. We denote by HI the category of Al-invariant presheaves with
transfers and set Hly; := HINNST. It follows immediately from
Definition 3.2 that we have HI C RSC and Hly;s C RSCys.
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Let FF € PST. For X € Sm, we denote by
R (F)(X)

the subset of F'(X) formed by those sections a € F(X) for which the
Yoneda map a : Z,(X) — F factors via

WA (X) = Coker(Ze(X)(— x AL 2 7, (X)) € PST.

We immediately see that X +— hY,(F)(X) defines a sub-presheaf with
transfers of F', since h(‘?l(X) € HI (see, e.g., [Voe0Oa, Prop 3.6]) we
have h,(F') € HI; furthermore, it has the following universal property:
any morphism H — Fin PST with H € HI factors uniquely via a mor-
phism H — h%,(F) in HI. Note, if F € NST, then h,(F) € Hly;.
Indeed, by [VoeOOb, Thm 3.1.12] Nisnevich sheafification induces an
exact functor HI — HlIy;s, thus we obtain natural inclusions in PST

hoAl(F) — hOAI(F)Nis — FNiS = F?

since h,(F)nis € HI the second inclusion factors via h9y, (F'); hence

Proposition 4.31. Let ' € PST and let ¢ be a conductor of level n
for F. Then

X = F=Y(X) = {a € F(X) | cp(pra) <1,

Vp:SpecL — X
with L € (I)Sn

defines a homotopy invariant sub-presheaf with transfers of F. If F' €
NST, then F°<' € Hly;.

Proof. To show F°<! € PST is equivalent to the following: let V €
Cor(X,Y) be a finite prime correspondence and a € F°<*(Y); then for
all henselian dvf points p : Spec L — X with trdeg(L/k) < n, we have

cL(pV*a) < 1.

This follows from the calculation in (4.7.4). The A'l-invariance of F°<!
follows directly from (c4). The last statement is proven similarly as in
Proposition 4.7(3). O

Corollary 4.32. Let F' € RSCyjs with motivic conductor c*'. Then
W (F) = Fe' <L,

Proof. By Proposition 4.31 we have F<'<' < hS,(F). By Proposi-
tion 4.19 and Corollary 4.29 we have (CF)|h0A1(F) = a1 ") < 1; hence

WO, (F) C Fe"=L, O
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Corollary 4.33. Let F' € RSCyys. Assume for all L € ® we have
(4.33.1) F(Op,m ") = F(Oyp).
Let X € Sm be proper over k and U C X dense open. Then

har (F)(U) = F(X).

In particular, if F satisfies (4.33.1), then X — F(X) is a birational
mvariant on smooth proper schemes.

Proof. By Corollary 4.32
Wai (F)(U) = P <H(D).
Hence F(X) C h%,(F)(U) and by (4.33.1) also

W (F)U) C () F(Ok.).

zeX @)
By [Sai20, Cor 0.3]

(| F(O%,) =F(X).

zex @
All together yields the statement. U

4.3. Local symbols.

4.34. We recall the notion of local symbols for reciprocity sheaves, see
[Ser84, 111, §1], [KSY16, Prop 5.2.1] or [IR17, 1.5] for details.

Let F' € RSCyys. If L/K is a finite field extension of finitely gen-
erated fields over k, we denote by Try,x : F(L) — F(K) the map
induced by the transfer structure on F. For X € Cor®™, z € X, and
a € F(X) we denote a(z) € F(z) the pullback of a along z — X.

Let K be a function field over k and C' a regular projective K-curve.
Note that C' € Cor™™ by Lemma 2.4. For z € C(y) a closed point we
write v,, for the corresponding normalized discrete valuation on K (C)*,
m, C Oc¢, for the maximal ideal, and set Ui = I+my C Of,,n> 1.
Let D = " n, -z be an effective Cartier divisor on C' and a € F(C, D)
(see 4.17 for the notation F). Then there exists a family of maps

{(a, =)e/ka - K(C)" = F(K)}aecy,
which is uniquely determined by the following properties:
(LS1) (a,=)c/kq : K(C)* — F(K) is a group homomorphism;
(LS2) (a, fle/xe = va(f) Trk(a)/x (a(x)), for x € C'\ |DJ;
(LS3) (a, U eyw = 0;
(L) e, (0 Flegis = 0.
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It follows from the uniqueness that the family {(a, —)c/k .} does not
depend on the chosen modulus D. Furthermore, from the uniqueness
one can deduce the following properties:

(LS5) (=, —)c/ke : F(K(C)) x K(C)* — F(K) is bilinear;
(LS6) let h: FF — G be a morphism in RSCyj, then in G(K)

h((a, feyxe) = (Ma), flo/ka, all a € F(K(C)), f e K(C)*.
Let K'/K be a finite field extension, C'/ K" € CorP™ a projective curve,
and 7 : C" — C a finite morphism over Spec K’ — Spec K, then:

(LS7) for b € F(K'(C")), f € K(C)*, and x € C(g) we have

(ﬂ-*(b)’ f)C/K,x == ZTI'K//K(b, W*f)C’/K’,y;

y/z

(LS8) for a € F(K(C)), g € K'(C")*, and x € C(g) we have

(@, m9)c/Ke = Z Trrryi (7" (a), 9)cr ks
y/x
where in both cases the sum is over all y € C' mapping to z.

Lemma 4.35. Let F' € RSCyis, C' be a reqular projective and geo-
metrically connected K-curve. Let K'/K be a finitely generated field
extension, denote by T : Spec K/ — Spec K the induced map, and by
7o : Cxr = C Qg K' — C the projection. Then

Z (Tgaa Té‘f)C’K//K’,y = T*<CL, f)C/K,xa mn F(K/)

yere ()
foralla € F(K(C)), f e K(C)*, and x € C).

Proof. Let U C C be open with a € F(U). Using the Approximation
Lemma, (LS1), and (LS3) we can assume that for a given m > 1 we
have f € U™, for all z € C\ (U U {z}); in particular choosing m
large enough we get (a, f)c/k,. = 0. Identifying f with the finite K-
morphism C' — Pk we obtain a € F(f~1(P \ {1})\ {z}) and (LS2),
(LS4) yield

—(CL, f)C/K,x = (ZS_ZZO)f*a, in F(K)
The formula in the statement now follows by applying 7* to this equal-

ity, using the base change formula 74, o f. = (74.f).75 induced by the
cartesian diagram

Cxr —2=

o T

TP1
pl, "L pl.
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and using (LS1) - (LS4) backwards. O

Lemma 4.36. Let L € . Let C be a reqular curve over a k-function
field K. Assume there exists a closed point x € C' and a k-morphism
u : Spec O — C inducing an isomorphism Og’m = Op. Then there is
an isomorphisms induced via pullback along u

F(K(C))/F(O¢.) = F(L)/F(Op).
If Oc, has a coefficient field then we have an isomorphism
F(K(C))/F(Ocy,m) = F(L)/F(Or,m),
where for a local ring A € Cor®"® with mazximal ideal m we set
F(A,m) :=Ker(F(A) —» F(A/m)).

Proof. We prove the first isomorphism. The natural map in the state-
ment is compatible with pullbacks and pushforwards on both sides.
Thus we can apply the standard trick replacing k by its maximal pro-
¢ extensions for various primes ¢, to assume k is infinite. By Gab-
ber’s Presentation Theorem (see, e.g., [CTHK97, 3.1.2]) we find an
open U C C' containing x, a k-function field £ and an étale morphism
¢ : U — PL such that x = ¢~ !(p(x)) and ¢ induces an isomorphism
z = p(x). Tt follows from [Sai20, Lem 4.2, Lem 4.3], that (U, n - ) is
a V-pair, for all n > 1, in the sense of [Sai20, Def 2.1]. Iff v : U — U
is an affine Nisnevich neighborhood of z with v~ (x) = {2}, then the
pullback v* : F(K(U))/F(Op.) — F(K(U"))/F(Op,.) is an isomor-
phism, by [Sai20, Lem 4.4, (3)]. We obtain the first isomorphism of the
statement by taking the limit over all Nisnevich neighborhoods v. For
the second isomorphism observe that if a coefficient field o : K = O¢
exists, then o* induces a splitting of the restriction to the closed point
F(O¢.) — F(k), in particular it is surjective. We obtain isomor-
phisms F(Oc.)/F(Ocyymy) = F(k) = F(OL)/F(Op,my) which to-
gether with the first statement and the five lemma yield the second
isomorphism in the statement. O

4.37. Let FF € RSCy;s. Let L € @ have residue field k = O /my, and
let 0 : K — Op be a k-homomorphism such that the induced map
K < k is a finite field extension (e.g., o could be a coefficient field.)
We define the local symbol

(= —)ro: F(L)x L™ — F(K),
as follows: We find a regular projective K-curve C' and a k-point x €

C(k) satisfying
(4.37.1) L = Frac(Op,), o:K — Oc, ™ 0.
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Additionally we assume that Oc¢, has a coefficient field. Denote by
u : Spec O, — Spec O¢,, the induced map. The symbol (—, —)r, is
defined as the composition

(= =)po : F(L) x L* — F(L)/F(Or,my) x lim L*/U{"

4.36

= P(K(C))/F(Ocw,my)  lim K(C)* /Ul =205, (),

where the last map is given by
(aa (fn))C/K,x = ([I, fr)C’/K,ac

with @ € F(O¢q,m™") a lift of a and f, € K(C)* a lift of f,; this is
well-defined and bilinear by (LS2), (LS3), and (LS5).

Lemma 4.38. The symbol (—, —)1, defined in 4.37 above is indepen-
dent of the choice of the presentation (4.37.1).

Proof. Let v : C" — C be a K-morphism between regular projective
K-curves, let © € C' and 2’ € C’ be closed points such that v is étale
in a neighborhood of 2/ and induces an isomorphism z’ — x. Assume
that O¢, has a coefficient field. Let £ = K(C) and E' = K(C") be
the function fields. Then it suffices to show, that for all a € F(F) and
f € E* we have

(4.38.1) (a; fojka = (W'a,v" forka

We denote E := @EX/Uzn) etc. Then the composition

B (B, op B =[] B 25 B
y/x
is induced by v* and is an isomorphism with inverse induced by the
norm. Thus we can use the Approximation Lemma, (L.S3), and the

continuity of the norm map to choose g € E’™ close to v*f at 2’ and
close to 1 at all y € v=!(z) \ {z'} to obtain

(1) (v*a,v" ok = (V'a, 9)or ks
(2) (v*a,9)cryky =0, for all y € v (z) \ {2/}
(3) (a, f)e/ke = (a,Nmp/g(9))c/k .-

We obtain

(LS8),(3) * (1),(2) , 4 *
(G, f)C’/K,m = Z (U a, g)C’/K,y’ = (U a,v f)C’/K,z’7

y'ev(z)

which yields the statement. 0
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Remark 4.39. Note that if the composition K & O — & is purely
inseparable, then there does not need to exist a coefficient field of Op,
which contains K. This is why in 4.37 it does in general not suffice to
consider coefficient fields. (In characteristic zero it does.) For coeffi-
cient fields o : K < Oy, the symbol (—, =), will in general depend
on the choice of o.

Corollary 4.40. Let Li/L be an extension of henselian duf’s of ram-
ification index e, i.c., mpOr, = my . (The extension Li/L does not
need be algebraic or finitely generated.) Let o1 : K — Op, be a k-
homomorphism inducing a finite field extension K — Op,/my,. Let
e RSCyjs and a € F((’)L,mf), r > 0. Then

(a[d? Ul(/elr))Lhal =0,
where ap, € F(Ly) is the pullback of a.

Proof. We have ar, € F (Or,,m;") and hence the statement follows
from the construction of the symbol in 4.37 and (LS3) . O

Lemma 4.41. Let ' € RSCyys. Let K/k be a function field, X a
normal affine integral finite type K-scheme with function field E. Let

z; € XMW i =1,... r, be distinct one codimensional points. Then for
all integers n; > 0 the natural map
F(E -~ T F(E
(B - (5)

N F(Oxame™) 7 PO ma)
is an isomorphism, where F(Ox’zi,mgi) = F(Ox.,).

Proof. Let A be the semi-localization of X at the points x; and denote
by D = ). n;x; the divisor on U := SpecA. (Note that we allow
|D| € {z1,...,2,}.) We claim

(4.41.1) F(U,D) = N_ F(Ox.p,,m, ™).

T

Indeed, by definition F(U, D)= F(U, p)(U); furthermore F, (u,p) is a sheaf
on Uy;s and is a subsheaf of the constant sheaf F/(K) (by [KSY16, Thm
6] and [KSY, Cor 3.2.3]); since Spec E'LJ; Spec Ox ,, — U is a Nisnevich
cover the claim (4.41.1) follows.

The natural map in the statement is compatible with pullbacks and
pushforwards on both sides. Thus we can apply the standard trick
replacing k£ by its maximal pro-¢ extensions for various primes ¢, to
assume k is infinite. By Gabber’s Presentation Theorem (see, e.g.,
[CTHKO97, 3.1.2]) we find a function field K /k and an essentially étale

Y

morphism ¢ : U — A}{l such that {zy,..., 2.} = o to({z1,..., 2, }) =
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o({x1,...,2,}). By [Sai20, Lem 4.2, Lem 4.3] (U, Y, m;z;) is a V-pair,
for all m; > 0. Let U" be the henselization of U with respect to the
radical in A (see [Ray70, XI, §2, Thm 2|) and set D" := Dym; by
[Sai20, Lem 4.4, (2), (3)] we have an isomorphism

FU\A{z1,...,2,})/F(U,D) =S F{U"\ {xy,...,x,})/F(U" D"

Now the statement follows from U" = L; Spec O% . , see [Ray70, XI,
§2, Prop 1, 1)], (4.41.1), and Lemma 4.36. O

Lemma 4.42. Let F' € RSCyjs and w : Spec L' — Spec L be a finite
extension of henselian dvf’s. Denote by o : K — Op a k-morphism,
such that the composition L — Or /my is a finite field extension; denote
by o' : K — Op the induced map. Then we have

(1) (W*ba f)L,o = (b7 W*f)L’,a’a b S F(L/); f € OZ?

(2) (a,79)r0 = (7", 9) 1/ o, a € F(L), g € OF,.

Proof. We can spread out the situation as follows: There exists a finite
and surjective morphism 7 : C' — C' between regular and projective
K-curves, with function fields ' = K(C"), E = K(C), points 2’ € "
and © = 7(z') € C, and elements @ € F(E), b € F(F'), f € Ofas
g e Oé,’x, inducing 7, o, o', a, b, f, g, respectively. We prove (1): By
Lemma 4.41 we find an element b, € F(E') with b — b, € F(Ocr ),
and b, € F(Ocr,), for all y € 7 (x) \ {z'}. Since 7*f € Of,,» for all
y/xz, we obtain

(4.42.1)
% (LS1),(LS2) . (LS7) ,_ P
(b77T f)L',O' - Z(bhﬂ- f)C"/K7y - (W*(b1)7f>C/K,ac‘
y/x
Note B ®p L =[], , By, where Ej is the henselization of E’ at y.

Thus in F(L) we have

f*bl - Z Wy*bh

y/z
where m, : Spec L — Spec £, is the natural map; in particular 7, = 7.
Hence in F(L)
m.by = m.b mod F(Oy);
this together with (4.42.1) and (LS1) implies formula (1).
Now (2): By the Approximation Lemma we find g, € E’* such that

(ﬁ*@Ql)C’/K,y = 07 Yy e ﬂ-il(x) \ {l‘l},

and

(7T*Cl> gl)C’/K,x’ = (7r*a, g)L',a'-
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Furthermore we have the following equality in L*
Nmpg/g(g1) H Nmg /r(g1)-
y/z

If g is close enough to 1 at the points y € 7 '(x) \ {2’} we have

NmE;/L(gl) € UéN) for N >> 0. Thus we can choose g; with the
additional property

(@, Nmp/p(91))o/re = (a,Nmpyr(9)) 0
The formula (2) now follows from (LS8) and the above. O

Part 2. Applications
5. ALGEBRAIC GROUPS AND THE LOCAL SYMBOL

In this section k is a perfect field and G is a commutative algebraic
k-group. Note that as sheaves on Sm we have G = G,¢q and hence we
can always identify G with the smooth commutative k-group G,eq. We
fix an algebraic closure k of k; note Spec k € Cor™.

5.1. Let G be a commutative algebraic k-group. Then G € RSCygs,
by [KSY, Cor 3.2.5]. Let L € ®~; have residue field x. Let ¢ : k — k
be a k-embedding. We denote by L*" the strict henselization of L with
respect to ¢. Note that L®" is a henselian dvf of geometric type over k.
We write

(5.1.1) (= =)o s G(L") x LM — G(k)

for the symbol (—, =), from 4.37 with o : E — OSh the unique
coefficient field; in this case this is the symbol defined by Rosenlicht-
Serre, see [Ser84 II1, §1]. If we choose a different k- embeddmg Uik —
k, then we find an automorphlsm 7 :k — k with 7 0. = ¢/ inducing a

(unique) isomorphism of Or-algebras 7 : O} = O}, and by (4.38.1)
7((a, flezm) = (T(a>77—(f>>Ls’L'

We will usually drop the ¢ from the notation and write L*" = L*". We
define the Rosenlicht-Serre conductor of a € G(L) by

0, ifa e G(OL),
min{n > 1 (a, Uésh)LSh =0}, else.

RoSer(a) := {

Note that it is independent of the choice of ¢ : k < k.

Theorem 5.2. Let G be a commutative algebraic k-group.
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(1) The Rosenlicht-Serre conductor RoSe = {RoSer, }trdeg(r/k)=1 5
a semi-continuous conductor of level 1 on G (in the sense of
Definitions 4.3 and 4.22).
(2) Let ¢ be the motivic conductor of G (see Definition 4.14) and
denote by (%)=t its restriction to ®<;. Then RoSe = (c“)=1.
In particular, the motivic conductor extends the Rosenlicht-Serre con-
ductor to henselian dvf’s over k with non-perfect residue field and we
have G = GRrese (see 4.8 and 4.17 for notation,).

Proof. The last statement follows from Corollary 4.18. For (1) we check
that RoSe satisfies the properties from Definition 4.3. (c1) and (c2)
are obvious. Let L'/L be a finite extension of henselian dvf’s with
trdeg(L/k) =1 and a € G(L'). Let k < &’ be the induced map on the
residue fields and fix an embedding x' C k. Then L'*" is finite over L*
and e(L'*"/L*") = e(L'/L). Thus (c3) follows directly from Lemma
4.42(1). To check (c4) first observe, if a € G(A%) is not in G(X) (via
pullback), then we find a closed point # € X such that aa: is not in
G(z). (Since G is a finite type k-scheme and X is Jacobson.) Thus it
suffices to show the following;:

Claim. Let r/k be a finite field extension and set £(t)o = Frac(Og,; ).
Assume a € G(A}) has RoSe, ). (a) < 1. Then a € G(k).

Else a ¢ G(k). Then its pullback a; € G(A}) is not in G(k) and
we can thus find two points x,y € A'(k) = k such that ag(z) # ap(y).
Take f = (t —2)/(t —y) € k(t). Then f € Uy

0= (ag, [ = —az(x) + ap(y),
where the first equality follows from RoSey) . (a) < 1 and the second
from (LS4) and (LS2). This yields a contradiction and thereby proves
the claim. (c5) follows from the fact that G is a reciprocity sheaf and
Corollary 4.40. Finally (c6) (semi-continuity for n = 1). Assume C
is a smooth k-curve, x € C' a closed point and a € G(C'\ {z}) with
RoSer, (a,) < n, where L, = Frac(Og,) and a, € G(L,) denotes
the pullback of a. Let C be the smooth compactification of C' and let
Coo = (C\C)yrea- Choose N such that RoSey, (a,) < N, forally € |Cy|.
Then (C,n-{z} + N - C) is a compactification of (C,n - {z}) and we
claim
(5.2.1) RoSeg(a) < (n-{z} + N - Cx).
Indeed, let Spec L — C\{x} be a henselian dvf point with trdeg(L/k) =
1. If Spec Op maps to C'\ {z}, then RoSer(ar) = 0. Else we get a
finite extension L*"/L:", for some y € {x} U|CL|, say of ramification

and we obtain
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index e. Let u € U}ﬁie), where n, = n and n, = N, for y # x. By

Lemma 4.42(2) we have
(CLL, U)Lsh - (aLy7 NmLsh/Lih (U))L;h,

which vanishes by Nmy.npen(u) € UEZZ) and RoSer,(a,) < n,. This
proves the claim (5.2.1), hence (c6), and finishes the proof of (1).

By Corollary 4.24 we have ¢! < RoSe. Thus for (2) it suffices
to show: If a € G(Op,m;"), for some L € & and r > 1, then

RoSer(a) < r. This follows from Corollary 4.40. O

Remark 5.3. An extension of RoSe to dvf’s of higher transcendence
degree over k was also constructed in [KR12] (char 0) and [KR10] (char
p > 0). The construction essentially coincides with the extension from
Theorem 5.2, but in loc. cit. the log version is considered, whereas
here non-log one, c.f. Theorem 7.20 below.

6. DIFFERENTIAL FORMS AND IRREGULARITY OF RANK 1
CONNECTIONS

In this section we assume that the base field k has characteristic 0.
We fix a ring homomorphism R — k which induces the structure of an
R-scheme on any k-scheme. (Of main interest are R = k or Z.)

6.1. Kahler differentials.

6.1. Let X € Sm. We denote by Q;(/R the de Rham complex on
X relative to R and by d : Q;(/R — Q;;}% the differential. We set
Q% = Q%7 We have an exact sequence

(6.1.1) O @r QY = Q% = Q% = 0.

We denote the Nisnevich sheaf on Sm given by X — H?(X, Q%(/R) by
Qfp and set Q7 := QJ,. By [KSY16, Thm A.6.2] and [KSY, Cor 3.2.5]
we have 27 € RSCyj. Since the action of finite correspondences on
Q* is Qp-linear (a fortiori it is Q%-linear), the morphism o* : Q4(Y) —
Q(X), a € Cor(X,Y), induces via (6.1.1) the structure of a Nisnevich
sheaf with transfers on QZR and we obtain Q‘;R € RSCuis.

Lemma 6.2. The differential d : Q‘;R — Q%l is a map n RSCuys.

Proof. We have to show, that if @« € Cor(X,Y’) is a finite correspon-
dence, X,Y € Sm, then a*d = do* as maps Q7 (Y) — Q7,(X). Since
the restriction 7, (X) — Q7,(U) is injective for any dense open U C X
(by [KSY16, Thm 6)), it suffices to verify the equality after shrinking X
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arbitrarily around its generic points. In particular we can assume, that
X is connected and o = Z C X x Y is a prime correspondence which
is finite étale over X (here we use char(k) = 0). Denote by f: Z — X
and g : Z — Y the maps induced by projection. Then Z* = f,g*. The
compatibility of d with ¢* is clear. Hence it remains to show f.d = df.
for a finite étale map f : Z — X between smooth schemes. In this case,
we have f*QqZ/R = .0z ®o, ngR and f, = Try ®id933’ by [CRI1,
Prop 2.2.23]. Thus the looked for compatibility is shown as in [Har75,
I1, Proof of Prop (2.2), case 2]. O

6.3. Let L € &, with local parameter t € m; C Op. We denote
Q5, / r(log) the dga of logarithmic differentials, i.e., the graded subalge-

bra of 0  generated by ¢, and dlog¢. In particular, Q%L/R(log) =
Op. For g >0 and a € QqL/R, we define

: q

¢ (a) == > e foyn
min {n >1la€ - Q%L/R(log)} , else.

Theorem 6.4. For all ¢ > 0, the collection ¢*® = {¢{R} defined in 6.3

coincides with the motivic conductor, i.e., (see Definition 4.14)

q
AR = CQ/R.

Furthermore, the restriction (c*®)S4+L is a semi-continuous conductor.

Proof. We start by showing that ¢! is a semi-continuous conductor of
level g + 1. Properties (c1) and (c2) of Definition 4.3 are obvious.

(c3). Let L'/ L be a finite extension of henselian dvf with ramification
index e = e(L’/L), and denote by f : Spec L' — Spec L the induced
map. Let a € QqL,/R. We have to show:

(6.4.1) CIR(f ) < F‘ii(a)w |

We know that f, restricts to Q?,)L/ /R~ b, s and by the well-known
formula f, dlog = dlogoNmy,,;, also to

(6.4.2) fe: Q%L,/R(log) — 5, /r(log).

Moreover, f, is continuous with respect to the my-adic topology (which
on f, /R is the same as the mp,-adic topology). We may therefore re-

place Qf, /R and Qf /R by the corresponding completed modules. Fur-

thermore, it suffices to treat the two cases separately in which L'/L is
either totally ramified or unramified.
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1st case: e = 1. In this case a local parameter ¢t € Oy, is also a local
parameter of Op and hence (6.4.1) follows directly from (6.4.2) and
the L-linearity of f,.

2nd case: e > 1, L, L' complete and Op/mp = Op//mp,. Let K —
O be a coefficient field; it also defines a coefficient field of Oy/. Let
7 € Op and t € (’)L be local parameters. Then we can identify L' =
K((7)) and == Q?o ,/r(log) with the 7-adic completion of

. (<Km @ U ) ® (K[r)dlog T @ U ) ).

Furthermore, observe that %dlogT = —%d(%), i > 1. Since f, com-
mutes with the differential (by 6.2) we are reduced to show:
(6.4.3) fo(F) € 750, r:=[%], forallie [l,n—1].

We compute for i € [1,n — 1]
my, - dfu(F) = mp - fu(—ir" dr)
C fo(m$, " ldr)
C [.(Q0,,/r) € Q0, /g
This implies (6.4.3), once we observe that in characteristic zero we have

my - da € Q, ./ if and only if m}~ '“aecOp, forany a € L = K((t)).

(c4) for ¢4+ follows directly from the following facts, where A is
a finite type smooth k-algebra:

(i) QZ}[t]/R = (k[t] @& QA/R) (QZ‘/}% Qk Qllc[t}/k);
(ii) for any non-zero a € QA/R there exists a prime ideal p C A with
trdeg(k(p)/k) = q, where k(p) = A,/p, such that the image of
a in Qz (v)/R 1S nON-ZETO;
(iil) HY(P}, Q]l?l/k(log )) =0, H'(P',Op1) = k.
(Note, (ii) is easy for R = k and follows in general from the natural
map 2, — Qf, )
For (c5) it suffices to observe that if a € H°(X, Q0% /g ®oyx Ox(D)),
for some proper modulus pair (X, D), then ¢ (a) < D.
Finally, (¢6). Let U = Spec A be smooth affine and Z C U a smooth
divisor which we can assume to be principal Z = Div(t). Let
1
= r—1
Let (Y,Z + %) be a compactiﬁcation of (U, Z) with Zy = Z and Y
normal. Let Y = UV; be an open covering such that V; = Spec B;,
Yy, = Div(fi), and Zp, = Div(r;), with 7, fi € B;. Note that
Spec B;[1/fi] € U is open, for all i. Hence, in B;[1/f;] we can write

a =

dlogt, a1 € QY 5 a0 € Qi{l_/}%,r > 1.
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t = me;, with e; € (B[1/fi])*. Let E; be the Cartier divisor on V;
defined by e;. We have |E;| C |X}y;|. By Lemma 6.5 below, there exists
N1 >> 0, such that v (E;) < Nyvp (), for all Spec L — U and all

. Furthermore, there exists an Ny > 0 such that fiNgal € Q%l_ /R and
lezag € Q‘é /1R, for all 7. Choose N >r-Nj + Ns. Let p: Spec L — U,
L € . Assume the closed point of Spec Oy, maps into |Z + X| NV}, for
some 7. Then

cr(pfa) < (r—Dp(Z) + (r — Dop(E) + Navr(8) + 1
(r — Dup(Z2) + (r — 1) Nywp(2) + Novp(3) + 1
<wvy(r-Z+N-%).
Hence ¢iF(a) < (r - Z + N - %), which proves (c6).

Thus cdR is a semi-continuous conductor on Q? » and Theorem 4.15(3)
yields for n > 1

fil, 1= = - Q0 p(log) C QI (Op, mp"),

for any L € & with local parameter t € Op. It remains to show the
other inclusion. By Corollary 4.40 it suffices to show the following: Let
K < Op be some coefficient field and extend it in the canonical way
to o : K(x) — Op,, where z is a variable and L, = Frac((’)L[:v]?t)).
Assume a € fil,; ;. Then the following implication holds

(6.4.4) (a,1—at"), » =0 = a€fi,

where the local symbol on the left hand side is the one from 4.37 for
Q? r- Since the local symbol for QC/’  is uniquely determined by (LS1) -

IN

(LS4), we see that it is given by
(a,1 —at")L, » = Resi(adlog(1l — xt")),
where we use the isomorphism L, = K (x)((t)) defined by ¢ to compute
the residue symbol on the right. To prove the implication (6.4.4) it
suffices to consider a modulo fil,; we have
1

aZFoH—ﬁtH

mod fil,.,
for o € QK/R, RS QK/R We compute in Q%{(@/R
Res;(a dlog(l — xt")) = —rza + fBdz.
This shows (6.4.4) and completes the proof. O

Lemma 6.5. Let X be a noetherian integral normal scheme, E, F
two Cartier divisors on X and assume F is effective. If |E| C |F]|,
then there exists N > 1, such that for all maps Spec O — X whose
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image is not contained in |F|, with O a DVR with valuation v, we
have v(E) < N - v(F).

Proof. The question is local on X; hence we can assume E and F' are
given by functions e, f € k(X)*. Let Div(e), Div(f) be the associated
Weil divisors. Since |E| C |F| and F is effective we find N > 1,
such that Div(e) < N - Div(f), which by the normality of X implies

fN/e € T(X,Ox). This yields the statement. O
Remark 6.6. The proof of Theorem 6.4 also shows that
AR () = {0, 1 if a € Q% p
: q
min{n > 2 |a € 7= - Qp, . else,

defines a semi-continuous conductor on 29, but it coincides with the
motivic one, only for ¢ = 0.

Corollary 6.7. Set ZQj, = Ker(d : Qj, — Q%l). Then ZQ, €

RSCyis and its motivic conductor R = (CQL}R)MQ;R restricts to a
conductor of level q.

Proof. The formula for ZYr follows from Proposition 4.19. It remains
to show that it has level ¢. Let a € ZQ‘;R(Ak) with c%g)(t)oo(a) <1,
for all points z € X with trdeg(k(z)/k) < ¢ — 1. This implies a €

HO(X, k[t] @1, Q%)) N ZQ] 5 (A%), cf. the proof of (c4) in Theorem 6.4.

Hence a € ZQJ,(X). This shows that (cZQ?R)Sq satisfies (c4). O
Corollary 6.8. (1) Let X = (X, D) € MCor be a proper modulus
pair. Then

QZR(‘)() - HO(Xla Qg(l/R(log Dl)(Dl - Dl,red))?

where m : X1 — X is any resolution of singularities which
is an isomorphism over X \ D and such that Dy := w*D is
supported on a simple normal crossings divisor. (See 4.17, for
the notation 5.

(2) Let hOAl(Q‘;R) be the maximal A'-invariant subsheaf of Qg
Then for X € Sm

B () (X) = H(X.9  10g D).

where X is any smooth compactification of X with simple nor-
mal crossing divisor D at infinity.
Proof. First note, that (/2%(2() = %(Xl,ﬂ'*D), where 7 : X; — X
is any blow-up with center in D, since (X, D) = (X;,7*D) in MCor.
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Let X = (X, D) be a proper modulus pair with D,.q a simple normal
crossings divisor. Write D = Y, r; - 7;, with n; € X and set L, =
Frac(O%, ). Then it is direct to check that we have ¢{*(p*a) < v (D),
for all henselian dvt points p : Spec L — X if and only if c%lji (a) <1y,

for all i. Thus the corollary follows from Theorem 6.4, Theorem 4.15(4),
and Corollary 4.32. O

6.2. Rank 1 connections and irregularity.

Lemma 6.9. The homomorphism dlog : Oy — Qﬁ(/R, X € Sm, in-
duces a morphism dlog : O* — Q}R i RSCnis

Proof. The proof is similar to the one of Lemma 6.2, except that we
have to replace the formula f.d = df, by f. dlog = dlog Nmy,x, where
f:Z — X is a finite étale map between smooth schemes. 0

6.10. Denote by Conn'(X) the group of isomorphism classes of rank 1
connections on X € Sm, and by Conn. . (X) the subgroup of integrable

int
connections. We have canonical group isomorphisms

Conn' (X) 2 H'(Xzar, O =% Q) ;) = H'(X, (Q),,/ dlog O% i)
and
(X) & H (X, 0% =5 204 ))
~ HO(X, (ZQ}k/ dlog O™ )nis)-

1
Conny

Indeed, the first isomorphism is well-known (use that the first Zariski
cohomology can be computed as Cech cohomology); we show the second
as follows: Let k&~ be the algebraic closure of k in k(X); we consider it
as a constant sheaf on X. We obtain the isomorphism

% /7 « dlo ~ %
[O% /()¢ =5 Q] = (2),/ dlog OF ) gar[ 1],

in the derived category of abelian sheaves on Xz,,; similar with Z Q}k
Observe that Q}k and O are already Nisnevich sheaves, hence

(Q)/ dlog O%)zar = (2)/ dlog O )nis-
Since H(Xzar, kX) = 0 for all i > 1, we obtain
H' (X7, O% — Q1) = H' (X7, O% /(%) = Q).
Similar with Z Q}k This yields the second isomorphisms.
By Lemma 6.9 and [Sai20, Thm 0.1] we obtain
Conn', Conn!, € RSChys.

int
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For E € Conn'(X) we denote by wp € H°(X, (Q}k/ dlog O )nis), the
element corresponding to E under the above isomorphism.

Let L € @ and let t € Of, be a local parameter. Recall (e.g. from
[Kat94, Def. 1.12]) that the irregularity of £ € Conn'(SpecL) =
QlL/k/dlog L* is defined by

i (E) =min{n > 0| wp € Im (3 - Q}QL/k(log) — QlL/k,/ dlog L*) }.

Theorem 6.11. Notations are as in 6.10. The motivic conductor of
E € Conn'(L) is given by

Conn (E) = 0, if B extends to an Op-connection,
irrp (E) +1, else.

Moreover, on Conn' the motivic conductor restricts to a level 2 con-
ductor and on Conn. , it restricts to a level 1 conductor.

Proof. Set H' := (Q},,/ dlog O )nis, Hiye = (Z29),,/ dlog O )nis. For
a € HY(L) we define

A (a) ;= min{ci*a) | a € Q} 1k lift of a},

see 6.3 for the definition of ¢!, It suffices to prove the following identity
for the motivic conductor of H!

(6.11.1) M=,

and that (¢™)=? and (ci”)lgqr[l_1 satisfy (c4). It follows directly form
Theorem 6.4 and Lemma 4.28, that ¢ satisfies (c1)-(c6) except maybe
(c4) and (c5). For (c5), note that given X € Sm we find by resolution
of singularities a compactification X = (X, X)) with X € Sm. In
particular, for all € X the local ring Oh is factorial and hence so is

any of its localizations. Therefore, it follows from the exact sequence
HO(Y, Qy/k) — H'(Y) — Pic(Y),

for any integral scheme Y over k, that the condition (4.28.1) from
Lemma 4.28 is satisfied; hence ¢™ satisfies (c5). Next (c4). Take
a € H'(AL) with

(6.11.2) c}j(r J)e (@) <1, for all z € X with trdeg(k(z)/k) <1,

where a, is the restriction of a to k(x)(t). Consider the exact sequence
(using the A'-invariance of X — H'(X,0%))

(6.11.3) HO(X,0%) =5 HO(AX, Q4 ) = H'(AL) = H'(X, 0%).
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Let 7 : ALY — X be the projection and ¢ : X — Al a section.

By (6.11.3) there exists an a € H°(AX, Q) /k) mapping to a — 7*i*a
X

and any such lift satisfies (6.11.2) with ¢™ replaced by ¥k, Thus
a € H(X,Q ), by (c4) for (¢VF)=2; hence (c™)=? satisfies (c4).
<1

IHilnt'

Hence ™ is a semi-continuous conductor and we obtain ¢ < ¢,
We show the other inequality. Let L € ® and let 0 : K — Oy, be a coef-
ficient field. Denote by fil, C H*(L) the image of fil, = %Q}%/k(log).
Take a € fil, ;1. Similar as in the proof of Theorem 6.4 (around (6.4.4),
and with the notation from there) it suffices to show the implication

Similarly, one proves (c4) and (c5) for (™)

(6.11.4) (a,1 —at")p, o =0in H'(K(z)) = a € fil,.
Let a € fil,;; be a lift of a; write

o1 dt

@=_a + 5757““ mod fil,.

with a € Qj, and f € K. Then the left hand side of (6.11.4) is
equivalent to

Res;(adlog(1l — «t")) = dlog f, for some f € K(x)*.
Computing the residue symbol yields
(6.11.5) —rza+ fdz = dlog f  in Q}((x)/k.
We claim this can only happen if @« = § = 0. Indeed, first observe that
if h € K((x))* is a formal Laurent series such that there exists a form
v € Q. with dlog(h) = z-v in Q}(((x))/k,, then v = 0 = dlog(h).
Thus (6.11.5) implies that dlog(f - exp(—pz)) = 0 in ﬁ}(((w))/k. Hence
there exists an element A € k; the algebraic closure of k in K such that

A-exp(fr) = f € K(2)*,

which is only possible if 8 = 0; it follows o = 0. Thus a € fil,, which
proves (6.11.4) and completes the proof. O

Corollary 6.12. Let X € Sm. Then h,(Conn},)(X) is the group of
isomorphism classes of reqular singular rank 1 connections on X (see
4.30 for notation).

Proof. Let E € Connj,(X). Then by definition (see [Del70, II, Def
4.5]) E is regular singular if and only if irr(p*E) = 0, for all henselian
dvf points p : Spec L — X with trdeg(L/k) = 1. By Theorem 6.11 and

Corollary 4.18, this is equivalent cgonnil“t (p*a) <1, for all L. Thus the
statement follows from Corollary 4.32. U
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7. WITT VECTORS OF FINITE LENGTH

In this section we assume that k is a perfect field of characteristic
p > 0. Denote by W, the ring scheme of p-typical Witt vectors of
length n. We will denote by W,,Ox the (Zariski-, Nisnevich-, étale-)
sheaf on X defined by W,,. The restriction of W, to k-schemes, which
- by abuse of notation - we will again denote by W), is in particular a
smooth commutative group over k. Hence W,, € RSCyjs (see 5.1).

7.1. Let A be a ring. Recall, that there is an isomorphism of groups
(7T11) Wu(A) = A+ TAITD /A [ =017 [ b € A},

s¢{1,p,....p" "1}

n—1
(ao, -, an—1) = [ (1 = aT).
i=0
Assume A is normal and we have an inclusion of rings A — B making
B a finite A-module. Then BI[[T1] is finite over the normal ring A[[T]]
and hence the norm map, Nm : B[[T]]* — A[[T]]* induces a trace
Tr: W, (B) — W,,(A), see e.g. [Ril07b, Prop A.9].
Now assume f : Y — X is a finite and surjective k-morphism, where
X is a normal k-scheme. Then the local traces above glue to give

Try: W (Y) — W, (X).

Lemma 7.2. In the situation above, Try equals f. : W, (Y) = W, (X),
the map used to define the transfer structure on the group scheme W,,.

Proof. Let a € W,(Y) and d = deg(f). Recall the element f.(a) is
defined by the composition
iy 2'a
X — Sym%Y =— W,,.

It suffices to check that Try(a) and f.(a) coincide on a dense open
subset. Thus we can assume that X is affine integral and f : Y — X is
finite free. Furthermore W, is a direct factor of the scheme of big Witt
vectors W,» and Tr and f. extend to the big Witt vectors. Thus it
suffices to show the equality on the big Witt vectors W,., for r > 1. Let
S, = Speck[t]/(t"*!) and denote by ¢ : S = Speck < S, the S-section.
We have the following isomorphism of S-group schemes (cf. (7.1.1))

W, = Ker(Resg, /s(Gn) = Gn),

where Resg, /5(Gy,) denotes the Weil restriction. Denote by f, : ¥, —
X, the base change of f along S, — S. Let b € W,(Y) which we can
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view as an element in Resg, ;s(G;,)(Y). Then the image of f.(b) in
W,.(X) C Resg, s(G)(X) is equal to the S,-morphism

d
Fra(B) £ X, = Sym& YV = X, xx Sym% (V) 15 G

Now the statement follows from the fact that f, = Nm on G,,, see
[SGA 43, Exp. XVII, Ex 6.3.18 |. O

7.3. Let L € ®. Denote by ﬁl;oan(L), j > 0, the Brylinski-Kato
filtration (see [Bry83], [Kat89)), i.e.,

LW, (L) = {a € Wo(L) | [2] - F" " (a) € W, (Oy), all z € m]}
={(ag,...,an_1) € Wo(L) | p" ""v(a;) > —3, all i},
where [z] denotes the Teichmiiller lift of # and F : W,,(L) — W, (L) is
the Frobenius, which by contravariant functoriality is induced by the
Frobenius of L (or by covariant functoriality by the base change over

Spec k of the Frobenius on the Spec(F,)-ring scheme W,,). We observe
that for s > 0 we have

(7.3.1) VLW, (L)) C AL#W,4s(L),
where V is the Verschiebung on the Witt vectors. The non-log version
introduced by Matsuda in [Mat97, 3.1], is given by (with the conven-
tions from [KS16, 2.1])

fl;W, (L) = fil%, W, (L) + V" (BL2W,(L)),  j > 1,

where r = min{n, ord,(j)}. (This is equal to Matsuda’s fil; W, (L).)
Assume r = ord,(j) < n, then (ao,...,a,-1) € fil;W, (L)

>—j, ifi#En—1-—r,

- pnflfiv(ai) {> —j olse

This is the description given in [KR10, 4.7]. (They denote by "fil; W, (L)
what we call fil;1W,,(L).) One directly checks that

(7.3.2) Ft d(BLW,(L) C mp” - Qp

where F"~! d is the map

—171'_1
17} da;.

1
(7.3.3) F"'d:W,(L) = Qp, (ao,...,0n_1) r
i=0
7.4. Let L € ®. The F-saturation of ﬁl;oan(L) and fil;W,,(L) is
introduced in [KR10]:

(7.4.1) BLPSTW,(L) = Fr(BLW,(L)), j >0,

r>0
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and
(7.4.2) LW, (L) =Y Fr(fL,W,(L), j>1.
r>0
Let x be the residue field of Or. Denote by [F] the non-commutative
polynomial ring in the variable F' and with coefficients in k with relation

Fa = aPF in k[F], for a € k. By [KR10, 4.7], there is an injective
homomorphism for 7 > 1

ﬁlyngWn(L) 7] QY (log) ®o, m;” /m 7
—_— > K K — —
15 W, (L) 0, ®o, mz? /m7H

(7.4.3) 0, :

induced by (cf. 7.3.2)
Z F"(a,) — Z(F’" ® F" 'da,).
r>0 r>0

For a € W, (L), we define the Brylinski-Kato-Matsuda-Russell con-
ductor 7, 1(a) (cf. [KR10, Thm 8.7]) by

(a) L 0, if a € Wn(OL),
T A mingg > 1] a € AW, (L)}, else.

Note that fill' W, (L) = W,,(Op). Thus 7, (a) = 0 or > 2.
Proposition 7.5. The collection

T = A s Wa(l) = No [ L € @}
is a semi-continuous conductor on W, as is its restriction y=".

Proof. Set y := ~,. Conditions (c1) and (c2) of Definition 4.3 are clear.
(¢3). Let L'/ L be a finite extension of henselian dvf’s. Let e = e(L'/L)
be the ramification index. Let a € W,,(L') and set r := y/(a). We
have to show

(7.5.1) Tr(a) € AlFW, (L), with s := H ,
e
where Tr = Try/ /1, see Lemma 7.2. This is immediate if » = 0. Thus
we can assume r > 2 and write a = ). F/(a;), with a; € fil, W, (L").
We have Tr(a;) € fill®W,,(L). Indeed, this follows from
[m3] - P77 (Tr(ay)) € Te(fmp] - " (ay)
C Tr([my] - F" Y(ay))
C Tr(W,(Op)) € W, (Oy),

— —
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where for b € W,,(L) we denote [m]L] b={lz]-b|x e mJL} Hence
Tr(a) = Z Fi(Tr(a;)) € ilo%F W, (L).
J
By the injectivity of 8, in (7.4.3) it suffices to show

(7.5.2) mj - F" 'dTr(a;) € Qp,, all j > 0.
By [Riil07b, Thm 2.6] the trace Tr extends to a trace between the de
Rham-Witt complexes Tr : W82, — W,,Q; which is compatible with
the differential and Frobenius, is W,,{2; -linear, and equals the classical
trace on Kahler differentials for n = 1. We obtain
m$ - F" 'dTr(a) = m$ - Tr(F™ 'da)
Cc mj - Tr(m,/ - Qéy), a € i, W,,(L'), see (7.3.2)
€ Tr(my - Qb )
C Tr(Q}QL,) CQp,.
This completes the proof of (¢3).

Next we show that the restriction of v to ®<; satisfies (c4). Let
X € Sm and a € W,,(A%) with

(7.5.3) Tr@) (1o (P20) < 1,

for closed points x € X, where k(x)(t)s = Frac(O{élvoo). We have to
show a € W,,(X). We may assume X = Spec A, and thus a € W, (At]).
If a is not constant, then we find a closed point x € X such that the im-
age of a in W, (k(x)[t]) is not constant. Hence ax(z)t)o. & Wa(Ok(z)(t)o )
i.e., Y(ak(z) (1)) = 2, contradicting our assumption (7.5.3).

(c5). Let X € Sm and a € W,(X) = H°(X,W,Ox). Let X =
(X, Xo) be a proper modulus pair with X = X\ |X,|. For an effective
Cartier divisor E on X denote by W,,O«(E) the invertible subsheaf of
JWnOx\ g corresponding to the image of [Ox(E)] € Hi(X,0%) in
HY(X, W,0%) under the map induced by the Teichmiiller lift. If e is
an equation for E at z € X, then W, 0% (E) = W, 0%, - é There

exists an integer N such that a € H(X, W,0x(N - X4)).
Claim 7.5.1. (X,rX.) satisfies (c5) for any r > p" ' N.

Indeed, let p : Spec L — X be a henselian dvf point. Assume that
the closed point s € S maps into X and let f € Ox 5, be a local

equation for X.,. Let m = vp(f). For r > p" !N we find [m}™'] -
F"Y(a) € W,(Op); hence (see 7.3)

a € fil8_ W, (L) C fil,,,W,(L) c il W, (L),
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e, vr(p*a) <rm =wvp(r- X), proving Claim 7.5.1.

Finally, (¢6). Let X € Sm and Z C X a smooth prime divisor
with generic point z. Set K = Frac(O%.). Let a € W,(X \ Z).
Assume ax € ﬁlf W,L(K), j > 2. Then there exists an affine Nisnevich
neighborhood U = Spec A — X of z such that Zy = div(t) on U
and ay = > o F*(as + V""(bs)), where r = min{ord,(j),n} and

as € W, (A[1/t]), bs € W,.(A[1/t]) with

(7.5.4) [t~ F" N a,) € Wo(A), [t) - F71(bs) € W,(A).

Let (Y,Z + X) be a compactification of (U, Z) with Z;;y = Z and Y
normal. Let Y = UV; be an open covering such that V; = Spec B;,
Z“/i = DlV(fl), and Z\Vl = DiV(T,‘), with Tiy fl S Bz Note that
Spec B;[1/fi] € U is open, for all i. Hence, in B;[1/f;] we can write
t = e;, with e; € (B;[1/fi])*. Let E; be the Cartier divisor on V; de-
fined by e;. We have |E;| C |X}y,|. By Lemma 6.5, there exists N; > 0,
such that fiNl/ei € By, for all i. By (7.5.4), there exists an Ny > 0 such

that for all 7 and all s
LAY PP as) € Wa(By),  [A]™ [ - F77(bs) € Wi(By).
Choose N > j - Ny + Ny, such that p" | N. We obtain for all
[mP AT T as) € Wa(By), [P AN - FTTHDS) € Wi(B).

Let p:Spec L — U, L € ®. Assume the closed point of Spec Or, maps
into |Z + X|. Then it follows from the above formula that

* log -
pras € ﬁle((jil)_ZJr(Nil).E)Wn(K) Cfil,, ;74 n5)Wa(K)

and
pibs € AL -\ Wi(K).
By the choice of N we have
7o := min{ord,(v.(j - Z + N - %)),n} > r = min{ord,(j), n};
hence

VT (p*h,) € VO f18 Wiy (K) C il ;74 nsy Wa ().

v (j-Z+N-X%) 70
Running over all p : Spec L — U yields
Y(a) <j-Z+ N-%.
This proves (c6) and completes the proof of the proposition. O
The above proposition gives ¢V» < v, by Corollary 4.24. We show in
Theorem 7.20 below, that equality holds using symbol computations. If

we restrict to trdeg(L/k) = 1 and k is infinite, this follows, e.g., from
[KR10, Prop 6.4, (3)]. To handle the case of higher transcendence
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degree we need some preparations. We start by identifying the local
symbol for W,, on regular projective curves over function fields.

7.6. Let X € Sm. We denote by W, % the de Rham-Witt complex
of length n on X (see [II79]). By [KSY, Cor 3.2.5] we have W, Q4 €
RSCyis. See also [Gro85] and [CR12] for details on how to define the
transfers structure. If f : X — Y is a morphism in Sm, then the
morphism

D= 5 WaQI(Y) — W,0Q0(X)

induced by its graph I'y € Cor(X,Y), is the natural pullback morphism
induced by the functoriality of the de Rham-Witt complex. If f is
finite and surjective, then the transpose of the graph defines an element
I‘? € Cor(Y, X) and F’}* = f., where f, is the pushforward defined
using duality theory.

Lemma 7.7. (1) The restriction, Verschiebung, Frobenius, and the
differential (which are part of the structure of the de Rham- Witt
complex) define morphisms in RSCyis

R:W, Q! = W00V WaQf — W,y O,

F W, Q= W,Q° d:W,Q! — W,Q

(2) Let W, be the algebraic group of Witt vectors of length n con-
sidered as a presheaf on Sm. Then there is a unique structure
of presheaf with transfers on W,,, for all n, which is unique with
the following properties
(a) the restriction R : W, — W, is compatible with the

transfer structure, for all n;

(b)if f + X = Y is a morphism in Sm with graph I'y €
Cor(X,Y), then I} : W, (Y) — W,(X) is the pullback
from the presheaf structure.

In particular, the Nisnevich sheaf with transfers W,Q° = W, O

from 7.6 coincides with the Nisnevich sheaf with transfers de-
fined by the algebraic group W,, (see [KSY, Cor 3.2.5]).

Proof. (1). We have to show, that if & € Cor(X,Y’) is a finite corre-
spondence, then the following morphisms are equal on H°(Y, W, Q%)

a*R=Ra*, o'V =Va*, «oF=Fa", «o'd=da".

This follows from [CR12, Proof of Prop 3.5.4].

(2). The existence of such a transfer structure follows, e.g., from 7.6.
The last part of the statement follows since the two transfer structures
satisfy (2)a, (2)b.
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It remains to prove the uniqueness. Assume we have two transfer
actions on W,, with (2)a, (2)b. For a € Cor(X,Y’) a finite correspon-
dence denote by a*, a* : W,(Y) — W,(X) the two actions. We have
to show they are equal. Let f : X — Y be a morphism. By assump-
tion we have I'} = F* . f* if f is finite and and surjective we set
fe = (T%)" and f* (T% )* In general for a as above we want to show
a* = o*. It suffices to check this after shrinking X around its generic
points. Hence we can assume, that X is connected and a = Z C X xY
with Z smooth, integral, and finite free over X. Denote by f: Z — X
and g : Z — Y the maps induced by the projections. Then a* = f,g*
and o* = f.g*. It remains to show fy = f.. We may shrink X further
and hence assume that f : Z = Spec L — X = Spec K is induced by
a finite field extension L/K of function fields over k. By transitivity
it suffices to consider the two cases where L/K is either separable or
purely inseparable of degree p.

1st case: L/K separable. Let K'/K be a Galois hull of L/K and set
X’ = Spec K’. We obtain the cartesian diagram

Hz IX/g-Z

Lk

X’—“>X,

where the vertical map on the left is induced by the universal property
of the coproduct from the identity on X’, u is induced by the inclusion
K — K',and the 0, : X' — Z,i=1,...,n, are induced by be all the
K-embeddings L < K'. For a € W, (L) we obtain

u* fea = ( FtoF ZF*

and similar with u*fy. Thus u*f, = u*fx and since u* : W, (K) —
W, (K’) is injective we have proven the claim in this case.
2nd case: L/K purely inseparable of degree p. In this case we have

(7.7.0) L (5)=[L:K]- (=) =p- (=) = faS*(=) on Wy(X).

Let p : W,y — Wy 41 be the map lift-and-multiply-by-p; thus it sends
a Witt vector (ag,...,a,-1) in W,,(A), where A is some F,-algebra,
to (0,ab,...,ab_ ). Let b € W,(L). Clearly we find an element a €

) n—1

Wi 1(K) such that f*a = p(b). We obtain

2)a

p(£0) 2 fpd) = £.(F%a) "2V p-a = pR(a).
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The same computation works for fyb. Thus p(f.b) = p(fxb), and the
claim follows the injectivity of p. O

Lemma 7.8. Let f : Y — X be a finite and surjective morphism in
Sm. Then for allu € H°(Y,Oy) and all n > 1 we have

f. dloglu] = dlog[Nmyx (w)] i HO(X, W, 0%).
where Nmy/x : f.Oy — O% is the usual norm.

Proof. Note that f is flat by [Mat89, Thm 23.1], hence also finite locally
free, so that Nmy,x is defined. It suffices to prove the equality after
shrinking X around its generic points. Thus we can assume that f
corresponds to a finite field extension L /K. By transitivity it suffices
to consider the cases where L/K is separable or purely inseparable of
degree p.

Ist case: L/K finite separable. We have W, Q] = W,(L) Qw, k)
W, Q% (see [11179, I, Prop 1.14]). By the projection formula and Lemma
7.7(2), we have f, = Trp/x ®id. Let K°P be a separable closure of
K. Note that W, (K) — W, (K*®P) is faithfully flat (since it is ind-
étale and Spec W,,(K) is one point). Hence by étale base change and
fppf descent the natural map W,QL — W, QL. is injective. Thus it
suffices to check the equality in W, Q}wep. Let oq,...,0, 1 L < K5P
be all K-embeddings, then by the above we have in W,Qk-p

T

fedloglu] = Z o;(dlog[u]) = dlog

i=1

H ai(u)] = dlog[Nmy,/k (u)].

2nd case: LK is purely inseparable of degree p. We have Nmp,/x (u) =
uP € K. Since the map lift-and-multiply-by-p, p : W,Qk — W10k
is injective by [I1179, I, Prop 3.4] and commutes with f, the statement
follows from the following equality in W, 11k

p(f« dloglu],) = f.dlog[u’],41 = fi(1) - dlog[u"]nt1
= leog[NmL/K(u)]n.
This completes the proof of the lemma. U
7.9. Let A be a ring of characteristic p and set B := A[[t]][7]. Recall
from [Kat80, §2.2, Prop 3] and [Riil07b, Prop 2.12] that there is a

residuum map
(7.9.1) Res; : W, — W, Q%

which is W,,Q%-linear (where we consider the left-module structures),
commutes with R, F', V', and d, is zero on W”Qj:l[[t]]? and satisfies the

equality Res;(a dlog[t]) = a(0), for a € W”Qj‘l[[tﬂ‘
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Let K be a function field over k and C' a regular projective connected
curve over K with function field £ = K(C'). Recall from [Riil07a, Def-
Prop 1] that the residue map

Resc ko : Wnlly — WnQ}(_l

at a closed point x € C'is defined as follows: by a result of Hiibel-Kunz
we find an integer my > 0 such that for all m > mg the curve C,, :=
Spec(OcNK(EP™)) is smooth over K and, if z,,, denotes the image of
under the finite homeomorphism C' — C,,, then the residue field K, :=
K(x,,) is separable over K. Hence (’)gm’xm has a unique coefficient
field containing K, which we identify with K,,. Set FE,, := K(C,,) =
K(EP™). The choice of a local parameter ¢t € O¢ yields a canonical

m,Tm

inclusion E,, < K,,((t)). We define Res¢/k , as the composition

Ter/K

Tr
WHQ*E E/Em WnQ*Em N WnQ;{m((t)) (7.9.1) WnQ}}m anﬁgl

(Here we should observe that if = : Spec L — Spec K is a finite ex-
tension, then the trace Try k@ W,Qf — W,Q% from [Riil07b, Thm
2.6] is equal to the pushforward 7, from 7.6. Indeed in the case ¢ = 0
this follows from Lemma 7.7(2) and Lemma 7.2; by transitivity, the
general case is reduced to a simple extension L = K|[a| in which case
it follows from the fact that both maps commute with V', F', d, satisfy
a projection formula, and the equality [a]'~*d[a] = iy Fed[a], where
i = p°iy > 1 with (ig,p) = 1.)

Remark 7.10. In [Riil07b, 2.] and [Riil07a], where the trace and the
residue symbol mentioned above are constructed it is always assumed
that the characteristic is not 2. The reason for this that the structure
theorem by Hesselholt and Madsen which in loc. cit. is cited as The-
orem 2.1 was only known for Z)-algebras, with p odd at that time.
This theorem is used in Proposition 2.4 and Lemma 2.9 of loc. cit.
which are needed to define the trace and the formal residue symbol,
respectively. However, the Theorem 2.1 of loc. cit. is also available for
Z2)-algebras by [Cos08, 4.2] hence all the results from loc. cit. extend
to the case p = 2.

Lemma 7.11. Let C/K and x € C be as in 7.9. Then the correspond-
ing local symbol of W,Q7 (see 4.34) is given by

(a, flesre = Resoyi o - dlog[f]), o € WoQi o, f € K(O),

where [f] = (f,0,...,0) € W,(K(C)).
In particular, if L € ® with coefficient field o : K — O and local
parameter t € O, then the local symbol (—, =), : W,Qf x L* —
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W.Q, (see 4.37) is given by the composition
6Ndlog o[—]ob Aq+1 Res;
W] x L ————— Wi Q) — Wal,
where we denote by ¢ : L — K((t)) the canonical inclusion.

Proof. We have to show that the family of maps {Res¢x »(—-dlog[—])}+
with  running through all the closed points of C, satisfies the prop-
erties (LS1) - (LS4) from 4.34. (LS1) (linearity) is clear and since we
can choose the modulus D for (LS3) as large as we want this condition
is clear from Lemma 7.13 below; (L.S4) (the reciprocity law) holds by
[Riil07a, Thm 2] (see also Remark 7.10). It remains to show (LS2), i.e.,

Rescko(adlog(f)) = va(f) Tr)/x(a(z)), o€ Wanc,x-
To this end choose m as in 7.9 above. Then K(x)/K(x,,) is purely
inseparable of degree, say, p® and we can write
[E: B, =p°*,
where p® is the ramification index of z/x,,. Denote by p* o W01 —
W02 the map lifting-and-multiplying by p®; it is injective, by [I1179,
I, Prop 3.4]. Denote by 0 : Ky, := K(xy) < Of . < Of, the

inclusion of the coefficient field. By [Riil07b, Thm 2.6(iii)] there exists
a i € Wy Qf mapping to p'a(z) € Wn+SQ‘}((x) and we have

(7.11.1) Tr (2K, ((x)) = R*(B).
By the choice of 3, we have
(7.11.2) p’(a) —o(B) € Ker(WMSQég}z = Wit sQ ()

Since the kernel is the differential graded ideal generated by W,,,s(m,)
we obtain in W, Q%

p° Resgyk o (adlog[f]) = Resg/k . (p*(a dlog[f]))

= Rescykq(a(5) dlog|f]), (7.11.2)
= Resc,, /.2 (TrE/E,, (0(5) dlog[f]))), defn.
= Resc,, /K2 (B dlog Nmg/g, [f]), 7.8
=V, (Nmg/g, (f))) - Trk,./x(B), defn.

= [K(z) : K(zm)] - va(f) - Tric,, /i (B)
= 0.(f) - P’ Trr,,. ) (R*(B))
= v,(f) - P’ Trg(a)/x (()), (7.11.1).

Here the first equality follows from the fact that Resg k. commutes
with the restriction R. (This follows from the definition and the fact
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that Res; from (7.9.1) and Tr commute with R, for the latter see, e.g.,
Lemma 7.7(1).) The statement follows from the injectivity of p*. [

7.12. Let A be a Z)-algebra. For an A-algebra B we denote by
W, Q3,4 the relative de Rham-Witt complex of Langer-Zink (see [LZ04]).

It is equipped with R, F, V| d as usual. If B[z] is the polynomial ring
with coefficients in B, we denote by I, C Wan‘Bm /A the differential

graded ideal generated by W, (z"B[z]). We define the z-adic comple-
tion of Wan’B[m]/A to be

Wkl a 1= @Wn%mm/ L.

Note that W, Q% 1 1 /1 = Waltp/(ory)/a (see [GHO6, Lem 2.4]). In
particular, WHQB[[J; 4 1s a W (B[[z]]) = lm_ W, (Blz]/(z"))-module.

Lemma 7.13. The following equalities hold in Wnﬁé

—dlog[l—x]zz +Z Z 1AV ([z

’i>0 S= I(Jp

) 2]/ Z )

Proof. We prove this by induction over n. The case n = 1 is clear.
Assume n > 2. By [LZ04, Cor 2.13] we find unique elements a; €
Wo(Zy)) and b, ; € W, s(Zy)) such that

n—1
s=1 (jip)=1

1>0

Applying F"~! we obtain in Q%(m[[x]] JZr)

— dlog(1 — z) Zxkdx

k>0
—ZFnlClz (i+1)p 11dw+zzpnls x]pnlsldl_
120 s=1 (4,p)=
By induction hypothesis we have for all 7, j, and for s=1,...,n — 2

a;=1+V" e), by;= % + V"5 (fo ),
with e;, fs; € Z(,). Comparing coefficients we obtain in Z,)
1=F""Ya;) =1+ p" e,
and for s=1,...,n—2

% — Fn_s_l(b&j) — % _’_pn—s—lf&j’
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hence e; = f,; = 0; further we find b, ; = 1/j € Wi(Z)). O

7.14. Let K be a field and Res, : W, Q7 )y = w, Q*K(lt) the resiude

map from 7.9.1. Then for all r,s > 0, z j € Z,a € W, (K) and
b e W, _s(K) the following equality holds in Wn(K )

Resy (V" ([a][t])d V* ([B][t)’)) =

sgn(f)ged(i, j) V(o BP), it jpT +ip® = 0,
0, else,

where sgn(j) := j/|jl, if j # 0, and sgn(0) := 0, and ¢ = min{r, s} (see
[Riil07b, Prop 2.12))

Lemma 7.15. Let L € ® and let 0 : K — O be a coefficient field.
Let t € Oy, be a local parameter, and c € K.

(1) Let r > 1 and write r = p°ro, with (ro,p) =1, € > 0. Then
(6771 = t7¢)po = =10 VE([d]),  in Wepr (K).

(2) Let r > 1 with (r,p) = 1 and m = p“my, with (mg,p) = 1,
u>1. Assume r > mqg. Then for alln > 1

([t]7™ 1 =t"¢)py =0, in Wy(K).
Proof. (1). By the Lemmas 7.11 and 7.13 we have
([t]™, 1 —t"c)ro = Resy([t]" dlog[l —t"c])

=~ Res([d[()" ™ d[t"c])

>0
- Z > FResy ([ V([
s=1 (j,p)=1
Now the claim follows from 7.14. The proof of (2) is similar. O

Lemma 7.16. Let L € ® and let t € Op be a local parameter. Let
K — Op be a coefficient field. Then, for r > 1, any element a €
fillo8 W, (L) /W, (OL) can be written uniquely in the following way

n—1
a= Y alt]+Y Y Vib,ltp).
0>Z’p"712—7‘ s=1 O>jpn71752_r

(4:p)=1

where a; € W,,(K) and bs; € W,,_s(K).
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Proof. We can assume L is complete and hence have L = K((t)). By
[HMO04, Lem 4.1.1] (see also [Riil07b, Lem 2.9]) we can write any ele-
ment a in W,(K((t)))/W,(K][[t]]) uniquely in the form

a—Zaz +ZZVS silt [t]7),

0>1 s=1 0>j
(J.p)=1

with a; € W,(K) and b,; € W,_(K). Now, a € fil°8W, (L)/W,(Oy)
is equivalent to the following equality in W, (K ((t)))/W.(K][t]])

0= [1"F"(a)
n—1
= DTN Y D VI T b)) [
0>i s=1 0>j
(4,p)=1
This yields the statement. 0

Corollary 7.17. Let r = p°ro > 1 with e > 0 and (ro,p) = 1. Let
L € ® have local parametert € Op and let 0 : K — Op be a coefficient
field. Set grl°eW, (L) := fill* W, (L) /G118, W, (L), n > 1.

(1) Assume e € [0,n — 1]. There is a group isomorphism
Wt (K) S gr®8W, (L), b VP80t 7") mod fil°%, W, (L).
(2) Assume e > n. Then there is a group isomorphism
Wo(K) = gri®W, (L), b b[t] P
Proof. This follows directly from Lemma 7.16. U

e n+1

"0 mod fill%%, W, (L).

Corollary 7.18. Let r = p°rg > 1 with e > 0 and (ro,p) = 1. Let
L € ® have local parametert € Op and let 0 : K — Op, be a coefficient
field. Set gr, W, (L) = fil, W, (L)/fil,_sW,(L), n > 1.

(1) Assume e =0. Writer —1 = pry with e; > 0 and (ry,p) = 1.
Then gr,W,,(L) =0, if e > n and, if e; € [0,n — 1] there is a
group isomorphism

K = gr, Wo(L), b VI ([bt7]) mod fil,_, W, (L).
(2) Assume e € [1,n — 1]. There is a group isomorphism
K @ Wo(K) = gr, Wy (L),

(b, ¢) — VLot~ =YY £ Ve (e[t] 7)) mod fil,_, W, (L).



60 KAY RULLING AND SHUJI SAITO

(8) Assume e > n. Then there is a group isomorphism

K ®W,(K) = gr, W, (L),

_pne—n+1

(b, ) > VP ot~ =D 4 c[t] P70 mod fil,_ W, (L).
Proof. Let ¢’ := min{e,n} and recall
fil, W, (L) = fil'8, W, (L) + V"~ fill°8 W, (L).

Thus (2) and (3) follow directly from Lemma 7.16. (For the injce-
tivity in (2) use that V" ¢(c[t] ) = V" " 1(V(c)[t]7").) Further-
more, it is immediate from Lemma 7.16, that there is an injective
map as in (1) and that any element in the target has a representa-
tive of the form V" '~ (B[t]™) with 8 € W,,(K). Thus the state-
ment follows if we show V"1~ (V(3)[t] ™) € fil,_,W,(L). But by
Lemma 7.16 the element V"' (V(3))[t]™™) = V" (B, [t]P™) lies
in V"~ 1'% W, (L) C fil,_,W,,(L). Hence the statement. O

Proposition 7.19. Let L € ® have residue field k1, and local parameter
t € Op. Let z1,...,2 C Op be a lift of some p-basis of k/k. Let
0o : Ko = Oy, be the unique coefficient field with z; € Ko, 1 =1,...,m.
Let © be an indeterminate and set L, = Frac(OL[a:]?t)). Denote also
by o9 : Ko(x) < L, the canonical extension of oo. Let r > 1 and
a € ilXW,(L). Assume one of the following:
(1) (r,p)=1orr=p=2o0rm=0, and (a,1 — xt" ), 5, = 0.
(2)r>2 plr,m >1, and (a,1 —at" "), ,, =0, for j = 0,1,
where o1 : K1 < Oy is the unique coefficient field with z; /(1 +
zfet) € Ky, for all i, with e = ord,(r), and we denote also by
o1 : Ki(z) = Op, the canonical extension.

Then a € fill W, (L).

Proof. Since k is perfect, a p-basis over k is the same as a separating
transcendence basis over k, (e.g., [EGA IVy, Thm 0.21.4.5]), hence
there are unique coefficient fields K, and K7 as in the statement (see
[Bou06, IX, §3, No. 2]). By Proposition 7.5 and Corollary 4.24 we know
il W, (L) € W, (O, m;"); furthermore for all b € W, (O, m;"™)
we have (b,1 — xt" '), = 0 for all coefficient fields o (by Corollary
4.40). Thus in the following we may replace a by a + b with b €
filX W, (L). We will use oy to identify L = Ko((t)).

Write r = p°ro with e > 0 and (rg, p) = 1. We distinguish four cases.

Ist case: e = 0. Write r — 1 = p®ry with (ry,p) = 1 and e; > 0.
By Corollary 7.18(1) we have gr,W,,(L) = 0, if e; > n, and there is
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nothing to show; if e; € [0,n — 1] we have
a= Z FPV=e (b, ][t]7™)  mod filf W, (L),
h>0
with b, € Ky. We compute in W, (Ky(z)):

0= (Sl ) by )

Lx70'0
=y phyrtte ([bh] (1 - xt"_l)Lm,m), by Lem 7.11,
h

== Y FPVTTE (b VO ([]), by Lem 7.15(1),

_ _Tlvnfl(z bz‘ilJrhxph).

h

Hence b, = 0, for all A > 0, which completes the proof of the first case.
2nd case: r = p = 2. By Corollary 7.18(2), (3) we have

a= Z Frvrt,t™ + ¢pt™2)  mod W,(Oy),
h
with by, ¢, € Ky. Note
Res;(t ' dlog(1 — xt)) =z, Res;(t *dlog(1 — xt)) = z°.
Hence by (1)
0= (a,1—at)p, o = V""" (Z bZhIZh + cithhH).
h

We obtain
bo=0 and ¢, =0b;,,, allh>0.

Thus reshuffling the sum defining a we obtain

a=>Y F'V'" bt + F(bpt™) =2 F"V" (bt ™) = 0.
h h
3rd case: 1 <e<n—1andr > 2. By Corollary 7.18(2) we have

a= Z Fh(V”_l(bh[t]_(r_l)) + V"_e(ch[t]_”’p)) mod il W, (L),

h>0

where b, € K¢ and ¢, € W,(Kp). By a similar computation as in the
first case, the vanishing (a,1—at" '), ,, = 0 together with r —1 > r
and Lemma 7.15, (1) and (2), imply b, = 0, for all h > 0. Thus

a= Z FM(V™ (e [t] 7)) mod il W, (L).

h>0
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It suffices to show
(7.19.1) cn € FW (Ky), all h>0.

Indeed, then V"= ¢(cy[t]770P) = FV"¢(c),[t] ™), for some ¢, € W (K)),
which lies in F ﬁllro/gp W,(L) C Ffil%,W,(L) (use r > 3 for the last
inclusion).

If m = trdeg(x/k) = 0, then K, is perfect and (7.19.1) holds. This
completes the proof of the implication: (1) = a € fil,_;W,,Oy.

Now assume m > 1. We prove (7.19.1) by contradiction using (a, 1 —
zt" ), 5, = 0 with oy : Ki(z) — Op, as in (2). Thus assume not
all ¢, are in FW,(Ky). Let hy be the minimal h with ¢, ¢ FW,.(K).
Hence modulo fil W, (L) we can write a as F"(V"¢(a')), with o’ =
D hsng FP0(enlt™07]). Since F: W, (Kj(x)) — W, (Kj(x)) and V™7
We(Kj(x)) = W, (K;(x)), j = 0,1, are injective, the element a’ also
satisfies (a/,1 — xt" "), », = 0, j = 0,1. Thus we can assume n = e
and hg = 0, i.e., cg & FW,.(Ky) and we want to find a contradiction.
Since the elements z1, ..., 2, € Ky from the statement form a p-basis
we can write ¢y as follows:

o= EW( > [af,j]p[2]1>,

IC[0,p—1]™
where a7 ; € Koy and [2]" = [z1]" -+« [zm]™™, for T = (i1, ...,%). There-
fore, ¢y & FW.(Ky) translates into
(7.19.2)

djel0,e—1),I€[0,p—1]"\{(0,...,0)} suchthat ar;#0.

Since we want to compute the local symbol with respect to the coeffi-
cient field oy : Ki(z) < Op_, we have to rewrite ¢y as an element in
W, (K;[[t]]). Set

Then

Co:ivj( > ool )

I1C[0,p—1]™

where [y(1 + 27°))" := [, [yn(1 + 22°t)]". Note that as;, 2, € Ko C
K,[[t] are not constant. The composition F*'d : W.(—) — Q' is a
morphism of reciprocity sheaves (see Lemma 7.7). Hence F* ' d com-
mutes with the local symbol, which on Q' is given by (o, f)r, 0 =
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Resye, (1) (@ A dlog f) (see Lemma 7.11). Using ' dF = 0 on W,, we
obtain the following equalities in Q. ()"
_ pe—1 r—1
0=F d(a,l—:ct )Lm’g1
=(Fd(colt] P), 1 — at" 1)

Ly,01

=> > <F d(far;Ply(1+ 27 ) [P, 1 — ’f)

j=0 I Ly,o1
e—1

= ;Rest (a[] tTF I d([y(1 4 2P°t)])F) dlog(1 —xt’”_l)).

ar; =ar; +tbrj, ar; € Ky, br; € Kq[[t]].
Denote by
G K; >k, j=0,1
the isomorphisms induced by o; : K; <= Op. Then 71(a; ;) = oo(ar;);
in particular,
(7.19.3) ar; =0 <= as,; = 0.

For j € [0,e — 1] we have a’;:j = df’;efj mod ¢? and thus we obtain from

7]
the computation above

(7.19.4)
e—1
=> > Res (d;fj]t—r Fe 9 d([y(1 + zpet)]f)d(xﬂ-l)).
j=0 IC[0,p—1]™

We have

(7.19.5) F 19 d[y(1+ 27 1))

Zzh (1+27°0) 7 dlog(ya(1 + 22°1)).
h=1

Note

zn=yn +1tCh, CneK[t]],h=1,...,m
Thus, 2" = y?" mod . Hence the coefficient of F*'77 d[y(1 4 27°t)]!
in K in front of dt is equal to

m

(7.19.6) frjo=q y™ T, with g = inyni
h=1
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the coefficient of F*~'/ d[y(1 + 2P°t)]" in Q}, in front of ¢ is equal to
dfr ;. (This is zero if j € [0,e — 2].) Thus by (7.19.4) we have

O_ZZCLIJ (frdx + xdf; ;)) —d(ZZa” frj- x)

j=0 I j=0 T

Hence the element in the brackets has to be a p-th power, i.e., by
(7.19.6)

pe—l—j

e—2
K7 > ( Z (al,jQ§J)pyI) "T+ Z (@16 1q1 py137~
I

C[O,p—l]m cl[0,p—1]™
I1#0

Since yi, . . ., Ym, x form a p-basis of K;(z) over k we obtain

are—1 =0, forall I C[0,p—1]"\{(0,...,0)},

and
e 1—j Ipe 2—j o
E E aqul Y =0.
j=0 I1C[0,p—1]™
Since y1, . .., ym € K; form a p-basis over k, we obtain, similar as above,

are—2 =0, for all I # 0. We may proceed in this way and obtain
ar; =0, forall I #0,7>0.

By (7.19.3) this contradicts (7.19.2) and proves the statement in this
case.
4th case: e > n and r > 2. By Corollary 7.18(3) we have

a= Z I (ch[t]_penﬂm + V"_l(bh[t]_(r_l))> mod il W, (L),
h>0

where ¢, € W,,(Ky) and b, € Ky. As before it follows from (a,1 —
zt" 1)1, 5o = 0 and Lemma 7.15 that b, = 0, for all L > 0. Thus

a=> F'(cyt] ") mod fill W, (L).

h>0
Applying V¢! we obtain
AV n+1 (CL) Z Fh V( [ ] rop) mod ﬁlfllweJrl(L)u

h>0

where ¢}, = V¢ "(¢;,) € W.(Kyp). Since V¢ " (a) € fil,W,,1(L) we can
apply the third case, in particular (7.19.1) to conclude ¢, € FW,,(K,),
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and then also a € il W, (L). This completes the proof of the propo-
sition. U

Theorem 7.20. Let L € ® and r > 0. Then

15 W, (L) = W, (O, m™),
i.e., the Brylinski-Kato-Matsuda-Russell conductor is motivic.
Proof. We have flXW, (L) C W,(O,,m™"), by Proposition 7.5 and
Theorem 4.15(4), and we know this is an equality for » = 0. Let
t € Or, be a local parameter. By Corollary 4.40 we have

a€ WH(OL,m_T) = (a,1 —2t™)r, » =0, forall m>rand all o,

where L, = Frac(Oy[z] é‘t)) and o is running through all coefficient fields

o : K < Op. Furthermore, we know for any a € W, (O, m™") there
exists some m > r such that a € fil W, (L). Hence the statement
follows from Proposition 7.19. U

8. LISSE SHEAVES OF RANK 1 AND THE ARTIN CONDUCTOR

In this section k is a perfect field of characteristic p > 0.

8.1. The case of finite monodromy.

8.1. Consider the constant presheaf with transfers Q/Z, i.e., an elemen-
tary correspondence V' € Cor(X,Y’), with X, Y smooth and connected,
acts by multiplication with [V : X]. By [MVWO06, Lem 6.23]

X — HY(X) := H}{(X,Q/Z) = Homeon (m1 (X)*, Q/Z)
is a presheaf with transfers, which we denote by H! in the following.
Note that H! € NST as follows from the following Lemma.

Lemma 8.2. Let A be an abelian group. It defines a constant étale
sheaf on Sm. Then the presheaf X +— Hj (X, A) is a Nisnevich sheaf
on Sm.

Proof. Let H' be the Nisnevich sheafification of X — H} (X, A). Then
for any X € Sm we have an exact sequence

Hlilis<X7 HO) - Hé}t(X7 A) — Hl%is(X>Hl) — nglis(X7 HO)

But H° = A is constant and hence by [Voe00b, Thm 3.1.12] we have
Hi (X, H®) = HS, (X,H°) =0, for all i > 1. Thus the presheaf from

Zar

the statement is equal to H'. O
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Lemma 8.3. The Artin-Schreier- Witt sequence
(8.3.1) 0— Z/p"Z — W, 25 W, =0

1s an exact sequence of étale sheaves with transfers on Sm, where F :
W, — W, is the base change over Speck of the Frobenius on the F-
group scheme W,.

Proof. The exactness of the sequence (8.3.1) on Xy is classical. The
map F'—1: W, — W, is a morphism of k-group schemes hence is
compatible with transfers; for the inclusion Z/p"Z — W, this follows
directly from Lemma 7.2. t

8.4. We denote by 9,, the composition
O s Wa(L) = W, (L)/(F = )W, (L) = Hi (L, Z/p"Z) := H,.(L),

which is the connecting homomorphism stemming from the Artin-
Schreier-Witt sequence (8.3.1). Then we set

il H ) (L) = 0, (R, W, (L)) = 6, (61 W, (L))
For 7 > 0, we set
Im(HY(Or) — HY(L)), if j =0,
HY(L){P'} & Uz i (L), i) 2 1,
with H'(L){p'} = D,, Hi (L, Q¢/Zy) the prime-to-p-part of H'(L).
For xy € H'(L) we define
(8.4.2) Artz(x) = min{j > 0| x € fil;H'(L)}.

(8.4.1)  fibHY(L):= {

Proposition 8.5. The collection

Art = {AI‘tL : Hl(L) — Ny | L e (I)}
is a semi-continuous conductor on H', as is its restriction Art=".
Proof. By Proposition 7.5 and Lemma 4.28, Art satisfies (c1)-(c6) ex-
cept possibly for (c4). (For (c5) note, that W, (Y) — HJ.(Y) is sur-
jective for any affine scheme over k.) It remains, to show that Art='
satisfies (c4). Let X be a smooth k-scheme and a € H'(AL,) with
(8.5.1) Art}{(x)oo(p;a) <1, for all closed points z € X,
where p, : Speck(x)(t)oe = Spec Frac(@l}élvoo) — AL is the natural
map. We want to show : @ € H'(X). Since H' = H'{p'} & lim H.

with H'{p'} the Al-invariant subsheaf of prime-to-p-torsion, we can
assume a € H}.(AY). Furthermore, the question is local on X, hence
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we can assume X = Spec A affine. We consider first the case n = 1.
Condition (8.5.1) implies

(8.5.2) pra € Im (H;(O?,;,Oo) — H) (k(z)(t)s)).

Denote by a(z) the restriction of a to Al. Since H, is a Nisnevich
sheaf we conclude

a(x) € H;(Pi) = H;(x).
Thus we find a polynomial @ = ag + a1t + ... + a,t" € A[t] mapping
to a such that for all closed points x € X there exist b, € k(z) and
gz € k(x)[t] with

(8.5.3) a(x) =by + g% — g, 1in k(z)[t].
Assume n > 1. Then, n = p - ny, for some n; > 1. We claim
(8.5.4) a, =cf, some c; € AP.

Indeed, write n = p®m with e > 1 and (p,m) = 1, and for a fixed
closed point x € X write g, = cg+c1t+ .. .+cp571mtpeflm; then (8.5.3)
implies

an(T) = Cporps  Qpim(T) = Chiiay —Cpim, 1 € [Le—1],  am(z) = —cp.
Hence for all maximal ideals m C A we have
e—1
a, = Z(—apjm)peﬁ mod m.
=0
It follows that a,, = (Z;;é(—apjm)pefjfl)p € AP, which yields (8.5.4).

Now a = @ — (c;t™)P + ¢;t™ also has property (8.5.3) and its
degree is strictly smaller than n. We can replace a by a") in the above
discussion and go on in this way until we reach a polynomial a(") € Alt]
whose degree is strictly smaller than p in which case (8.5.3) forces it to
be constant = ¢, € A. We obtain

r—1

a=c + cit" )P — eit™,
>_(at™)
=1

whence a € H)(X).
Let n > 1. If a € H}.(AY) satisfies (8.5.1), then so does p"~'a €
H}(A%). By the case n =1 and the exact sequence (X is affine)

0 — H\oo(X) = HAL(X) 2 HY(X) =0

we find an element b € H,,(X) such that p*~'(a —b) = 0. Since a — b
also satisfies (8.5.1) we obtain a —b € H, ,(X) by induction. This
completes the proof. O
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Lemma 8.6. Let K be a field of positive characteristic, x an indeter-
minate, and g € W,(K(z)). Assume F(g) — g = V" ! (bx) for some
be K. Then g € Z/p"Z, i.e., F(g) —g=0.

Proof. If n = 1, then g? — g = bx forces g to be constant and hence
¢°—g=0,1ie,geF, Ifn>2 then F(g)— g is zero when restricted
to W,_1(K(x)). Hence g = m - [1] + V"7 !(f) with f € K(x), m € Z.
Thus F(f) — f = bz, and we conclude with the case n = 1. O

Proposition 8.7. Let L, t € O, 0; : K; = O, 7 = 0,1, be as in
Proposition 7.19. We also denote by o; : K;(z) — O, the canonical
extension. Letr > 1 and a € ﬁlTH;n (L). Assume one of the following:
(1) (r,p)=1orr=p=2o0rm=0, and (a,1 —xt" ), = 0.
(2) r>2, plr,m>1, and (a,1 —at" "), ,, =0, for j =0,1.
Then a € fil,_yH.(L).

Proof. Let a € fil,W,(L) be a lift of a. If (a,1 — 2t '), ,, = 0, for
some j € {0, 1}, then we find g; € W,,(K;(x)) such that

(8.7.1) (@,1 —at"™ ") p,0, = Flg;) — 95
It suffices to show @ € fill W, (L). Write r = p°rq with ¢ > 0 and
(ro,p) = 1.

1st case: e = 0. Write r — 1 = p®r; with e; > 0 and (p,r) = 0. If
ey > n, then by Corollary 7.18(1) we have fil, H ), (L) = fil,_1H}.(L),

else we have
V(b)) mod fil, W, (L),
for some b € K. Thus
F(go) = g0 = (@, 1 —at"™ )1, o0, by (1),

— yrl-ea ([b]([t]_”, 1 — -Ttr_l)Lz,o’o)7 by Lem 7.11,

a

= —r V(0" ), by Lem 7.15(1).
Lemma 8.6 implies F(go) — go = 0. Hence a € fil” W, (L) by Propo-
sition 7.19(1).
2nd case: v = p = 2. As in the proof of Proposition 7.19 (2nd case)
we have @ = V"1 (bt™! + ct2) mod W,(0), with b, c € K, and
go—go= (4,1 —at)p, 0o = V" H{bx + c2?).
This implies ¢ = b*; hence a € H),(Or) = fil H}.(L).
3rd case: 1 <e<n—1andr > 2. By Corollary 7.18(2) we have
a= V" bt "Y) + V(g [t]7™P)  mod f1E W, (L),

J
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where b; € K; and ¢; € W, (K;), j =0,1. By Lemma 7.15(1) we have
(V[ 0) 1 = at™ g, 0y = —(r = 1) V' (bja);
by Lemma 7.15(2) we have
(V"= (e[t] ™), 1 — at™ )1, 0, = 0.
Thus by (2)
F(g;) —gj = (a,1 —at"™ "), 0, = —(r = 1) V"' (b;a).

By Lemma 8.6 we have F(g;) —¢g; = 0, for j = 0,1. Hence a €
fil”” W, (L) by Proposition 7.19.
4th case: e > n and r > 2. By Corollary 7.18(3) we have

a=c;[t]PT0 L Vb []70Y) mod filF W, (L),

where ¢; € W, (Kj;) and b; € K;, for j = 0,1. As in the third case the
following equality follows from Lemma 7.15 for j = 0,1

Flg))—g;=(a,1 —at™ "), o = —(r = 1) V" (b;a).
Hence @ € fil” W, (L) as above. This completes the proof. O
Theorem 8.8. Let L € ® and r > 0. Then
fil, H'(L) = HY(Op, m™),

i.e., the Artin conductor is motivic, Art = cH' Furthermore, (c
15 a conductor of level 1.

Hl)gl

Proof. The last statement follows from the first and Proposition 8.5.
By Corollary 4.29 it suffices to show the corresponding statement on
the subsheaf of p"-torsion, for all n > 1. Here the proof is the same as
in Theorem 7.20 if we replace everywhere W, by H;n, fil’" by fil, the
reference to Proposition 7.5 by a reference to Proposition 8.5, and the
reference to Proposition 7.19 by a reference to Proposition 8.7. O

8.2. Lisse sheaves of rank 1. In this subsection we fix a prime num-
ber ¢ # p, an algebraic closure Q, of Q;, and a compatible system of

primitive roots of unity {¢,} € Q, .

8.9. We denote by Lisse' (X) the group of isomorphism classes of lisse

Q¢-sheaves on X of rank 1, with group structure given by ®. Note that

(8.9.1) Lisse!(X) = ling H}(X,05) = lin lim HY (X, (O /m)*),
E/Qe E/Q; n

where E runs over sub-extensions of Q,/Q, which are finite over Qy,

and Op and mp denote the ring of integers and the maximal ideal,
respectively. Indeed, a sheaf M € Lisse' (X) corresponds uniquely to a
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continuous morphism m3*(X) — @Z , which in particular implies that
it factors as a continuous morphism 73*(X) — E*, with some E as
above (e.g., [Del80, 1.1]). Since any representation of a profinite group
in a finite dimensional E-vector space has an Og-lattice, we see that
such a morphism factors via a continuous map

(X)) = Aute, (m;/Op) = OF.

The isomorphism classes of such maps correspond uniquely to elements
in lim H (X, (Og/m%)*). By 8.1 and Lemma 8.2 the isomorphism
(8.9.1) induces the structure of a Nisnevich sheaf with transfers on
X - Lisse' (X)), i.e.,
Lisse' € NST.
Write
|Op/mg| =0, (% —1=p°F -hg, with (hg,p)=1,sg>0.

Then prs_1(Q,) C OF and the roots of unity fixed at the beginning
of this subsection induce a canonical isomorphism

OF 2 Z/p** x L/hg x UY.
Since U }(31) is a pro-£ group this yields the following decomposition
Lisse' = Lisse!” & H;oo in NST,
where

X — Lissel’p/(X) = hﬂ MHgt(X’ Z[hg x UJ(;)/UJ(ETL))’

E/Qg n
X+ Hypo(X) = lim Hy (X, Z/p"") = Hpoo(X).
E/Qe

Let L € ®. For j > 0 we define

. 1 . 1 e
(8.9.2)  fil;Lisse' (L) := Ir'n(Liss/;e (Or) = Lisse' (L)), lfj =Y
Lisse"? (L) @ fil; H ) (L), if j > 1,

where fil; ) (L) = Upfil; H . (L) is defined in 8.4.

Corollary 8.10. Let the notation be as in 8.9 above. Then
(1) Lisse! € RSChis;

(2) the motivic conductor is given by
" (M) = min{j > 0| M € fil;Lisse' (L)};

furthermore it restricts to a level 1 conductor.
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(8) let X € Sm be proper over k and U C X dense open, then
hS. (Lisse')(U) = Lisse? (U) @ H (X),
see 4.30 for notation.

Proof. Note Lisse"” € HlIyi. Hence (1) and (2) follow directly from
Theorem 8.8 together with the Corollaries 4.29 and Lemma 4.20. For
(3) observe that by Theorem 8.8 and the definition of the Artin conduc-
tor, we have Hl..(Op,m;') = H.(Op); hence the statement follows
from Corollary 4.33. O

Remark 8.11. Let U € Sm and denote by 73>"(U/k) the abelian tame
fundamental group in the sense of [KS10, 7]; it is a quotient of w3 (U).
Denote by Tame'(U) the subgroup of Lisse'(U) consisting of those
lisse sheaves of rank one whose corresponding representation factors

via 78" (U/k). Then

h%: (Lisse')(U) = Tame' (U).
Indeed, we classically have Tame'(C) = Lisse™ (C') & H!(C), in case
C € Sm is a curve over k with smooth compactification C. Hence
this C inclusion follows from Corollary 8.10(3) and the description of

Y (U/k) via curve-tameness, see [KS10]. The other inclusion follows
from the Al-invariance of Tame'.

9. TORSORS UNDER FINITE GROUP SCHEMES OVER A PERFECT
FIELD

In this section k is a perfect field of positive characteristic p. We fix
an algebraic closure k of k. The term k-group is short for commutative
group scheme of finite type over k.

Lemma 9.1. Let G be a finite k-group. Then there exists an exact
sequence of sheaves on (Sch/k)gppe, the fppf-site on k-schemes,

(9.1.1) 0—-G— H — Hy, — 0,

with H;, © = 1,2, smooth k-groups. Furthermore, if we denote by
u : (Sch/k)gppe — (Sch/k)e the morphism from the fppf-site to the
€tale site, then the above sequence induces a canonical isomorphism

in the derived category of abelian sheaves on (Sch/k)s. In particular,
for all n > 0 the presheaf on Sm

(9.1.3) Sm > X — H™(Xgppr, G) = H"(Xey, Hi — Hs),
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admits the structure of a presheaf with transfers. This transfers struc-
ture does not depend on the choice of the sequence (9.1.1) (up to iso-
morphism,).

Proof. By a result of Raynaud (see [BBM82, 3.1.1]), there exists a
closed immersion G < A, with A an abelian variety A. By [SGA 34,
Exp VI4, Thm 3.2], the fppf-quotient sheaf (A/G)g,pe is representable
by a k-group A/G and the quotient map A — A/G is finite and faith-
fully flat. Hence A/G is reduced and hence a smooth k-group. This
shows the existence of a sequence (9.1.1). By [Gro68, Thm (11.7)] a
smooth k-group is acyclic for the direct image functor

wy - Shv((Sch/k)gpe) — Shv((Sch/k)et).

Hence (9.1.1) is a u,-acyclic resolution of the fppf-sheaf G, which yields
the canonical isomorphism (9.1.2). Since H; — Hs is a complex of étale
sheaves with transfers, the presheaf (9.1.3) has transfers, by [MV W06,
Lem 6.23]. Finally, we have to show that this transfer structure does
not depend on the resolution (9.1.1). Assume 0 - G — Ly — Ly — 0
is a second such exact sequence. We obtain a commutative diagram
with exact rows in (Sch/k)gpps

0—=G—>L; x H—= (L x H;)/G——=0

| |

0 G H,y Hy 0,

where the vertical arrows are induced by projection and the top hori-
zontal arrow on the left is the diagonal embedding of G; we have also
such a sequence with H replaced by L in the lower line. This yields the

isomorphism [Hy — Hs| = [L1 — Lo] in the derived category of étale
sheaves with transfers, proving the final statement. O

Notation 9.2. Let G be a finite k-group. Then we denote by H'(G) €
PST the presheaf with transfers from Lemma 9.1,

X = HYG)(X) = H (Xgppt, G).
Lemma 9.3. Let Gal(k/k) be the absolute Galois group of k and G

an étale k-group. Then the following functor defined by the Galois
cohomology groups

(9.3.1) Sm > X — H"(Gal(k/k),G(X3))
s a proper sheaf in RSCxyis in the sense of Definition 4.26.

Proof. The composition
COI‘k(X, Y) — COI‘E(X];, Y,;) — HOIﬂAb(G(YE), G(X];,))
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factors through the homomorphism of Galois-modules; hence (9.3.1) €
PST. Since G is étale we have G(X;) = G(k)™&®). It follows that
(9.3.1) is Al-invariant and restrictions to dense open subsets are iso-
morphisms. Hence it is a Nisnevich sheaf and proper. 0

Lemma 9.4. Let G be an étale k-group. Then the exact sequence
E(X) : 0 — HY(Gal(k/k),G(X})) = H'(G)(X) - K'(X) — 0,
with
KY(X) = Ker(H (X 4, Gp) S0 — H*(Gal(k/k), G(X3))),

coming from the Es-page of the Hochschild-Serre spectral sequence, de-
fines an ezact sequence X — E(X) in PST.

Proof. First note that by Grothendieck’s theorem (see Lemma 9.1) we
have H'(G)(X) = H'(Xg,G), so that the sequence E(X), indeed
is induced by the Hochschild-Serre spectral sequence. We show that
transfers act on the whole spectral sequence. By a limit argument it
suffices to consider finite Galois extensions L/k and the corresponding
spectral sequence. Let G — I*® be an injective resolution in Shg(Cory),
the category of étale sheaves with transfers. Then

(9.4.1)  H'(Xg,G) = H(I*(X)) = H(I*(X )R i >0,

for all X € Sm, see [MVWO06, Lem 6.23]. Moreover, H' (X &, ") =
0= H"(Xg,I"), for i > 1 and n > 0, see loc. cit. Hence

(9.4.2) HY(Gal(L/k),I"(X1)) = 0.

Let C*(Gal(L/k), M) be the complex of cochains computing the coho-
mology of the Gal(L/k)-module M. By (9.4.1), (9.4.2) the cohomology
groups HZ (X, @) are the cohomology groups of the total complex asso-
ciated to the double complex C*(Gal(L/k),1*(X.)). The Hochschild-
Serre spectral sequence arises from a filtration of this complex. Fur-
thermore, the canonical map Cory(X,Y) x Gal(L/k) — Cory(Xy,Y7),
(a,0) = (a®g L) o (idxx,y X o) induces the structure of a complex
of presheaves with Gal(L/k)-equivariant transfers on X +— I°(X}).
Hence X — C*(Gal(L/k),I*(Xy)) is a double complex in PST. This
proves the Lemma. O

Lemma 9.5. Let G be an étale k-group of order prime to p. Then
H'(G) € Hly;s (see 9.2 for notation).

Proof. In this case Gy, is a constant finite k-group of order prime to p.
By [VoeO0a, Cor 5.29] the presheaf X + K'(X) from Lemma 9.4 is
Al-invariant and by Lemma 8.2 and Lemma 9.3 it is a Nisnevich sheaf.
Thus the claim follows from the Lemmas 9.4, 9.3. 0
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Lemma 9.6. Let G be an étale k-group of p-primary order. Then
H'(G) € RSCyjs and the motivic conductor G s given by

D HY(G)(L) — @D HY(Spec Li, Gy) ———— Ny,

where Lk = [, Li and ¢ (G0 is computed in Theorem 8.8 (note that
Gr = ®,;Z/p"™ ). In particular, ("' ONS 4s o conductor. Moreover, if
X is smooth proper and U C X is dense open, then hy,(H*(G))(U) =
HYG)(X) (see 4.30 for notation,).

Proof. Note in this case H?(Gal(k/k), G(X})) = 0 (e.g. [SGA 43, Exp
X, Thm 5.1]). Thus the first statement follows from Lemma 9.4,
Lemma 9.3, Lemma 8.2, Lemma 4.27, Proposition 4.19, Proposition
4.21, and Theorem 8.8. For the final statement observe that

H'(G)(Or,m') = H'(G)(OL).
This follows directly from the explicit description of the motivic con-
ductor on H*(G%) in Theorem 8.8. Hence the final statement follows
from Corollary 4.33. U

Lemma 9.7. Let G be an infinitesimal finite k-group. Then
HY (Xippr, @) 2 HY (X g, G7) M P for all X € Sm.

Furthermore, this isomorphism induces an isomorphism in NST (cf.
Proposition /.21 for notation)

HY(G) = Ry H'(Gy)) S0/,

Proof. Since G is infinitesimal, we have G(Y) = 0 for all reduced
schemes Y over k. There is also a Hochschild-Serre spectral sequence
for the fppf-cohomology (e.g., [Mil80, III, Rem 2.21]); by the above
remark the fppf-version of the exact sequence E(X) from Lemma 9.4
yields the first isomorphism. By Lemma 9.1 this isomorphism is com-
patible with the transfer structure. It remains to show that H'(G) is
a Nisnevich sheaf. By the remark from the beginning of this proof any
sequence (9.1.1) yields an injection H; < Hy when restricted to Sm.
Thus the isomorphism (9.1.2) implies

Ru.G = (Hy/Hy)e[—1]

in the derived category of étale sheaves on Sm, where (Hy/H;)g de-
notes the étale sheafification of the presheaf X — Hy(X)/Hy(X).
Hence

HY(G)(X) = H(X, (Hz/H)er)-
It follows that H'(G) is even an étale sheaf. O
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Lemma 9.8. Assume G is an infinitesimal finite k-group of multiplica-
tive type. Then HY(G) € Hlyss.

Proof. By Lemma 9.7 we may assume k = k. In this case G is diago-
nalizable and we find an exact sequence (9.1.1) with H; = G, some

n; > 1, see [DG70a, IV, §1, 1.5 Cor|. The statement follows from the
Al invariance of X — H'(Xza.:, G,,), i = 0,1, and Hilbert 90. O

9.9. We denote

a, = Ker(F : G, = G,),
where [ is the absolute Frobenius on the additive group. Then «, is
a unipotent infinitesimal finite k-group. Let L € ® and let t € O, be
a local parameter. Recall from 7.3 that fil;G,(L) := fil;W; (L) is given
by
Oy, if7=0
g O, if (4,p) =1
tlJ . OL, if P | j

(9.9.1) fil,;Go(L) =

We denote by
(9.9.2) fil, H' () (L)
the image of fil;G,(L) under the connecting homomorphism
Ga(L) = H'(ay)(L) = H(Spec Lipys, ).
Note that fil; H 1(Ozp)( ) is also equal to the image of the Frobenius
saturated ﬁltratlon ﬁlj Wi(L).

Proposition 9.10. We have H'(,) € RSCyis and the motivic con-
ductor ') on H'(ay,) is given by

(9.10.1) D () = min{j > 0| b € Al H () (L)}

In particular, either b € H'(a,)(Of) or cfl(%)(b) > 2. Furthermore,
it restricts to a level 2 conductor.

Proof. Denote the collection of maps H'(«,)(L) — Ny defined by the
right hand side of (9.10.1) by ¢. By Proposition 7.5 and Lemma
4.28, ¢ satisfies (c1)-(c6) except possibly for (c4). (For (c5) note, that
G.(Y) = H'(a,)(Y) is surjective for any affine scheme Y over k.)
We claim that ¢=? satisfies (c4). Let X be a smooth k-scheme and
be H'(a,)(A%) with

(9.10.2)  cr@y(pab) <1, forall x € X with trdeg(k(z)/k) <1,

where p, : Speck(z)(t)oe = Spec Frac((’)%,lpo) — Al is the natural
map. We want to show : b € H*(«,)(X). This is equivalent to b = 7*i*b
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in H'(a,)(A%); by the definition of ¢ and Lemma 9.7, we can therefore
assume k is algebraically closed. Furthermore, the question is local
on X, hence we can assume X = Spec A affine. Note, for a general
B € H' (a,)(L) \ H (a)(Or) we have ci(8) > 2, as follows directly
from (9.9.1). Hence condition (9.10.2) implies

Pib € Im(H' (0,)(Opy o) — H' (0) (k(2) ()0))-

Denote by b(x) the restriction of b to Al. Since H'(a,) is a Nisnevich
sheaf we conclude

b(z) € H' () (Py) = H'(ay) ().

Thus we find a polynomial b = by + byt + ... + byt" € A[t] mapping
to b such that for all points x € X with trdeg(k(x)/k) < 1 there exist
¢, € k(x) and g, € k(x)[t] with

(9.10.3) b(x) = c, + g8, in k(x)[t].

It follows immediately that b € A[t?] and it remains to show b; € AP,
for all ¢ > 1, since then b = by in H'(,)(A%). Thus we are reduced
to show the following: Let X = Spec A — A4 = Speck[z1, ..., 74| be
an étale map and a € A\ AP. Then there exists a smooth connected
curve i : C' — X such that i*a € O(C) \ O(C)P. If a ¢ AP we find a
variable - say z; - such that a = ag + a121 + ... + a,2}, where a; €
AP[xy, ..., x4) == B and a ¢ B[z]]. A tuple X\ = (\g,...,\g) € k¢!
induces a closed immersion iy : A = A? given by z1 — x1, 2; — \;,
1 = 2,...,d. Denote by C) the pullback of X along i,. Since k is
algebraically closed we find a tuple A such that ajc, € O(Cy)P. This
proves the above claim; hence ¢=? satisfies (c4).

Corollary 4.24 yields ¢ @) < ¢. To show the other inequality it
suffices by Corollary 4.40 to show the following: Let L € ®, t € Of a
local parameter, and let o : K < Op, be some coefficient field; extend
it in the canonical way to o : K(x) < Of,, where L, = Frac(Op[z](,).
Assume b € fil, H'(a,)(L), r > 1. Then the following implication holds

(9.10.4) (b1 —at" Y, ,=0 forallo = befil, 1H (a,)(L),

where the local symbol on the left hand side is the one from 4.37 for
H'(a,), and o runs through all coefficient fields of Op. By (LS6) the
local symbol on H'(e,) is given by

(0,1 — 2" Y) 1, 5 = 6(Resy o (bdlog(1 — ™)),
where b € fil,G4(L) is a lift of b, § : Gu(K(z)) — H'(o,)(K(z))

is the connecting homomorphism, and we use the isomorphism L, =
K(x)((t)) defined by o and ¢ to compute the residue symbol on the
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right. To prove the implication (9.10.4) it suffices to consider b modulo
fil,. Fix 0 : K — Oy. }

Ist case: (r,p) = 1 = (r — 1,p). In this case b = ¢/t""' mod
fil, 1G4 (L), for some ¢ € K. Hence

Resy o (bdlog(1 — " 1)) = —(r — 1)c.

Since 0(—(r — 1)cz) = 0 iff cx € K(x)P, this is only possible if ¢ = 0.

2nd case: p | v — 1. In this case fil, H'(a,)(L) = fil,_; H'(ay,)(L),
and there is nothing to show.

3rd case: p | r. In this case b = ¢/t"™! + ¢/t" mod fil,_1G,(L), for
some c,e € K. By the same argument as in the 1st case we obtain the
following implication

(0,1 —at" N o=0= (b1l—at"),, =0 inGy(K(z)).

Since this hold for all o, Proposition 7.19 (in the case n = 1) yields b €
fil’’ | G4(L), hence b € fil,_; H'(c,)(L). This completes the proof. [J

Proposition 9.11. Let G be a finite unipotent infinitesimal k-group.
(1) H'(G) € RSCxis;
(2) the motivic conductor c restricts to a level 2 conductor;

(3) if X is a proper smooth k-scheme and U C X is open dense,
then hi, (H'(G))(U) = HY(G)(X) (see 4.50 for notation).

HY(G)

Proof. (1). We find an exact sequence in the category of k-groups
0—-G—H — Hy—0

with H; smooth unipotent k-groups. Indeed, by [DGT70a, V, §1, 4.2,
4.7) we find a closed immersion G — WX := H;, for some n, N, and
by [DGT70a, IV, §2, 2.3] the quotient Hy := H;/G is again unipotent,
and it is automatically reduced, hence is smooth. As in the proof
of Lemma 9.7 we find H'(G) = (Hy/H:)s, where (Hy/Hy) is the
étale sheaf associated to the presheaf Sm > X — Hy(X)/Hi(X). Let
v : Smy; — Smy;s be the natural morphism of sites. Since H; is smooth
unipotent, it is a successive extension of G,’s, hence R'v,H, = 0. We
obtain an isomorphism in NST

HY(G) = (Hy/H)xis,

where (Hy/Hy)nis is the Nisnevich sheaf associated to the presheaf X —
Ho(X)/H,(X). Thus H'(G) € RSCy;s follows from H; € RSCy;s and
[Sai20, Thm 0.1], which states that Nisnevich sheafification preserves
SC-reciprocity.

(2). By [DGT70a, IV, 5.8] G admits a descending sequence

(9111) 0=G,CcG,.1C...CcGo=G
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with successive quotients G,_1/G, = «,. In particular, H*(Xgpr, G) =
0, for all affine smooth k-schemes X. Note that this induces for all
r € [1,n] an exact sequence in NST

(9.11.2) 0— HYG,) —» H'(G,_1) —» H'(ay,) — 0.

Indeed, by Lemma 9.7 this sequence is in NST; hence it suffices to
check its exactness on any smooth affine k-scheme X, in which case it
follows from H(Xpppr, o) = 0 = H?*(Xgppr, G). By Proposition 9.10
the motivic conductor of H'(ay,) restricts to a level 2 conductor and
by induction we may assume that so does the motivic conductor of
H'(G,_1). We deduce that the motivic conductor of H'(G,) restricts
to a level 2 conductor from (9.11.2) and a similar argument as at the
end of the proof of Proposition 8.5.
(3). We claim

—_——

(9.11.3) HYG)(Op,m;") = H(G)(Oy).

The claim is true for G = «,, by the explicit formula of the motivic con-
ductor in Proposition 9.10. Consider the sequence (9.11.1) and assume

the claim is proven for G,. Let b € H'(G,_1)(Or,m™!). By the exact
sequence (9.11.2) and the claim for «, we find a ¢ € H(G,_1)(Oy)
such that b — ¢ is in the image of H'(G,)(L). By Proposition 4.19 we
find

b—ce H(G)(On,m™) = HY(G,)(Oy),
which proves (9.11.3). Hence (3) follows from Corollary 4.33. O

In summary:

Theorem 9.12. Let G be a finite k-group. Then:

(1) HI(G) < RSCNiS,'

(2) the motivic conductor of H'(G) restricts to conductor of level
2, and if G has no infinitesimal unipotent factor, to a conductor
of level 1;

(3) write G = G' X Gunip With Gunip unipotent and G' without any
unipotent subgroup, and let X be smooth proper over k and
U C X dense open. Then

War(HY(G))(U) = HY(G)(U) & H'(Guanip) (X).

Proof. By [DG70a, IV, §3, 5.9] we can decompose G uniquely into a
product

G = Gem X Geu X sz X Giua
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where G, is étale multiplicative, i.e., it is an étale k-group without
p-torsion, G, is étale unipotent, i.e., it is an étale k-group with p-
primary torsion, G, is infinitesimal and of multiplicative type, and
G, 1s an infinitesimal unipotent k-group. Hence the statement follows
from Lemma 9.5, Lemma 9.6, Lemma 9.8, and Proposition 9.11. 0

Remark 9.13. Let G be a finite unipotent k-group. Note that by The-
orem 9.12(3) above, the functor X — H'(Xp,pr, G) is a birational in-
variant for smooth proper k-schemes. This gives a new proof of this
(probably) well-known result (it follows, e.g., also from [CR11]).
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