RAMIFICATION THEORY FOR RECIPROCITY SHEAVES, III,
ABBES-SAITO FORMULA

KAY RULLING AND SHUJI SAITO

ABSTRACT. We give a new geometric characterization of the motivic ramifica-
tion filtration of reciprocity sheaves, by imitating a method used by Abbes and
(Takeshi) Saito to study the ramification of torsors under finite étale groups. This
new characterization is used to define characteristic forms for reciprocity sheaves.
We obtain applications on pseudo-rational singularities and on questions regard-
ing the representability of certain cohomology groups of reciprocity sheaves in
the triangulated category of motives with modulus introduced by Kahn-Miyazaki-
Saito- Yamazaki.

CONTENTS

Introduction . . ... 1
1. Review of higher local symbols of reciprocity sheaves ................... 6
2. Abbes-Saito formula. ........ .. 9
3. Abbes-Saito formula (continued)............ ... i 17
4. Characteristic forms for reciprocity sheaves.............. ... ... ... .... 22
5. The characteristic form of Witt vectors and torsion characters of the

fundamental group ........ ..o 28
6. The characteristic form of differentials............... ... .. ... .......... 34
7. Applications to top differentials.......... ... ... . 46
References. .. ... 50

INTRODUCTION

In the study of geometric or arithmetic questions on non-proper smooth - or
on proper but singular varieties, it is often essential that the objects of interest
come with a measure of their complexity at infinity or along the singularities, such
as pole order or degree of ramification. A motivic framework which provides this
measure is the theory of reciprocity sheaves as introduced by Kahn, Saito, and
Yamazaki in [KSY22] (see also [KSY16]). Examples include smooth commutative
group schemes, A'l-invariant sheaves with transfers, differential forms, the sheaf of
rank 1-connections, the Brauer group, and more generally étale motivic cohomology
sheaves with torsion coefficients. A reciprocity sheaf F' is a Nisnevich sheaf with
transfers on Sm the category of smooth separated schemes over a fixed perfect
base field k, with the additional property that for any pair (X, R) consisting of a
proper k-scheme X and an effective Cartier divisor R on X with smooth complement
U = X\R, there is a canonical subgroup

F(X,R) C F(U),

S.S. is supported by the JSPS KAKENHI Grant (20H01791).
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2 KAY RULLING AND SHUJI SAITO

which heuristically can be thought of as those sections over U whose ramification
or pole order at infinity is bounded by R. We say a section a € F(U) has modulus
(X,R) if a € F(X, R). The definition of these subgroups is motivic and relies on the
transfer structure of F, see 1.1. This has the advantage that we have good functorial
properties, i.e., (X, R) — F(X,R) defines a Nisnevich sheaf on the category of
modulus correspondences as introduced in [KMSY21a], [KMSY21b] and therefore
defines a birational invariant in the sense

(1) F(X,R) = F(X', f*R),

for any proper dominant morphism f : X' — X which induces an isomorhism
X\ R= X"\ f*R. Furthermore, the definition of F'(X, R) can be extended to the

case where X is not necessarily proper over k. Thus we obtain a sheaf ﬁ( X,R) On
Xnis defined by

Vs F(V, Ry).
If X is projective and smooth and R,eq is a diAyisor with simple normal crossings,
many fundamental properties of the sheaves F(x r) and their cohomology are by

now known. For example, the sheaves F(x p) satisfy Zariski-Nagata purity (see
[Sai20, Cor 8.6(3)] for Ryeq smooth, [Sai, Th 2.3] for R = Rycq, and [RSb, Th 1.6]
in general); they admit pairings, called reciprocity pairings, generalizing the pairing
used in geometric higher dimensional class field theory from [KS86] (see [RSb]);
there are projective bundle - and blow-up formulas for the cohomology groups of
Fix,r) as well as Gysin sequences, see [BRS].

However, a drawback of the motivic definition of F (X, R) is that it is almost
impossible to compute directly from its definition. There have been some compu-
tations of F(X, R) in a henselian local situation in [RS21], e.g., in characteristic
zero for differential forms and in positive characteristic for the Witt vectors of finite
length and the torsion characters of the abelianized fundamental group. But these
computations are very technical and rely on many specific results of several authors.
As a remedy of this drawback, we developed in [RSc] a theory of higher local sym-
bols which provides an effective tool to determine the modulus of a given section
a € F(U) (see 1.3 for its review). The theory plays a crucial role in the proof of
the principal result of the present paper, which is a new characterization of F'(X, R)
and a description of the quotient F(X, R)/F(X,R— D), where D' = (R — Ried)red,
i.e., D' is a SNCD supported on the irreducible components of R,.q which appear
with multiplicity > 2 in R. It does not use the transfer structure of F' and imi-
tates a method used by Abbes and (Takeshi) Saito in [AS11], [Sail7], where they
study the ramification of torsors under finite étale groups. The new characterization
of F(X, R) is geometric and hopefully more effective in applications. In section 7
(see also later in the introduction) we provide its applications on pseudo-rational
singularities and representability of cohomology of the sheaf ﬁ( x,r) on Xyjs in the
triangulated category of motives with modulus MDM defined in [KMSY].

In order to explain the new characterization, we now assume X is smooth over
a perfect field k£ and R is an effective Cartier divisor with simple normal crossing
support. Welet U = X \ R and D' = (R — Ryed)rea be as above. The main geometric
construction needed for the new characterization is a certain dilatation. Dilatations
were introduced and studied in more general situations in [AS09, §2], [AS11, 4.1],
and [Sail7, 1.3] and originate from [BLR90, 3.2]. For us the following special case
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is relevant: The dilatation P)({R) is the blow-up of X x X in the closed subscheme
R diagonally embedded into X x X and with the strict transforms of X x R and
R x X removed. The two projections from X x X to X induce projections from

P)((R) to X and the inverse image of D’ under either projection is the same vector
bundle
p1

(2) P =X, PYx, x D = V(QL(R) ),

p2
see 2.1. Here and in the following, differential forms are relative to k and Q% (R) =
Q% ®oy Ox(R). We define

(3) FA(X,R) = {a € F(U) | pia—pja € F(P{)},

)

where we use that U x U is an open dense subset of P)((R and that the restriction

F(P)((R)) — F(U x U) is injective, see Definition 2.4.
One of the main results of the present paper is the following, see Theorem 2.10:
Theorem 1. In the above situation assume
(%) (X, R) has a projective SNC-compactification (see 1.5).

Then _
F(X,R) = F(X,R).

The assumption (x) is satisfied tautologically if X is projective and also if X
is quasi-projective and ch(k) = 0 by resolution of singularities. Even if X is not
projective or ch(k) > 0, the assumption (%) is not necessary under a certain extra
condition (namely that F' has level < 3). In particular, the theorem holds without
this extra condition for ' = Hflppf(—, G), where GG is a commutative finite k-group
scheme, see 2.12 for this and more examples. Thus for G an étale commutative k-
group, a G-tosor over U has ramification bounded by R as defined in [Sail7]" if and
only if the G-torsor has modulus (X, R) in the sense of reciprocity sheaves. Another
remark is that by Theorem 1, (X, R) — F*5(X, R) defines a Nisnevich sheaf on the
category of modulus correspondences satisfying (%), which seems non-trivial from
the definition (3).

The proof of Theorem 1 in the base case R = nD with D a smooth divisor relies
heavily on the theory of higher local symbols along Parsin chains for reciprocity
sheaves and a characterization of the modulus in terms of these symbols, which was
proven in [RSc] and is recalled in section 1. The general statement then follows
from this base case and the purity statements from [Sai20] and [RSb]. The inclu-
sion F(X,R) C FA5(X, R) holds without assuming (%), and is proven in section 2,
see Theorem 2.6. From this, we deduce a Brylinski-Kato formula for the motivic
conductor defined by F, see Theorem 2.8 and Remark 2.9 for details. The other
inclusion is proved assuming (*) at the end of section 3.

The definition of bounded ramification along a divisor of a G-torsor for an étale
commutative k-group G in terms of dilatations is used in [Sail7] to define a non-log
version of Kato’s refined Swan conductor, the so called characteristic form of the
torsor. We can use Theorem 1 to define a characteristic form for any reciprocity
sheaf F', which for R = nD with D smooth on X and n > 2 is a map (see 4.11)

Chal“gLD) : ﬁ(x,np) — Q%{(nD) RPox Uy HO_H%h(Oa F)DNis’

IThe notion of bounded ramification considered in [AS11] is a log-version of this.
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where O denotes the structure sheaf on Sm, i : D — X denotes the closed immer-
sion, and Homg, (O, F)p,,. denotes the restriction to Dy of the internal hom in the
category of abelian sheaves on Sm, which has a natural structure of Op-module.

In case F' = H' := Hom(7®*(—),Q/Z) is the sheaf of torsion characters of the
abelianized étale fundamental group, the Artin-Schreier-Witt sequences induce a
natural morphism Op — Homg, (O, H') p,,. and the characteristic form factors over
the more familiar looking map

Ig/l(Xv”D) — Q%((HD) ®OX i*ODv

which at the generic point of D coincides with the map defined in [Yat17, Definition
1.18], except that for n = 2 in characteristic 2, our formula differs from the one in
loc. cit. by a square root, see 5.8. Note however that this factorization is particular
to the case F' = H!. For example, if F' is equal to W,, the Witt vectors of length n,
or the differential forms 7, then this is not the case, see Corollary 5.6 and Theorem
6.6.

The characteristic form of a € F(X,nD) is defined as follows: By Theorem 1 we
have pia — psa € F(PY™)) which we may restrict to F(V(Q4(nD)p)) to obtain an
element 1, (a), see (2). In fact v, (a) is contained in the additive part, on which an
isomorphism

Xrop + F(V(Qx(nD)p))aas = T'(X, Qx (nD) ®oy i Homg, (O, F)py,),

is constructed, see (4.6.1). This defines the characteristic form. The definition can

be extended to a general pair (X, R), where R,.q is not necessarily regular but a
SNCD and D is replaced by D' = (R — Ryed)red-

The following is the sheaf version of Theorem 4.12, see 4.13.

Theorem 2. Assume (X, R) satisfies condition (x) from Theorem 1. Then the
characteristic form char%R) induces an injection of Zariski sheaves on X

Fix.p)/Fix.r-py = Q%(R) ®oy i Homg, (O, F) p;

Zar

In particular, if k has positive characteristic p, the quotient Fix ry/F(x r-p: is
p-torsion, refining [BCKS17, Corollary 3.10(2)], which says that the unipotent part
of F' has p-primary torsion. We remark that for smooth D, the Gysin sequence from
[BRS] which generalizes Voevodsky’s Gysin sequence for A'-invariant sheaves with
transfers, yields an isomorphism

F(X,D)/F(X) = Hompgp (G, F)(D).

In section 5 the examples of FF = W, and F' = H' are discussed (in positive
characteristic). Computations from Abbes-Saito [AS09, §12], Yatagawa [Yatl7, §2],
and [RS21] determine the characteristic form in these cases completely. In fact, this
shows that the general definition of the characteristic form fits nicely into the picture
of various refined Swan conductors which were defined before by different methods
in [Kat89, §5], [Mat97, §3], and [KR10, §4], see Remark 5.7 and 5.8. As another
exemplary application, we explain in 4.15 how Theorem 2 reveals an interesting
structure of Chow groups of zero-cycles with modulus, as introduced in [KS16]. In
particular we obtain some new specialization maps.

In view of these explicit computations and also the one from section 6 discussed
below, it is an intriguing question, whether it is possible to determine the image of
the characteristic form for a general reciprocity sheaf and a general pair (X, R). For
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the moment the image seems to be rather mysterious and we do not have a guess
for a general formula.

Let p = char(k) > 0. In section 6 we use Theorems 1 and 2 to compute @(X,nD)a
for X, D smooth, and j,n > 1. We find

(4) O _ JQ%(og D)((n—1)D) ifp=0or (p#0and ptn)
(XnD) Q% (nD) if p#£0and p | n,

see Theorem 6.6 and Corollary 6.8. The case p = 0 was proved by a different

method in [RS21, Theorem 6.4] and the case p > 0 is new. We also compute the

characteristic form. In particular, the formula for chargljD)

a surprise, see Theorem 6.6(3), (iii) and (iv).

In [KMSY21la, Question 2| it is asked whether the isomorphism (1) extends to
an isomorphism H'(X, Fixg)) = H' (X', F(x/ t+r)), at least under the additional
assumption that X is smooth, R.q is a SNCD, and f: X’ — X is the blow-up in a
smooth closed subscheme contained in R,eq. The formula (4) shows that in positive
characteristic the answer to this question is in general negative.? Indeed, this follows
from the blow-up formula by considering €7 x ,p), see 6.9.

However top differentials have a very good behavior even in positive characteristic.
More precisely, we deduce from (4) that on a smooth scheme X of dimension d, we
have for any effective Cartier divisor R on X (without R..q assumed to be a SNCD)

Qxr) = Q%(R),

see Lemma 7.1. This leads to the following new characterization of pseudo-rational
singularities, see 7.2 for a reminder of the definition and Corollary 7.3 for the result.

in the case p|n, came as

Theorem 3. Let Y be an integral, normal, Cohen-Macaulay scheme of finite type
over k and dimension d. Assume that the sheaf Q4 gy is S2, for each effective
Cartier divisor R on'Y with Y\ R smooth. Then'Y has pseudo-rational singularities.
If there exits a proper and birational morphism f : Z — Y with Z € Sm, then the
inverse implication holds. In both cases (7.2.1) induces

Qiy.ry = wyn(R),
where wyy, denotes the relative dualizing sheaf of Y/k.

A version of the above theorem for rational singularities in characteristic 0, was

given in [RSb, 7.1]. The sheaves 9y ), j > 0, are defined for any reduced k-scheme
Y with effective Cartier divisor R, as long as R contains the singular locus and their
formation is functorial in the pair (Y, R) (in contrast to reflexive differentials, which
are also used in the study of singular varieties). This together with Theorem 3
suggests that these sheaves might be useful in the study of singular varieties.

Combining Theorem 3 with some of the main results from [Kov] and [KMSY21a],
we obtain (see Corollary 7.5):

Corollary 1. Let Y have pseudo-rational singularities and assume for any proper
and birational morphism Z — Y, there exits a proper and birational morphism
7' — Z with Z' smooth (e.g. ch(k) =0 ord <3 and Y quasi-projective by [CP0S],
[CP09]).

2In his forthcoming paper, Shane Kelly gives a positive answer to the same question for F' = Q7
in case ch(k) = 0.
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Then, for any effective Cartier divisor R on'Y such that Y \ R is smooth, we have
(5) H'(Yzar, ¥ v,)) = Extyunsr (Ze (Y, R), Q9),

where MINST denotes the category of modulus Nisnevich sheaves with transfers
introduced in [KMSY21a] and Z, (Y, R) € MINST is the object represented by (Y, R).

Under some stronger assumptions on resolutions of singularities, the cohomology
group on the left in (5) becomes representable in the triangulated category of motives
with modulus MDM introduced in [KMSY], see Remark 7.6.

Acknowledgement. The second named author thanks Ahmed Abbes and Yuri
Yatagawa for their kindly answering questions on ramification theory and Takeshi
Saito for his helpful suggestion on Lemma 4.8. The first named author thanks Fei
Ren for a careful reading of a preliminary version of this article.

0.1. Notations. In this article £ denotes a perfect field and Sm the category of
separated schemes which are smooth and of finite type over k. For k-schemes X and
Y we write X XY := X %, Y. For n > 0 we write P" := P}, A" := A}

For a scheme X we denote by X; (resp. X)) the set of i-dimensional (resp.
i-codimensional) points of X. If (R, m) is a local ring, then we denote by

R{.Tl, R ,an}
the henselization of the polynomial ring R[z1,...,z,] at the ideal mR[z1, ..., x,] +
(331, N ,.Tn).
Let F be a Nisnevich sheaf on a scheme X and z € X a point. Then we denote
by F, its Zariski stalk and by F" = limp F(U) the Nisnevich stalk, where the limit
is over all Nisnevich neighborhoods U — X of z. If X is reduced, we denote by

K;’m, = Frac(@%x)
the total fraction ring of O% .

1. REVIEW OF HIGHER LOCAL SYMBOLS OF RECIPROCITY SHEAVES

In this section we recall the definition of reciprocity sheaves from [KSY22| and
the construction and main properties of higher local symbols from [RSc|, which we
will use repeatedly in the next sections.

1.1. We recall the notion of reciprocity sheaf from [KSY22]. Let F' € NST be
a Nisnevich sheaf with transfers on Sm in the sense of Voevodsky. Let U € Sm
and a € F(U). A pair (X, D) consisting of a proper k-scheme X and an effective
(possibly empty) Cartier divisor D with X \ D = U is called a modulus for a if for
each S € Sm and each finite integral correspondence Z € Cor(Aj,U) satisfying
{05}z = Dz, where 7Z — PL x X is the normalization of the closure of Z, we
have Z}a = Zja, where Z. denotes the restriction of Z along eg — A}, ¢ € {0,1}.
Following [KSY22] we say F'is a sheaf with SC-reciprocity (or just reciprocity sheaf),
if for any U € Sm any section a € F(U) has a modulus. If (X, D) is any modulus
pair, i.e., X is a separated finite type k-scheme (not necessarily proper) and D is an
effective Cartier divisor on X such that U = X \ D is smooth, then we denote by
F(X,D)

the subgroup of F'(U) consisting of all @ € F'(U) which have a modulus of the form
(X, D + B), where X is proper, D and B are effective Cartier divisors on X, and
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X = X\Band E| x = D. We can extend the definition of F to pro-modulus pairs in
an obvious way. By [Sai20, Theorem 0.1] the category of reciprocity sheaves RSCyjs
is abelian, and by [KSY22, Corollary 2.4.2] it is even Grothendieck.

1.2. Let X be a reduced, separated, and noetherian scheme of finite dimension d
and assume X = X (@) A specialization chain (or just chain) on X is a sequence
of points

z = (xo,x1,...,2,) withx; € X and x; 1 € {x;}, foralli=1,... n,

where {z;} denotes the closure of the point z; in X; z is a mazimal chain or Parsin
chain if n = d and x; € X(;), for all i. We set

mc(X) = {maximal chains on X}.
A mazimal chain with break at r € {0,...,d} is a chain x as above with n =d — 1,
r; € Xy, for i <r, and z; € X1y, for i > r. We write
mc, (X) = {maximal chains with break at r on X}.
For z = (2o, ..., Zr_1,Tpy1,...,2q) € mc,.(X) we denote by b(z) the set of breaks
of z, i.e., the points y € X such that
z(y) = (oy -+, Tr1, Y, Tyt - - -, Tq) € me(X).

1.3. Let F' € RSCyi. We denote by K,M the Nisnevich sheafification of the im-
proved Milnor K-theory sheaf from [Kerl10]; we denote by K" its restriction to X.
Let K be a function field over £ and X an integral scheme of finite type over K of
dimension d. By [RSc, (5.1.3)] we have a pairing, called higher local symbol,

(1.3.1) (. “)xsrca s FOK (X)) @5 KM (KL, ) = PK),
for each maximal chain z = (o, ..., 24-1,4) € mc(X), which satisfies the following
properties for all a € F(K(X)):

(HS1") Let X < X’ be an open immersion, where X’ is an integral K-scheme of
dimension d. Then

(a’ﬁ)X/K,g = (aaﬁ)X’/K@v for all B € Kéw(Kg(,xd,l)'

(HS2") Let X;_1 C X be the closure of 241, and set 2’ = (zq, ..., 24-1) € mc(Xg_1).
Then for all § € K} (K%, )

(a, B) x/Kz = B Trrx)/x(a), if d =0,
3 T (a<xd71)7 axdflﬁ)del/K@/, if d Z 1 and a € F<OX,:Ed,1),

where a(xy4-1) € F(K(X4-1)) is the restriction of a, in case d = 0, the
map Trrxy/k 1 F(K(X)) = F(K) is the trace induced by the transpose of
the graph of Spec K(X) — Spec K, and 0,, , = ZU/ICH Nm g () /K (y_1) O,
where the sum is over all discrete valuations on K(X) dominating x4 1,
Nmg () /K (z4_,) s the norm on Milnor K-theory, and 0, is the tame symbol
at v.

(HS3') Let D C X be an effective Cartier divisor such that X \ D is regular and
a € F(X,D). Then

(a,8)x/k2 =0, forall 3€ (Vyxpp)t |,

where W,X|D = Ker((’);( — OB) and V;,X|D = Im(‘/l,)qp X7 K7{\/—[17X — KAJX)
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(HS4") Let 2’ € me,(X) with 0 <7 < d — 1. Then for all 8 € K}¥(K(X))
(a,)x/Kka(y) =0, for almost all y € b(z’).

If either » > 1 or r = 0, X is quasi-projective, and the closure of x; in X is

projective over K, where ' = (z1,...,24), then
Z (CL, ﬁ)X/K,g’(y) =0.
yeb(z’)

(HS5) Let f : Y — X be a dominant and quasi-projective K-morphism between
integral K -schemes of the same dimension d. Set u := x4_; and let y € YV
with f(y) = u. We assume that f induces a projective morphism between
the closures of the points y and u. Then K is finite over K% , and for all
B e Ky (Ky,) we have

Z (fa,B)y/k.(p) = (a’Nmy/“(ﬁ))X/K,g’

zemcg_1(Y) with
yeb(2) and f(z(y))=z
where Nm,,, : K3/ (K},) — K3/ (K% ,) is the norm map.
Here (HSY') is [RSc, Corollary 5.5], the properties (HS1')-(HS4') are slight variants
of the (stronger) properties (HS1)-(HS4) in [RSc, Proposition 5.3], where they are
stated for § € K} (K% ), with K% | an iterated henselization along the chain z. The
version stated here follows easily using the natural maps K(X) — K ;l(’xd_l — K ;L(Q
To deduce (HS2') from (HS2) in loc. cit., use the fact that K% , is a finite product
of henselian dvr’s unramified over K% . together with standard formulas for the
tame symbol and the norm on Milnor K-theory, namely [Ros96, R1c, R3a].
As already done in (HS4") we usually also write

(1.3.2) (=) )i FIK(X)) @5 K(K(X)) > F(K)
for the pairing obtained from (1.3.1) by precomposing with the natural map
K" (K(X)) — KM(KR,, )

If X is a smooth k-scheme and D is supported on a simple normal crossing divisor,
then we can use the higher local symbols to decide whether a € F(X \ D) is regular
on X, or, under some extra assumption, whether it has modulus D. This is the
content of the next two results from [RSc].

Proposition 1.4 ([RSc, Proposition 7.3(1)]). Let X € Sm have pure dimension
d and let D be a SNCD on X. Let W C X be an open subscheme containing all
generic points of D. Assume a € F(X \ D) satisfies for all function fields K/k and

all x = (xg,...,2q) € me(Wg) with x4 € Dgg)

(&Kaﬂ)XK/K,Q = 07 fOT’ all 6 € Ky(OXK,xd,1)7
where X = X ®p K and ax € F(Xgk \ Dk) is the restriction of a. Then a € F(X).

1.5. Let X € Sm and let D be an effective Cartier divisor on X whose support has
simple normal crossings. We say that (X, D) has a projective SNC-compactification,
if there exists a dense open immersion j : X < X, such that X is smooth and
projective over k and X \ (X \ D) is the support of a SNCD on X.

We note that in characteristic 0 any pair (X, D) as above has a projective SNC-
compactification by Hironaka; the same holds in positive characteristic if dim X < 3,
by [CP09, Theorem on p. 1839] together with [CP08, Proposition 4.1].
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Theorem 1.6 ([RSc, Theorem 6.1]). Let X € Sm have pure dimension d and let D
be an effective Cartier divisor whose support has simple normal crossings. Assume
that (X, D) has a projective SNC-compactification. Set U = X \ D. Let W C X
be an open subscheme containing all generic points of D. Then for a € F(U) the
following two statements are equivalent:

(1) a € F(X,D).

(2) For all function fields K/k and all x = (zo,...,24-1,24) € mc(Wg) with

Ta—1 € Dg we have

(aKaﬁ)XK/K,g =0, forall e (Vd,XK|DK)xd_1-
2. ABBES-SAITO FORMULA

In this section X is a smooth separated k-scheme and R is an effective Cartier
divisor on X. We assume that D = R,.q is a SNCD.

2.1. We recall the construction and basic properties of a dilatation. This is discussed
in a more general situation in [Sail7, 1.3], see also [AS09, 2.], [BLR90, 3.2] for similar
discussions. Let p : Blg(X x X) — X x X be the blow-up of X x X in R, which we
embed diagonally in X x X i.e., we identify R with Ay N (X x RUR x X). We set

PP = BIR(X x X)\Rx XUX x R,

where R x X denotes the strict transform of R x X in Blg(X x X) and similar with

X X R. For R = () the empty divisor, we have P)(?) = X x X. Let py,ps : P)((R) — X
be the two morphisms induced by the composition of p with the two projections
q,q2 : X X X — X.

By construction we have an equality of closed subschemes of P)((R

pi (R) =p;'(R) = P)(gR) Xxxx.a = Rp.

)

In fact Rp is the restriction of the exceptional divisor of p to P)(CR) and is hence also
an effective Cartier divisor, furthermore

R
P1|Rp = P2|Rp - Rp — P)(< ) — X.

The triple (1’:’)(<R)7 p1,p2) is the universal example of such a structure, more precisely:
Let Y be a k-scheme and let f,g:Y — X be two k-morphisms satisfying

(1) f(Y)7 g(Y) ¢ Rred;

(2) fTYR) =g Y(R) =: Z and Z is an effective Cartier divisor;

3) fiz=9z:72— X.

Then there exits a unique morphism h : Y — P)((R) such that f = pjoh and g = pyoh.
This follows easily from the universal properties of the product and the blow-up.

)

The following local description of P)((R will be useful.

2.2. Assume X = Spec A, with A a smooth k-algebra of dimension d, and f € A is
an equation defining R. Let In C A ®; A be the ideal of the diagonal X — X x X.
For any point y € X x X which lies in the image of the diagonal we find an affine
open neighborhood V' = Spec B C X x X of y, such that In B is generated by a
regular sequence 6y, ...,60,;. We thus find b; € B such that

d
1@ f=f@1+) b
i=1
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Then a direct computation shows

B[Tl,...,Td,m]

(R _
(2.2.1) (Px™)jv = Spec O —n(fol),i=1,....d)’

where (P)&R))‘V = P)((R) XX xX V.
More specifically, assume A is étale over k[zq,. .., zq) and R is defined by 2. Set

tZ:Zl®1 and 81:1®216A®kA

Then the diagonal Ax is open and closed in X xan X = V(81 —ty,...,54 —tq) and
hence we find V' = Spec B C X x X an open neighborhood of Ay, such that I B
is generated by the regular sequence 6, := sy — tq,...,04 := sq — t4. Since

n n .
T=(t1 +0)" =1t} +0:b ith by = gt
31 (1+ 1) 1+ 1Y1, w1 1 ;(l)l 1
we get
B[Tla"')Td71+t;z+lTl]
(ei—Tit?,izl,...,d>,

(2.2.2) (PY")v = Spec

where we use
Blr, ..., 74|
(QZ—th?,Z: ]_,7d)

l+brm =1+t )" in

Lemma 2.3. Let the assumptions and notations be as in 2.1.
(1) Set D' = (R — D)yea. Then

Rp xx D' = V(Q,(R)pr) 1= Spec(Sym* Q. (R) 1),

where Q. (R) = QY , ®oy Ox(R).

(2) P;R) \ Rp = U x U and the restrictions of p1, po to U x U are the projections
to the first and second factor, where U = X \ R.

(3) P)((R) is smooth.

(4) The diagonal X — X x X lifts by the universal property of (P)((R),pl,pg) to

a closed immersion X — P)(cR).

(5) There exists a smooth map

R R R
M:P)(()XPLX,MP)(()_)P)(()

which makes the following diagram commutative:

(2'3'1) P)((R) X p2, X p1 P)((R) - P)((R)
(X X X) Xpyxp (X xX)=Xx X x X 5% X x X,
Moreover, the pullback of p via D' = (R — D)yeq — X X X
(Rp Xx D,) X p/ (Rp Xx D/) — Rp Xx D’
is the addition of the vector bundle over D' from (1).
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(6) Let S be another effective Cartier divisor with (R4 S)wea SNCD. Then there
exists a morphism

T P)((R+S) — P)((R),
which identifies P)((R+S) with the complement of the strict tmnsforms of piS

and p5S in the blow-up of P)(( in S, where we embed S into P via (4).

Proof. Versions of the statements can be found in [Sail7, 1., 2.]. Since we also need

an explicit description of the maps involved we sketch the proofs. (1). We use the

description (2.2.1). Let J C A be the ideal of D" in X. We have f € J* and thus

1Qf—f®1eln-(A®J)+IX. Hence the b; in (2.2.1) are in InB+ (A® J)B and
PP xxox (VN D) =Spec((A))[m, ..., 7d)).

It is straightforward to check that

d
1 In 1 0; .
(2.3.2) EB(A/J)-TiHQz-f AA/J—Iﬁ-f @a Al TZH?Z:L...,d,
i=1
defines an A/J-linear isomorphism, which is independent of the choice of the lo-
cal equation f and the local generators 6y,...,0; of In. (2) is obvious. (3) is

local. We may therefore assume that there is an affine and étale map X — A9 =
Specklzy, ..., zq], an open subset V' = Spec B C X X X, such that V' X gay,pa Apa =
Ay, and a function f € k[zq,. .., z4] whose pullback to X defines R. In this case

PE X xux V= PN s papa V

is étale over P(Dw(f)). The formula (2.2.1) for Pngdiv(f)), with 6; = s; — t;, directly
implies that the latter scheme is smooth, hence so is P)((R). (4) is immediate. (5).
Composing the map P)((R) X x P)((R) — X x X defined by the lower part of (2.3.1)
with the two projections gives two maps f, g : P)((R) X x P)((R) — X, which satisfy
the properties (1)-(3) of 2.1. Hence the map p from the statement exists by the

universal property of P)((R) — X. Using the local description (2.2.1) we see that it

is induced by the map

Blr, ..., 14 — C[Tl(l), . ,7’651),7'1(2), . ,7652)],

with C a localization of B ®4 B, which on the coefficients is given by a localization
of themap A A— B®4 B, a1 ®ay— a; ®1® 1K ag, for a; € A, and on the 7;
by the assignment

7o T 1+Z @1le)rMr® i=1,... .4

where b; are from (2.2.1). From thls description and the fact that b, € InB+(A®J)B
the second statement of (5) is immediate. Finally, the existence of a morphism 7 as in

(6) follows from the universal property of (P B b, p2), and the explicit description

can be for example deduced from the local descriptions as in 2.2 or the universal
(R+S)

property of (P{T, pi,pa). O

Definition 2.4. Let F' € RSCyjs. We define

Here we use the fact that the restriction F (P)((R)) — F (P)((R) \ Rp) is injective by
[Sai20, Theorem 3.1(2)].



12 KAY RULLING AND SHUJI SAITO

The group FA3%(X, R) defined above is a central object of study in this paper. The

definition is inspired by [Sail7, Definition 2.12], where for a Galois-torsor the notion
of having ramification bounded by R is defined using the schemes P)((R), as a non-
logarithmic variant of [AS11, Definition 7.3]. More precisely, if G is a commutative
finite étale k-group-scheme and F = HJ(—, @), then F € RSCyj (see [RS21,
Theorem 9.12]) and with the above definition FA3(X, R) coincides with the group
of G-torsors over U = X \ R with ramification bounded by R in the sense of [Sail7,
Definition 2.12]. We note that in loc. cit. G does not need to be commutative and
R may have rational coefficients. On the other hand, in view of [RS21, 9.], we can
consider here fppf-tosors under any commutative finite k-group scheme, not just the
étale ones. The superscript “AS” stands for Abbes-(Takeshi) Saito.

Lemma 2.5. Let F' € RSCxyjs.

(1) FA(X,0) = F(X).

(2) Let f:Y — X be a morphism in Sm with f(Y) ¢ Riea and assume there
is an effective Cartier divisor S with Sieqa SNCD and S > f*R. Then f* :
F(X\R)— F(Y\S) induces a morphism

friFM(X,R) — FM(Y,9).
In particular with f = idx, we obtain F*3(X, R) C FAS(X,S).

Proof. (1) holds by definition. Note that the assumptions in (2) imply that (f*R)eq
is SNCD. By the universal property of (P)((R),pl,pQ) the map f induces a natural
morphism fp : (P}(,f *R),pgf *R),pgf *R)) — (P)((R),pgR),pgR)) and hence a natural map
FAS(X,R) — FAS(Y, f*R). By Lemma 2.3(6) we have FAS(Y, f*R) C FA5(Y,S).
This yields (2). O
Theorem 2.6. Let F € RSCyis. Then

F(X,R) C F*(X,R).

In particular, for U = X \ R we have F(U) = UsFA5(X, S), where the union is over
all effective Cartier divisors S on X with Sieq C D.

Proof. Let a € F(X,R). Note pi(a) € F(P)((R) \ Rp) for i = 1,2. We will use
Proposition 1.4 to show pj(a) — pi(a) € F (P)((R)). First we need some preparation.
By the purity of F' ([Sai20, Theorem 0.2]), the question is local at the generic points
of R and hence we may assume the following:

(a) R =nD, with D irreducible smooth and n > 1, and

(b) X = Spec A is affine and étale over k[z1, ..., 24 with D = {z; = 0}.
Let V' = Spec B C X Xj X be an open neighborhood of Ax as in (2.2.2) and set
ti=2z®1,8: =10z € B,1=1,...,d, so that

and
B[Th-”;Td,Wl—ln]

(2.6.2) P = (P)((R))W = Spec

(91 —th?, Z = 1,,d)
We have Rp C P and
(2.6.3) Rp = Spec(A/z1) [, .-y Ta, 1%]

+tzy T
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For 7 = 1,2, we denote by p; : P — X also the restriction of p; : P)((R) — X. Set

v . SpeCA[Tl,...,Td,ﬁ] ifn=1,
" | Spec Al ..., 7 if n>2.

and denote by

T - P—-Y
the unique morphism which composed with the projection p : Y — X is equal to p;
and satisfies 7} (7;) = 7;, for j = 1,...,d. Note that the maps m and 7y induce the
same isomorphism
(2.6.4)
~ Spec(A/z)[m, ..., 74, =] ifn=1
™ = (7 . R — R = *R = ’ ) ) 1471 )
(T)iry = (T2)iry. : R ve=r {Spec(A/z?)[ﬁ, ey T if n > 2.

Furthermore, 7y is étale on P\ V(1 4 nmyt7™!) and 7, is étale, in particular both
are étale in a neighborhood of Rp. Indeed, by a similar argument as in the proof
of (3) in Lemma 2.3, it suffices to show this in the case A = k[z1,..., z4], where it
follows directly from a differential criterion for étaleness. Let K be a function field
over k and denote by Yy =Y ®; K and Px = P ®; K the base changes. We obtain
commutative diagrams, i = 1,2,

(2.6.5) P p

SR

YK‘b_Y,Y_p)X’

in which ¢y is the projection and the square is cartesian. Let n € (RP,K)ES()i be a
generic point. By the above we have m1(n) = m(n) =: £ € (RYJ{)ES& and the maps
(2.6.6) M O% = O . i=12,
are isomorphisms of dvr’s so that the induced local norm maps
(2.6.7) Nmy e : Kof (O, ) = K3i (0%, )
are isomorphisms. Let z = (xg,...,Z24) € mc(Pg) with 2941 = 1. Then m(z) =
mo(z) ==y = (Yo, - -, Y2a) € mc(Y) with ypq_1 = €. Let 5 € K3j(Op, ). We have
(pi (@), B) P /i = (OpD; 0 B) Py /1

= (WZK¢§/P*CL75)PK/K,g by (2.6.5)

= (gb;p*a,Nm;/g(ﬁ))YK/K,g by (HS5') and (2.6.4).
Set

W= Nmé/g(ﬁ) - Nm?,/g(ﬁ) S K%(OQK,Q-
Claim 2.6.1. w € (Vaqyy|ryx )¢, see (HS3') for notation.
Since ¢t p*a € F(Yk, Ry.), the claim together with (HS3') implies
((Pi(a) —p3(a)) K, B)py/xx = ($y P a,w)yy /iy = 0.

Since K/k, x = (xg,...,724) € mc(Py) with 2991 = n € (Rpg)%y, and 3 €
K (Op,.,) were taken arbitrarily, Proposition 1.4 implies a € F(P) and hence also
a€F (P)((R)). Thus it remains to prove the claim.
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Proof of Claim 2.6.1. Since the norm (2.6.7) is an isomorphism with inverse
induced by 77, we find for 5 € K3;(Op,_ )

WT,K(Nm%/g(B) - Nm?y/g(ﬁ)) = - 7T>1K,K Nm?;/g(ﬂ)

= Tk Nm?y/g(ﬁ) — T K Nmi/g(ﬁ) S K%(O?f,(,g)-
where 7}, are induced by (2.6.6). Thus it suffices to show
7T-;,K(Oé) - WI,K(O‘) S (‘/Qd,PK|RP,K)1}7Lﬂ for all o € KQAC{(O)};K{)

This follows from the following claim:
(2.6.8) Ty i (w) /7 g (u) € 14 t’fOZKm, for all u € (O@K’g)x.

Write t = t1, 2z = z; and 7 = 7y for simplicity. Let E be the residue field of O?’K,E
identified with that of O;‘DKW via either of 7}, see (2.6.4). Choose a coefficient field
0:E— O} .. We obtain two induced coefficient fields

Ui:WZKOO'ZE—)O?DKW, 1=1,2.
By (2.6.1) and (2.6.2) we have
(2.6.9) oa(c) —oy(c) € IAO?DK,,? C t"O;éK,n, for all c € E.
These coefficient fields induce isomorphisms of dvr’s:

0 E[[2)] 5 Oves Y an2™ =Y o(am)="™,

m>0 m>0
0 E[[t] <5 Opege Y ant™ = > oulan)t™,
m>0 m>0

where O/YK\f denotes the z-adic completion of Oy, ¢ and (Q/IJK\J7 denotes the t-adic
completion of Op, ,, (which is the same as the s = (¢ + ¢"7)-adic completion.) By
definition we have commutative diagrams, for ¢ = 1,2

E[[2)) — E[[t]]

R

- 7r’.‘K —
’L?

Oy e — Opy

where
1/1(2 Ay 2™) = Z a,t™ and VQ(Z A 2™) = Z A (T + 7)™
m>0 m>0 m2>0 m>0

Together with (2.6.9) this yields for u € E[[z]]*

moaclo() _ oa(a()) _y g ),

T (o) or(n(u))

This proves (2.6.8) and completes the proof of Claim 2.6.1 and the theorem. O

2.7. Let L be a henselian discrete valuation ring of geometric type over k, i.e., there
is an isomorphism of k-algebras L = Frac(O},), for some U € Sm and u € UW.
Denote by Oy, its valuation ring and set S, = Spec Of, and denote by s, the closed
point of S7. Following [RS21] we define the motivic conductor ¢f : F(L) — Ny of
F on L by

F(a) =min{n e Ny | a € F(Sy,n-s.)}.
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For Y a k-scheme, y € Y NY,, a 1-codimensional point in the smooth locus of Y,
and a € F(Frac(Oy,)) we set

() = ey (p'a),

where p : Spec Ky:, — Spec Frac(Oy,) is the natural map.

The following theorem is a version of the Brylinski-Kato formula for reciprocity
sheaves, see Remark 2.9 below for more detailed references to the literature.

Theorem 2.8. Let X be a smooth separated k-scheme and D C X an integral
divisor with generic point n. Let x € Dgy, be a smooth point of D and let Z, 7' C X
be integral closed subschemes such that

(2.8.1) (ZND),=x=(Z"ND),,

where we use the notation Y, = Spec Oy,. Let V C X be some open containing the
generic points of Z and Z'. Then Z and Z' are smooth around x and for a € F(V)
the following implication holds

(2.8.2) lengtho (Oznzr2) > cfm(a) = o (az) = 4 (az),

where ay and az denote the pullback of a to ZNV and Z' NV, respectively.
Proof. It Z C D or Z' C D, then condition (2.8.1) implies that z is the generic point

of Z or Z'. Hence x € V and a is regular at x. Therefore the implication trivially
holds in this case.

We consider the case 7,72 ¢ D. By (2.8.1) Z N D is a regular Cartier divisor
around z on Z, hence Z is smooth around z, similarly with Z’. We may assume
Z # 7' and V does not contain . We may shrink X Zariski locally around x and
assume X, D, Z, Z', and T := {z} are smooth and integral, D = Div(f), and

ZND=T=2ZnND.
Set n = ¢k, (a). By [Sai20, Corollary 8.6(2)]
(2.8.3) a € F(X,nD).

The statement in (2.8.2) is Nisnevich local around z. By [BRS, Lemma 7.13] we
may assume that there exists an affine k-morphism X — S = Spec R, such that
the composition T < X — S is an isomorphism. We obtain a natural morphism
X — AY, induced by R[t] = Ox(X), t — f, which composed with the closed
immersion Z — X yields a map,

(2.8.4) 7 — A% inducing an isomorphism 7'= D N Z = 0g,

where Og denotes the zero-section of A}. Note that (2.8.4) is étale in a neighborhood
of T. The same reasoning applies to Z’. We obtain isomorphisms

(2.8.5) Z xx nD = Spec R[t]/(t") < Z' xx nD.

By (2.8.1) and Z' # Z we find x € (ZNZ'). The condition lengthy  (Oznz/.) > n
therefore implies the following equality of closed subschemes of X

(286) ZXXnD:ZXXZ/XXnD:Z/XXTLD.
We consider the compositions

q:Zxn 2= Z =X, §:Zxa 2 =7 =X
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By (2.8.5) we have ¢~'(nD) = ¢'(nD) and by (2.8.6)
Qz0z0mD) = U znznmpy - Z N Z' N0 (nD) = ¢ '(nD) = ¢~ '(nD) = nD.

Thus by the universal property of P)((nD) (see 2.1) we obtain a map f : Z x Al AR

P)(("D) making the following diagram commutative

(2.8.7)

(Z")h 4 X
~ g/ D2

| Zy X (2 ——=Z x5 Z' e

~|o p1

Zh Z X.

Here xy denotes the generic point of 0g C A}, the horizontal maps are the natural
ones, the vertical maps are induced by projections, and 7 = ¢’ o 0~!. Note that o
and o are isomorphisms by (2.8.4). We find for » > 0

azy € F((Z)h 7 x) <= () € F(Z0,r-x),

where a7y denotes the pullback of a € F(V) to F((Z")k xx V) = F((Z")\ {«}).
Diagram (2.8.7) restricted to V' (on both X)) yields

T (agzn) = (07 fH(psa) = (7)) v f*(pia + (p3(a) — pi(a))).

By (2.8.3) and Theorem 2.6 we find

™ (aznn) = (07 f*(pia) = azn  mod F(Z2).

Altogether

a(zr)g - ﬁ((zl>;7f”)" . I) <~ azg c ﬁ<Z£L,T . .',U)

This yields the statement. 0
Remark 2.9. (1) For F' = H},(—,Q/Z) and X a smooth surface over a finite field

(2)

Brylinski proved a version of Theorem 2.8 for the Artin conductor, see [Bry83,
Proposition 4]. In fact since the motivic conductor of HZ(—,Q/Z) is equal
to the Artin conductor, by [RS21, Theorem 8.8|, the above theorem reproves
and largely generalizes Brylinsky’s result. On the other hand Kato defined in
[Kat89] a Swan conductor for H" = R"e,Q/Z(n—1),n > 1, ¢ : Xg — Xnis,
and generalized Brylinsky’s result to all H™ and all excellent regular schemes
using his Swan conductor. Since F' = H" € RSCyjs, Theorem 2.8 is a version
of the Brylinsky-Kato formula for the motivic conductor of H”. Note that
it is not expected that Kato’s Swan conductor coincides with the motivic
conductor for H", we rather expect ci"(a) > Swany(a) > ci"(a) — 1, for
a € H"(L) and L a henselian discrete valuation field over k. (For n =1 this
holds by [RS21, 8.].)

A basic version of Theorem 2.8, namely for X = Spec K{z,t}, with K
a function field over k, D = Div(t), Z = V(z —t), and Z' = (z — t —
at™), a € K, was proven in [RSb, Corollary 3.3, Remark 3.4] and was an
essential ingredient in the construction of the higher local symbol in [RSc],
in particular to obtain the properties (HS3’) and (HS5’), which were essential
in the proof of Theorem 2.6.
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Theorem 2.10. Let (X, R) be as at the beginning of this section. Assume (X, R)
has a projective SNC-compactification (see 1.5). Then

F(X,R) = FAS(X,R).
The proof will be given after the proof of Theorem 3.3 in the next section.

Corollary 2.11. Assume F has level n < oo (in the sense of [RSb, Definition 1.3])
and any pair (Z, E) with Z € Sm affine, dim(Z) < n, and E an effective Cartier
divisor with SNC' support, has a projective SNC-compactification (see 1.5). Then

(2.11.1) F(X,R) = FAS(X,R).

Proof. Let U = X \ D. For G € {F, FA8} define

Vf:Z—>X

with Z € Sm affine,
"dimZ <n, f(Z) ¢ D,

and (f*D)yeqa € Sm

(211.2) G="(X,R)=<{ac FU)|fac G(Z, f*R)

We have

F(X,R) € FA(X,R) & (F*)="(X,R) £ (F)="(X,R) £ F(X, R),
where 1 holds by Theorem 2.6, 2 by functoriality (see Lemma 2.5), 3 by Theorem
2.10, and 4 by [RS21, Corollary 4.18]. O

FExamples 2.12. Since the assumption in Corollary 2.11 on the existence of projec-
tive SNC-compactifications in dimension < n is satisfied for n < 3 (or for all n
if char(k) = 0) we get the equality (2.11.1) unconditionally, for example, in the
following cases: if char(k) = 0, for all F' € RSCuy; if char(k) = p > 0, for

(1) F = G a smooth commutative k-group (they have level 1 by [RS21, Theorem

(2) F = H}(—,Q/Z) or Lisse; (they have level 1 by [RS21, Theorem 8.8, Corol-
lary 8.10]),
(3) F = Hy¢(—,G), with G a finite k-group scheme (Hg ;(—, G) has level < 2

by [RS21, Theorem 9.12]),
(4) Y for j <2 (¥ has level j + 1 by Corollary 6.8).

By [RSb] The equality (2.11.1) for F' = H}(—,Q/Z) was known before: Indeed
since the motivic conductor of F' in this case is the Artin conductor defined by
Matsuda’s filtration [Mat97] (this holds by [RS21, Theorem 8.8]), it follows from
[KS16, Corollary 2.8], that

F(X,R) ={a € F(U) | Artx,(a) < m,, ¥n € DO},

where we write R = ) ) m,7. Now the expression on the right equals F' AS(X, R)
by [Yat17, Theorem 0.1}, [Sail7, Proposition 2.27], and Zariski-Nagata purity (cf.
[Yat17, Lemma 2.3]). Note that the proof of the equality in this way uses in an
essential way the theory of higher ramification groups defined by Abbes-Saito. As
far as we know the other examples mentioned above are new.

3. ABBES-SAITO FORMULA (CONTINUED)

In this section X € Sm, D is a smooth divisor on X, and n > 2. We fix F' € RSC.
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3.1. Let p1p, Don ¢ P)(?D) = X beasin 2.1, i.e., p; , is the composition of the natural
map P)(("D) — X x X with the projection to the ith factor. Set (see Lemma 2.3(1))

(3.1.1) Vy, i= P{"” xxxx D= Rp xz D = V(Qk ,(nD) p)

and denote by ¢, : V,, — P)(("D) the closed immersion. By definition of F'A5 (see

Definition 2.4) and the injectivity of the restriction F' (P)((nD)) — F(U x U), where
U= X\ D, see [Sai20, Theorem 3.1(2)|, we have a unique morphism

on t FAS(X, nD) — F(PYP),

such that ¢, (a)juxv = ps(aw) — pi(aw) € F(U x U). We define the map 1, as the
composition

(3.1.2) Py = 1% 0@, : FAS(X, nD) — F(PUP)y — F(V,).
Lemma 3.2. FA5(X, (n —1)D) C Ker,.

Proof. We have a commutative diagram (i = 1, 2)

Vn ln P)((’I’LD)
l Pin
q
| D . X,
S0
Pin—1

Vo, tn—1 P)(((n—l)D)
where tp = A,,_1 07 is the composition of the closed immersion 7 : D < X followed
by the lift of the diagonal A,_; : X — P)(((n_l)D) (see Lemma 2.3(4)), m is the

natural morphism obtained from interpreting P)((nD) as the blow-up of P)(((n_l)D) in
tp(D) with the strict transforms of pj D and piD removed (see Lemma 2.3(6)), 7y
is the base change of 7 along ¢,,_1, ¢ is the structure map of the vector bundle V,,
and s is the zero section of the vector bundle V;,,_;. Hence for a € FA5(X, (n—1)D)
we have 1, (a) = 75 ¢n—1(a) = ¢**Af_,vn—1(a). Since

(AL _1on-1(a) v = Ay (ps(aw) — pilaw)) =0 in F(U),

with Ay : U — U x U the diagonal, the injectivity of the restriction F'(X) — F(U)
(see [Sai20, Theorem 3.1(2)]) yields AX _;¢,-1(a) = 0in F(X), hence ¥, (a) = 0. O

Theorem 3.3. We keep the assumptions from the beginning of this section. Assume
(X, D) admits a projective SNC-compactification (see 1.5). Then the map (3.1.2)
induces an injective morphism

. F(X,nD
(3.3.1) s —2X0D)
F(X,(n—1)D)
Proof. We can assume that X and D are integral and dim X = d > 1. Note that
by Theorem 2.6 and Lemma 3.2, the map ¢, induces a well-defined map as in the
statement. Let a € F(X,nD) N Ker(¢y,). It remains to show a € F(X, (n —1)D),

which by Theorem 1.6 is equivalent to show the following:
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Claim 3.3.1. There exists an open neighborhood W C X of the generic point of D,
such that for all function fields K/k and all x = (xq, ..., 241, 24) € mc(Wg) with

Tg_1 € DE?) we have
(332) (CLK, /B)XK/K,Q = 0, for all 5 & (‘/;l,XK|(n—1)DK)$d_17
where ay € ﬁ(XK, nDy) N Ker(¢, k) denotes the pullback of a along Xy — X.

We prove the claim. Up to shrinking X around the generic point of D, we may
assume that X = Spec A is étale over k[z1,...,24) and D = {z; = 0}. Choose
aq,...,a, € A such that their residue classes a; € A/(z) are not zero and the
monomials in the @; generate A/(z1) as a k-vector space. Set

W := X \Divyx(ag - -a,;)UDivx(zy---2,)

which is an open neighborhood of the generic point of D.

Let K be a function field over k and z = (zo, ..., 241, 24) € mc(Wg) such that
E:=x41 € Dg). By Theorem 1.6 it suffices to show (3.3.2) for § running through
a class of representatives of (Vi x,m-1)px)e/ (Vi xxnDs )e- Set

_ M M
Ui xxinpg = (V1 xxmpx @ JK3o 1 1. = J+K g0, )

where j : Ugx = X \ Dg < X[ is the open immersion. By, e.g., [RSa, Lemma 2.3],
we have surjective maps

Vi X c|(n—1)Dx )¢ duy dug— 7
Qi1 ( XK K . b— ALLA — 1—|-z”_1b,u~,...,ﬂd_ ,
K@z (Ua,xcinDy e uy Ud—1 e 1 !
and
Ui, Xx|nDx )¢ duy dug—s 7
Q-2 Waxiinpic)e . b—A...A = AL+ 200, 21, U, - U2
K@©/z (Vd,XKWDK)ﬁ U1 td—2 { . }

where b € K(€), u; € K(£)* and b, @; are lifts to Ox, . Hence it suffices to show
(3.3.2) for

m
(333) B = {1 + Z?_lg,zlé, vy Ry 01y e e ,O'dfc},
or
nm
(3.3.4) B={1+2] g,zl, Zigy vy Zigy Oly -y Od—c}s

where g € Ox N A, c€{l,...,d}, 01,...,04. is part of a differential basis of K
over its prime field, 2 < iy < ... < i, < d, and

(3.35) m=Aay" - € T(Wg, Oy, ), forsome A € K, (ny,...,n,) € Nj.

Let V =Spec B C X x X be as in (2.2.2) and (with the notation from there) set
1

B[Tla"'aTd7m]

(Gl—th’f,z = 1,7d)

Let p; : P — X be induced by the projection to the ith factor. These extend to
quasi-projective morphisms

P = (PU")) = Spec

=~ . D . B[To,Tl,...,Td]
;P =P X
g rOJ<<TO‘9i—ﬂt7f,i=1,...,d)
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Let V,, C P be as in (3.1.1) be given by {t; = 0} and denote by V,, C P its closure,
which is defined by the ideal (1,61, ...,04) = (s1,01,...,04). Therefore p; and ps
induce the same isomorphism of D-schemes

Tv : Vi = Proj A/(2)[Ty, . .., Ty).

Fix a tuple g = (g1, ..., ga, M1, ..., ma), where g; € Ox N A and the m; are mono-
mial as in (3.3.5), and set
(3.3.6) Z:=2Z,= (| V4 (ﬁf(gi)Ti . ﬁ{(mi)To) C i (Wi) € Pr.

1<i<d

Here WGElSO denote by p; : Py — X the base change of p; along Xx — X. Denote
by Z C Py the closure of Z and let

o:7 < Px and Dz =p;00: 27— Xk,
where o is the closed immersion. We observe that 7y induces a projective morphism
(3.3.7) Tvz:0:=ZNV,x — Dk
which restricts to an isomorphism
ZOV ke Npr (W \ Divx, (91 9a)) — Di N (Wg \ Divx, (g1 9a))-

In particular, 7y, is projective and birational, and hence is surjective. The maps
pz1 and pyz o are étale around the generic points of ©, since the associated ring maps
Pz look étale locally like

K[Zl,...,Zd] — Bl/(si —t; —Uzt?,Z = 17...,d>, for u; € BIX,
with By an étale K|[sq,...,Sq,t1,...,t4-algebra, and where Pz are K-algebra maps
such that p7,(2;) =t; and p,(2;) = s;. Denote by { the generic point of © such
that Ty z(€z) = £. By the above we obtain isomorphisms
(3.3.8) Py Ok, e > 0%, i=12.
Lety,, = (Yr0s - - - Ynd—2,€z) € me(O), A € A, be all the lifts of (z,..., 241 =
€) € me(WxNDy) under (3.3.7). Let yo4 € Px be the generic point of the connected

component which contains ;. For ¢ =d,...,2d — 1 denote by
Yi € ﬂ Vi (]_7?[<92dj)T2dj _ﬁi(dej)T0> N {y2a}
i<j<2d—1

the generic point. We obtain maximal chains

Y, = (Unos - Und-2,625Yas -+ Y2a) € me(Pr), A€ A

Note that y4 € 79 and pzi(Ya) = Ta, 1 = 1,2. Let ax be as in Claim 3.3.1 and let
v € K3j(K(Pg)) be arbitrary. Since pjax € Fp,_,, we obtain

(339) Z(ﬁ:a‘K’ 7)?K/K7g)\ = Z(p*Z,ZaK’ aZv)Z/K,(y)\yo,...,y)\ydfg,ﬁz,yd)7 by (HSQ/)7
A€A AEA

= (CLK, Nméz/5(827>>XK/K7£7 by (HS5/)7
where we use the projectivity of 7y, z to apply (HS5') and

0z =0y, 0 Oyyyy © - 0 Oy, + K (K (Pic)) = Ky (K(2)),
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(see (HS2') for notation) and
Nméz/g : KéW(Frac(O%’gz)) — K%(Frac((’)?(mg)), i=1,2,

is the norm map induced by (3.3.8) which is an isomorphism.
By Theorem 2.6 we have a € F(X,nD) C FA5(X,nD). Thus the element

onlak) € F((P)((" )) ) C F(Pk) from 3.1 is defined. Consider the diagram
(3.3.10) O —V,k<~—Vugk
7 —7~ Py Py

where both squares are cartesian, all vertical maps and the horizontal maps on the
left are closed immersions and the horizontal maps on the right are open immersions.
We obtain

(3.3.11)
> (p3lax) - pi(ax), New/Ky, = > (pnlax), Nex/Ky,
AEA AEA
= Z(Z:L,ZJ*SOH(GK)’ a@V)Q/K:(yx,o,--~7y)\,d72fz)
AEA
—0,

where Jg is the composite of 97 and ¢, : K} (K(Z)) — K}, (K(©)), the second
equality follows from ¢, (a) € Fp, ., and (HS2') and the last equality follows from
(3.3.10), (HS1"), and ¢} yn(ax) = ¥n(ax) = 0 by the assumption on a. Combining
(3.3.9) and (3.3.11) yields the equality

2 1
Thus Claim 3.3.1 for 8 as in (3.3.3) or in (3.3.4) (and hence also in general) is a
consequence of the following claim:

Claim 3.3.2. The elements (3.3.3) and (3.3.4) modulo (Vg x,|npy )e have representa-
tives in

Y Im ((ngzg je = Nmi, )09z, KM(K(Py)) = K} (Frac(og(K’g))),

g

where g runs over all tuples g = (g1, ..., 94, m1,...my) as in (3.3.6).

We prove the claim. Fix g and Z = Z; as above. Let o = (01,...,04-¢), C €
{1,...,d}, be part of a differential basis of K over its prime field and set

Y= {pi(gl)ﬁ _pi(ml)a SR 7pi(gd)7_d _pi(md)’ 81y Sigy - - 78ic’0-} S K%(K(PK))7
where 2 <19 < ... <1.<d. Then
977 =¢€-{(s1)1z: (six)12, - - -, (8i.) 1z, 0} € Kc]l\/[(K(Z»u

where ¢ € {£1} only depends on the choice of a sign in the definition of the tame
symbol. Since ngz J¢ 1s an isomorphism and (s;)|z = p7,(zi) we obtain

ngz/g(ﬁzy) =c-{21,%iy, -, 2,0} € K%(Kﬁ’g).
On the other hand since 0; = s; — t; = 7,1} on P, we find in K(Z)
(5917 = )iz + P (B () = Pz + 2020), G =1, d.
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Since Nmé J¢ 1s an isomorphism we obtain

m n 12 n my n
Nmyg, (0z7) = ¢ {z1 + TR R et R M ek P PRRR ,Odc)-

Since n > 2 and we have

{Vixkim-1pi)es (Vixgmpg el © (Vo xii@n-2px)e © (Vo xinbi e
see, e.g., [RS18, Lemma 2.7], we find

€ (ngz/g(am) — Nméz/g(ﬁzfy)) ={1+ "“ Az, 2,0}
+Z{21,Zi2,.. ) R 171+ T 21’21J+1>"'7zic70} mod (Vd,XK\nDk)f‘

This implies Claim 3.3.2 and completes the proof of the theorem. OJ

Proof of Theorem 2.10. By Theorem 2.6 it remains to show FAS(X, R) C F(X, R).
By the assumption on the existence of a projective SNC-compactification of (X, R)

and [RSb, Theorem 6.8], it suffices to show FA5(X, R) C ﬁ(Xf;, R}, foralln € RY

red?

where Xf; = Spec Oél(,n and RZ = R Xx Xf;. In particular we can shrink X Zariski
locally around the generic points of R and hence assume R = nD with D smooth
and n > 1. Take a € FA5(X,nD). There exists an N > n such that a € F(X, ND).
If N > n, then a € FA5(X, (N — 1)D) and hence ¢y(a) = 0, by Lemma 3.2. Thus

a € F(X,(N —1)D) by Theorem 3.3. This completes the proof, O

4. CHARACTERISTIC FORMS FOR RECIPROCITY SHEAVES
4.1. Preliminaries.

4.1. Fix a scheme B. Let Smp be the category of smooth B-schemes, which are
separated and of finite type. Denote by Shp the category of Nisnevich sheaves of
abelian groups on Smp. A morphism A : B — B of schemes gives rise to an adjoint
pair
(4.1.1) h*:Shg & Shp : h
where (h.G)(X) = G(X xp B’) and h*F is given by the sheafification of
Smp 3Y — hﬂ F(X).
Y/B'—X/B

If Y is smooth over B, then we have (h*F)(Y) = F(Y). In particular, if h : B’ — B
is smooth, then Smp: is a subcategory of Smp and h*F = F|gn,, is the restriction.
Let ®gn,, be the tensor product in Shp given by the sheafification of

T — G(T) ®z Go(T).
For F,G € Shp the internal hom Homg, (G, F') in Shp is given by
Homyg, .(G, F)(T) = Homsn, (G|smys Fism,), forT € Smp.
Denote by
(4.1.2) v : Homgp,, (G, Homg,  (Ga, F)) = Homgp, (G1 ®sn,, Ga, F).

the adjunction isomorphism. Denote by Op the restriction of the structure sheaf to
Smp and by Shp, C Shp the full subcategory of Op-modules. The tensor product
®o,, in She,, is the sheafification of T+ G1(T") ®ory G2(T).
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Lemma 4.2. For any G1,Gs € Shp,, and F' € Shg, (4.1.2) induces an isomorphism
Homgp,, (G1,Homg, (G2, F)) ~ Homgy, (G1 ®o,, G2, F),

where Homg, . (G, F) is endowed with an Op-module structure via that on Gs.
Proof. For f € Homsy, (G1,Homg, (Gs,F)), A € O(T), and g; € G4(T), i = 1,2,
T € Smpg, we have

v(f)(Ag1 @ g2) = F(Ag1)(92),  v(f) (91 @ Aga) = f(g1)(Ag2) = (Af(91))(g2).
Hence f belongs to Homgp, (G1,Homg, (G, F)) if and only if v(f) belongs to
HOIIlShB (Gl ®OB Gg, F) ]

4.3. Let Sh3' be the category of Nisnevich sheaves of sets on Smp. For Y € Smp

we denote also by Y the sheaf it represents in Shi', i.e.,

Y (T) = Homgm, (1,Y).

We denote by Z(Y') the free abelian sheaf generated by Y, i.e., the sheaf associated
to T+ @eey()Z - [a]. For F' € Shp we obtain canonical isomorphisms

(4.3.1) Homgy,, (Z(Y), F) = Homgyser (Y,F) = F(Y).
4.4. Let G be a commutative group scheme over B, which is smooth over B, with
group law m : G xg G — G. Denote by G € Shg the sheaf of abelian groups defined

by G. Thus the forgetful functor Shy — Sh’s' sends G to G and hence the counit of
the adjunction (4.3.1) yields the map o : Z(G) — G, which is induced by

B Zla] - G(T) =G(T), > nafa] = > nea.
aeG(T)
We obtain the exact sequence in Shp

Z(G x5 G) 22 7(G) & G — 0,
where ¢; : G xpG — G is the ith-projection. Applying Homgy, , (—, F') with F' € Shg
yields the isomorphism

(4.4.1)  Homsy, (G, F) = F(Q)aq := Ker (F(G) THET (G xp G)) .

We call F(G)aq the group of additive elements of F/(G) and we denote by
Xr: F(G)aa = Homgy, (G, F)

the inverse map of (4.4.1).
For a smooth morphism h : T"— B we obtain a commutative square

F(G)ag —=— Homgy, (G, F)

| |

F(Gr)ag —=> Homgh, (G smy» Flsmy )

where G = G xg T and the vertical maps are induced by pullback and restriction,
respectively. The square commutes since both vertical maps are in fact induced by
the natural map F' — h,h*F. In particular we obtain a sheaf F'(G).q € Shp given
by

F(G)ad(T) = F<GT)ad (T S SmB)
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and xr induces an isomorphism in Shpg
(4.4.2) Xr : F(G)aa = Homg, (G, F).

4.5. Let D be a normal crossing variety of k, i.e., the irreducible components
D1, ..., D, of D are smooth of the same dimension and intersect transversely. We
define a functor

ShD — ShD, F— Fp

by setting
Fp = Ker <@ hihiF % €D hij*h;*jF> ,
1<i<r 1<i<y<r
where h; : D; <= D and h;; : D; N D; < D are the closed immersions and 0 is

the difference of the obvious restrictions. If F' € Shy and @ : D — Speck is the
structure map, then we set

(4.5.1)  Fp:= (7"F)p = Ker (@ his(Fsmp, ) 2, EB hijs (F] SmDiﬂDj)> :

1<i<r 1<i<y<r

Let G be a commutative group scheme over D, which is smooth over D. With
the above notations the isomorphism xp from (4.4.2) induces an isomorphism

Xr : (F(G)aa)p = Homg, (G, F)p.

4.6. Let D be a normal crossing variety with structure map 7 : D — Speck and let
E be a vector bundle over D. The sheaf of abelian groups £ represented by F has
the additional structure of an Op-module. Let £ € Sh;. Note that

FE = Spec(Sym*€"), where £¥ = Homg,, (€,0p).

From (4.4.2) and 4.5 we obtain an isomorphism

(4.6.1) Xrop ¢ (F(E)aa)p = €Y ®o,, Homg, (O, F)p,

where on the right hand side we use the notation (4.5.1), as the composition

(F(E)aa)p ~ Homg, (€, 7" F)p = Homg,, , (€ ®0,, Op, 7" F)p

= HO—mSh@D (E,HO_mShD((’)D, W*F))D
= (€Y ®o, 7" Homg, (O, F))
= &Y ®p, Homg, (O, F)p,

where the second isomorphism follows from Lemma 4.2, the third from the isomor-
phism 7* Homg, (O, F) ~ Homg, (Op,7*F) and the fact that £ is a coherent
locally free Op-module, and the last isomorphism from the projection formula.

Assume D is smooth and & is a free Op-module with basis eq,...,e,.. Then the
map Xro,, is explicitly given as follows: Under the identification

Homgm, (E, E) = E(F) = ®]_,O(F)e;
the identity idp corresponds to > ;_, e’e;, where e, ..., e’ denotes the dual basis

of £Y. Let h € F(E)aa and g = xp(h), ie., g : € = Fism,, is the map which on E
satisfies (under the above identification) g(>._, eYe;) = h. Then

i=1 "1

D

(4'6'2) XF7OD(h) = Ze;/ ®g((_)€i)7
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where g((—)e;) € Homgy (O, F)p is defined by g((—)e;)(A) = g(A - ejr), for A €
O(T) and T € Smp.

4.2. The characteristic form. In this subsection X € Sm and R is an effective
Cartier divisor on X with D = Ryeq @ SNCD. Set U = X \ D and D' = (R — D)yeq-
Let FF € RSCyjs.

4.7. Let py, po : P)((R) — X and Rp = p; ' (R) = p; ' (R) be as in 2.1. Set
Vi = Rp xx D' = V(% (R) ) C P{?,
cf. Lemma 2.3(1). In particular, Vx is a smooth group scheme over the normal

crossing variety D’. By definition of F4%(X, R) and the injectivity of the restriction
F(P)((R)) — F(U x U) (see [Sai20, Theorem 3.1(2)]) we have a unique map

(4.7.1) or: F*%(X,R) —» F(P{),

which satisfies ¢r(a)uxv = ps(aw) — pi(aw) (cf. 3.1). Let Dy,...,D, be the
irreducible components of D', i.e., those components of D which appear with mul-
tiplicity > 2 in R, and set Vg, := Vg xp D;. With the notation from 4.5 we get a
natural map

(4.7.2)

Ui FYS(X,R) = Foi(Ve) ©€ @D F(Vra), a trla) = (1)<,
1<i<r
where ¢; : Vg; — P)((R) is the closed immersion.

Lemma 4.8. Im(¢r) C Fp/(VRr)aa (see 4.5 for notation).

Proof. It suffices to show tfpgr(a) € F(Vg;)aa, for i = 1,...,7r. Denote by ¢, ¢ :
P)((R) X po. X.p1 P)((R) — P)((R) and q1, ¢, : Vri Xp, Vri — Vg, the respective projections
and by py : Ve Xp, Vri — Vg, the addition of the vector bundle Vz; over D;. Let
W P)((R) X o X 1 P)((R) — P)((R) be the map from Lemma 2.3(5). For a € FA5(X, R)
we have by (2.3.1)

(4.8.1) 41 (vr(a)) + ¢3(vr(a)) = u*(¢r(a)),

as can be check immediately by restricting to (U x U) xy (U x U). Pulling back
(4.8.1) via ¢; X ¢; and using Lemma 2.3(5) yields the looked-for equality ¢}*(¢fpr(a))+
¢ (Gr(a) = i (Ger(a). B
Lemma 4.9. Let ' € RSCyys. Then Homg,, (O, F) € RSCy;.

Proof. For B € Sm, let G, = G, X B be the restriction of G, to Smp and
denote by ¢;,m : Gop X XG4 — G4 p the projection to the ith factor and the
multiplication, respectively. For B € Sm,,, we have

Homyg,, (O, F')(B) = Homgn, (Op, Fismy)

qi +q5—m*

= Ker(Fsmy (Ga,n)

) g7 +g5—m*

ESmB(Ga,B XB Ga,B))
= Ker(F(GmB F(GG’B XB Ga,B));
where the second equality holds by (4.4.1). Since

F(Y x B) = Hompgr(Zi:(Y), F)(B) (Y € Sm),
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we find that the sheaf Homg, (Oy, F) is equal to

) qi+q5—m*

Ker (HomPST(Ztr(Ga), F Hompgr(Zi(Ga X Gy), F)) ,

which is a reciprocity sheaf by [MS, Lemma 1.5]. O

The following definition is inspired by Takeshi Saito’s definition of the charac-
teristic form in [Sail7], see Remark 4.11 below for some more comments on the
background.

Definition 4.10. Let the assumptions be as at the beginning of subsection 4.2 and
write QY for Q. We define the characteristic form of F at (X, R)

char® : F(X,R) — T (D', Q% (R)|p ®o,, Homg, (O, F)p)

where we apply the notation (4.5.1) to the reciprocity sheaf Homg, (O, F), to be
the composition

F(X,R) = FAS(X,R) % Fpi(Vi)a

XF,0
=5 I (D', Q% (R)|p ®o,, Homg;, (O, F)p),
where the first map is the inclusion from Theorem 2.6, the map g is induced by
(4.7.2) and Lemma 4.8, and y e is an isomorphism induced by (4.6.1).

Remark 4.11. For an element in H"(K,Q/Z(n—1)), where K is a henselian discrete
valuation field, Kato defines in [Kat89, Definition (5.3)] the refined Swan conductor.
A non-logarithmic variant in the case n = 1 and p = char(K) > 2 was defined by
Matsuda in [Mat97, Definition 3.2.5] and extended to the case p = 2 by Yatagawa in
[Yat17, Definition 1.18]. By a similar method Kato-Russell define various versions of
refined Swan conductors for Witt vectors W, (K), see [KR10, 4.6, 4.7]. On the other
hand, in [Sail7, Definition 2.19] Takeshi Saito defines the characteristic form of a
torsor under an étale k-group scheme (not necessarily commutative) using dilata-
tions. It is shown in [Yat17, Corollary 2.13] that the non-logarithmic refined Swan
conductor for Z/p"Z-torsors defined by Matsuda-Yatagawa coincides with the char-
acteristic form defined by Takeshi Saito. Thus one can think of the characteristic
form as a non-logarithmic version of the refined Swan conductor.

Theorem 4.12. Let the assumptions be as at the beginning of subsection 4.2. As-
sume that (X, D) admits a projective SNC-compactification. Then we have

F(X,R— D) = Ker(char?),

i.e., the characteristic form of F at (X, R) induces an injective map

m  _FOGR) o
chary,” : FX,R_D) — T (D', Q% (R)|pr ®0,, Homg, (O, F)p/) .

Proof. By the Zariski-Nagata purity for F' ([RSb, Theorem 6.8]), the question is
local at the generic points of R. Hence we may assume R = nD with D irreducible

smooth. If n = 1, then D’ = () and the assertion trivially holds. If n > 2, then the
statement follows from Theorem 3.3 and (4.6.1). O
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4.13. Let the assumptions be as at the beginning of subsection 4.2. Denote by
F(x r) the sheaf on Xy given by

(u:V = X)) F(V,u*R).

Denote by ¢ : D' < X the closed immersion, then 9 clearly induces a morphism
of sheaves on Xyis

Foory 2 io(F(Vi)ad) b, )

Nis
where (F'(Vg)ad)py, denotes the restriction of (F'(Vg)ada)pr € Shp from 4.5 to the
small Nisnevich site on D’.
Thus we obtain a local version of the characteristic form

char%R) : f(XJ{) — Q%{ (R) ®(’Jx i*(I—IO—mShk(Ok’ F)Dll\ns)'

If (X, D) admits a projective SNC-compactification, then char%R) induces by Theo-
rem 4.12 an injection of sheaves on Xy,,

Fixr)/Fix.p-py = Qx(R) ®0, i.(Homg, (Or, F)p, ).

Remark 4.14. Let D = »"'_| D; be the irreducible components of D. Set X; =
X \ UjxD; and denote the restriction of D; to X; again by D;. By the Gysin
sequence in [BRS, Theorem 7.15] we have isomorphisms

F(XZaDz) 3] )
F(X;) — I'(D;, Hompgp (G, F)), i=1,...,1,

where 0; is induced by the connecting homomorphism in the Gysin sequence for
(D;,0) — (X;,0). By [Sai20, Corollary 8.6(1)] the natural map induced by restric-
tion

F(X,D) @ F(X;, D)

F(X) F(X;)

i=1
is injective. Composing the two maps above yields an injection

% — ZG:?F(DZ‘,HO_THPST(GW F)),

which can be viewed as a characteristic form for reduced R.

4.15. As an exemplary application, we explain how Theorem 4.12 and its local
form from 4.13 reveals an interesting structure of Chow groups of zero-cycles with
modulus, as introduced in [KS16]. Let Y be a proper k-scheme with an effective
Cartier divisor F, such that V' =Y \ E is smooth. By [KSY22, Corollary 2.3.5] and
[Sai20, Theorem 0.1] there is a reciprocity sheaf hy(Y, E)nis such that for any field
K over k we have

ho(Y, E)nis(K) = CHo(Yk, Ek),

where the right hand side denotes the Chow group of zero-cycles with modulus and
Ye =Y ® K.

Assume L is a henselian discrete valuation field of geometric type over k with
ring of integers O, maximal ideal m, and residue field K = Op/my. If we are in
positive characteristic, we assume that the transcendence degree of L/k is < 3, so
that all geometric models of (O, my) have a projective SNC-compactification (see
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1.5). Then fil,CHy(YL, Er) := ho(Y, E)nis(S, ns), where S = Spec Op, and s € S is
the closed point, defines a filtration

ﬁloCHO(YL,EL) C ﬁlch()(YL,EL) cC...C ﬁlnCHo(YL,EL> cC...C CHo(YL,EL>,

where filyCH (Y7, E7) is the subgroup of CHy(Y7, Ep) generated by closed points in
Vi, whose closure in V' xj S is finite over S. By Theorem 4.12 we have an injection
ﬁlnCHo (YL, EL) 1 m;"
— Q —
ﬁln—ICHO(YLa EL) Or ®OL mZnJrl
However the internal hom on the right is not well understood and it would be
interesting to describe the image of the map.
Observe that if trdeg(L/k) = 1, then my/m] — Q) ®o, K, a mod m7 — da®1 is
an isomorphism (since Qj = Q. , = 0) and we obtain an isomorphism of K-vector
spaces

®x Homgy, (O, ho(Y, E)nis)(K)  (n > 2).

1 _
mod m; "%
an—1

~ 1
Qp, @m;"/m " = m" " /m " dz @ (— mod m") —
ZTL
where z € my, is a local parameter. Hence the choice of a basis e of the 1-dimensional
K-vector space m;" /m;""? induces a canonical map
fil,CHo(YZ, Er)
Sne
© il CHo(YZ, Er)

as the composition

ﬁlnCHo(YL, EL) 1 mg"
Q — H O, holY, Enis) (K
AL, CHo(Yp, By) O @0 qroni @ Homgy, (Op, ho(Y, B)xis) (K)

= K - e ®gk Homgy, (O, ho(Y, E)nis)(K) = Homgy, (O, ho(Y, E)nis) (K)
=% ho(Y, E)nis(K) = CHo(Yx, Ex),

where the first inclusion is induced by the characteristic form and ev; sends ¢ €
Homgp, (Ok, ho(Y, E)nis|spec k) t0 @(K)(1). This is a new map and it is tempting
to view it as a specialization map. It remains to study its properties more closely,
e.g., if it happens to be injective for certain pairs (Y, F).

5. THE CHARACTERISTIC FORM OF WITT VECTORS AND TORSION CHARACTERS
OF THE FUNDAMENTAL GROUP

In this section we give a description of the characteristic form for the group of
Witt vectors of finite length. From this, we deduce that the characteristic form
for torsion characters of the fundamental group is a variant of the refined Swan
conductor defined by Kato in [Kat89]. The necessary computations were actually
already done in [Yat17].

Fix X € Sm and ¢ : D < X a smooth connected divisor. Let p = char(k). For a
henselian discrete valuation field L of geometric type over k (see 2.7) we denote by
O its ring of integers, by m;, the maximal ideal, and for F' € RSCy;s we write

F(Op,m;?) == F(S,j-s), j>0,

where S = SpecOp, and s € S is the closed point. In the following G, denotes
the additive group and, in positive characteristic, W,, the group scheme of p-typical
Witt vectors of length n; we have G,, W,, € RSCyj, cf. Example 2.12. We write
QY for QF e
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5.1. Let L be a henselian dvf of geometric type over k with normalized valuation v.
If p =0, then we have by [RS21, Theorem 6.4]
GG(OL,mZ”) = m;’““, r > 0.

Assume p > 0. We denote by fil,W,,(L) the Matsuda filtration of W,,(L) (see [Mat97]
for the original definition, and e.g. [RS21, 7.3] for the shifted version used here).
Recall that for a = (ag, ..., a,1) = Sy Vi([ai]) € W,(L) and r > 0 we have

_ if i 11—
(5.1.1) a € il W, (L) <= p"“i(a) >4 ifi7n "
—r+1 ifi=n—-1-m,
where m = min{n, ord,(r )} By [RSQl Theorem 7.20] we have
(5.1.2) Wa(Op,my") =Y F/(fil, W, (
3>0

where Fi : W,(L) = Wo(L), (ag,. .., an_1) — (& ,...,a" ) is the jth iterated
absolute Frobenius.

5.2. Assume p > 0. We now study a global version of (5.1.2). Let U = X \ D.
We define fil x,pyW, for r > 0 to be the subset of W, (U) consisting of those Witt
vectors (ag, ..., a,—1) € W,(U) satisfying

iy ¢ {HO(X, Ox(rD)  ifign—1-m

H'(X,Ox((r—1)D)) ifi=n—1-—m,

where m = min{n, ord,(r)}. Let n € XU be the generic point of D and L =
Frac(K% ). Then we have H*(X, Ox(rD)) = H*(U,Oy) N'my" and hence also
(5.2.1) ﬁl(X,rD)Wn = Wn(U) N ﬁITWn(L).
We set A

(16 oy Wa = > F(filxrp)Wa) C Wa(U).

Jj=0
Proposition 5.3. Assumptions and notations as in 5.2. Then
WAS(X,rD) = W,(X,rD) = lfy, p, Wh.

Proof. The first equality holds by Corollary 2.11 and Example 2.12(1). We prove
the second equality. By [Sai20, Corollary 8.6(2)] we have

(5.3.1) Wo(X,rD) = W (U) N W,(Op,m;"), forall r >0,
where L = K% ,,. Thus by (5.1.2)
(5.3.2) 17y )W C Wi (X, 7D).

For the other inclusion we have to show that given a; € fil,W,,(L) with >, F'(«;) €
W,(U), then we have a; € W, (U ), for all i. To this end we reduce to the case
of curves as follows. Define W, (X rD) and ﬁleqD W, in an analogous way as
n (2.11.2), where the maps f : Z — X have dimZ < 1 and we additionally
assume (f*D),eq to be connected, i.e., it is a point. Since W, has level 1, we have
—~ —~ <1

Wo(X,rD) =W, (X,rD).

Claim 5.3.1.

1oy Wa = 815350 W (7 >0).
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We prove the claim. Obviously we have ﬁlf x0)Wn C ﬁl{X<1D W,. For the other

inclusion let o = 32" V*([as]) € W, (U )\ﬁl(X +0yWa, with a; € O(U). We have to
show, that there exists a smooth affine curve C' and amap f:C — X with (f*D)eq
a point, such that f*a ¢ filf, (Crfr0)Wn- Let

Sp :=min{s | V*([as]) € W, (U )\ﬁl(XTD W, }.
Then for any map f : C'— X as above we have
o) =Vo([fas)) + ...+ V" ([f*an]) mod g, je py Wi

Therefore it remains to find a map f : C' — X as above with V*(f*[as]) ¢
ﬁl(C rf*D )Wn. To this end let j be the maximal non-negative integer such that
as, = F7(b), for some b € O(U). After shrinking X around a closed point of Dieq,
we may assume D = div(z) and b = ¢/z", with e € O(X), such that F := div(e)
and D have no common irreducible component, and v > 1 satisfies

(5.3.3) im0y > {r ifso£n—1—m

r—1 ifsg=n—1—m,

where m = min{n,ord,(r)}. Let y € D be a closed point which does not lie on
E. For any regular sequence of parameters z; = z, 29, ..., 2qg of Ox,, the vanishing
set C'=V/(zy,...,24) defines a smooth affine integral curve in a neighborhood of y
intersecting D transversally at y and we may assume that it intersects D only at y
and does not intersect I, so that e € O(C)*. Furthermore, if e is no pth-power in
O(X), then we may assume that e|c is not a pth-power in O(C). This together with
the choice of j above and (5.3.3) implies, that b € O(C'\ D) is not a pth-power
and that we have

—rDic ifsp#n—1—m
—(r=1)D¢ ifsp=n—-1-m
Hence az,c = F(bc) € fil: D, Wn, which proves Claim 5.3.1.
Thus we are reduced to the case, where X is smooth, affine, 1-dimensional, and

D is a point. The inclusion (5.3.2) is an isomorphism for » = 0 and induces maps
on the graded pieces for r > 1

ﬁlFX,rD)Wn ‘;V\:L(X, TD) Wv (OL, _T)
- — — D
iy -npyWn  Wo(X,(r—=1)D)  W,(Op,m; ")’

where the last map is injective, by (5.3.1). Since X is a smooth affine curve, it follows
directly from the definitions that the composition of (5.3.4) is an isomorphism. This
implies the statement. O

(5.3.4)

FExample 5.4. Let G be a commutative unipontent k-group. Then we can embed G
into a finite direct sum of p-typical Witt group schemes G C &;W,,,; if p = 0, then we
can take W,,, = G,. Thus it follows from the local form of the ramification filtration
(5.1.2) that we have G(X, D) = G(X) (recall that D is assumed to be smooth). The
global description from Proposition 5.3 imposes further constraints. For example,
assume p > 3 and let £ — S be a relative elliptic curve over S € Sm and let
D = S C FE be a section. Then it follows from Proposition 5.3, that any morphism
of k-schemes E'\ D — G, whose ramification is bounded by 2D, is constant in the
sense that it factors as E\ D — S — G.
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5.5. Let GG be a commutative group scheme over k. With the notation from 4.1 we
have

HomShk(Ok, G)D(T) = HomT,grp(Ga,T, GT) (T € SmD),

where the Gr = G x T and Homyp_g,, denotes the homomorphisms of T-group
schemes. It follows that for p = 0, we have the following equality of Nisnevich
sheaves on D

mshk (Ok}’ GG)DNiS = OD
For p > 0, any homomorphism G, p — W, p of group schemes over D has to factor
via V"' G, p — W,.p and hence we have
(551) —HomShk (Ok7 Wn>DNis = @ Vn_l -Op - Fja
Jj=0
where F7 : G,p — Gap is induced by Oplt] — Oplt], t — . Under this
identification, the Op-module structure induced on the right hand side is given by
(5.5.2) a- (> VIR =Y " Vrlha B (a€ Op).
J J
In view of Remark 4.11, the following corollary can be deduced from Yatagawa’s
computations in [Yat17].
Corollary 5.6. Let X, D be as at the beginning of this section and assume r > 2.
Denote by v : U = X \ D — X the open immersion.
(1) Assume p = 0. The characteristic form

char”) : Gy (xrpy = Ox((r —1)D) = Q4 (rD) ®oy .0

is induced by the differential d : v.Oy — v,.Q} Ry 1.0p, a+> da® 1.
(2) Assume p >0 and n > 1. The characteristic form

charg,f) : W/n(X,rD) — Q;(TD) ®OX @ anl . Z*OD . Fj
Jj=0
is given as follows (using Proposition 5.3):
F*ld(a) @ VLY if (p,r) # (2,2),

h (rD) Fj — ) o
chary, ' (F”(a)) {Fnld(a) Q@ VrlFi 4 % @ Vo Fitl if (p,r) = (2,2),

where a = (ao, ..., an—1) € filx,p)Wy, j >0, and Fd: v, W, 00 — v.Qf
15 given by

n—1
F"'d(a) = Z afnﬂfld&i,
i=0

and in the second case z denotes a local equation of D and o € Op is defined
as the image of z*a,_1 in Op, where we use that in the case (p,r) = (2,2)
we have 2°a,_, € Ox.

Proof. (2). We make the map xw, o, from (4.6.1) explicit. It suffices to consider
the situation from (2.2.2); with the notation from there we have

‘/7”D = (P)((TD))|SpecB XxxX D = Spec(A/z)[Tl, . ,Td],
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which we view as a vector bundle over D with sheaf of sections given by the dual of
(2.3.2). In the situation of (3.1.1), the above comes from a natural identification

dZi
Q;(TD)‘D = @ OD * Ty

z?"
1<i<d

and we are in the situation of 4.6 with &Y = Q% (rD)p. It follows from (4.4.1),
that W,,(V.p)aa is the abelian subgroup of W, ((A/z)[m, ..., T4]) generated by the
elements

= Ti,

Vn—l(Tlpja), acAlz,i=1,...,d,j>0.
Thus by (4.6.2) (with e/ = 7; and e; = 7;/) and using (5.5.1), the map

XW,,0p * (Wn(v;"D)ad)D — Qﬁ((rD)|D ®OD @ Vn_l . OD . Fj

320
is given on Dyjs by
Xwaon (V' (7P a) =@Vl a- FI = OZZ QV™1.q. FI.
In particular,
Xw,.0p(FIV' H1a)) = &% QVLE,

where @ € A is a lift of @ € A/z. Since Char%f) = Xw,,0p 0¥y it remains to compute

Uy s Wo(X,7D) = WAS(X, rD) = Wy (Vyp)ad

from (3.1.2). This computation can be deduced from similar computations as in
the proof of [Yatl7, Proposition 2.12], see also [Yatl7, (1.21), Proposition 1.17,
Definition 1.42]. Finally, the proof of (1) is similar but much easier and therefore
left to the reader. O

Remark 5.7. Let L be a henselian dvf of geometric type over k with residue field
K = Op/my and assume p > 0. Denote by
il 8 W, (L) = {(ao, ..., an_1) € Wo(L) | p"*"v(a;) > —r}

the Brylinski-Kato filtartion of W, (L) and by fill®* W, (L) its F-saturation. Then
by Corollary 5.6 and in view of (5.1.2), the characteristic form fits into the following
commutative diagram

0 fi11°%F W, (L) Wn(Op,m;") Wy (Op,m;") 0
Wo(Op,m;" ) Wi (Op,m; ) fi1°8 W, (L)
Lchargfvll \lj
0 ] 0L ®0, e [F] —— QL @ "L [F] — 0
mzr-‘rQ OL OL mZT‘+1 K K mZT+1 ?

where the lower sequence is equal to (—) ®p, mm_—ﬁil ®x K[F] applied to the standard
sequence r

0— my/mj = Qp, Qo, K — Qi — 0
and the two outer vertical maps are constructed and shown to be injective in [KR10,
4.7]; they are induced by F" 'd. By Theorem 4.12 we know that the middle vertical
map is injective if trdeg(L/k) < 3. On the other hand the above diagram and the
injectivity of the outer vertical maps show that the middle map is always injective.
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Note that in [KR10, 4.6] Kato-Russell also construct an injective map (induced
by F™1d)
n o, og, me
0, : L2 T W, (L) /815 W, (L) — Qg (log) ®o, FMF]’

which by [KR10, Proposition 4.9] is a lift of the refined Swan conductor of [Kat89,
Definition 5.3]. This is why the characteristic form can be viewed as a non-log
version of this 0,.

5.8. Assume p > 0 and r > 2. By the functoriality of the characteristic form we
have a commutative diagram

(rD)
o charyy,

Wotixm) —= 25 (rD) @0 @Bjog V" +i.0p - FI

VT id®V~T
char("P)

— W,

Wh(xrp) — Qx(rD) ®0, Do Vrl.i Op- FJ

Taking the direct limit over V', we obtain the characteristic form of the co-vectors
CW = liglv W,Ox:

Chargv’i,) ; C/’\VT/(X,TD) — Q% (rD) ®o, i.Op[F],
where Op[F] = ©;>00p - F? with Op-module structure given by a - (3°,;b;F7) =
Zj bjapj Fj .
The Artin-Schreier-Witt sequences give in the direct limit rise to an exact sequence
0—-Q/Z—cw =S ow & HE o0,
of sheaves on Smy;s, where HY, is the reciprocity sheaf (cf. [RS21, 8.1])
X = H\(X) = H' (Xe,Q/Z) = H*(Xnis, R'e.Q/Z) = Homeon (73 (X), Q/Z),

with € : Smg — Smy;s the change of sites map. We obtain the commutative
diagram

(rD)

— char -/ 1 .
CW(X,rD) QX(TD) ®(9X Z*OD[F]
|o
char(TD)
1 HY, .
Hét(X,rD) Q% (rD) ®oy ix Homg),, (Ok, Hi) Dy

where the vertical map on the right is induced by
(5.8.1)
Op|F] — lim Homg,, (Ox, Ws) — Homy, (O, CW/(F — 1)) — Homyg, (O, He,).
%

Assume (X, D) admits a projective SNC-compactification (see 1.5). By Zariski-

Nagta purity [RSb, Corollary 6.10] and the computation of H}(Op,m;") in [RS21,

€
Theorem 8.8|, we see that the vertical map 0 is a surjection of Nisnevich sheaves on

X and thus chargf)) is completely determined by Corollary 5.6. In particular, since
ét
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(5.8.1) factors via Op[F| — Op, F — 1, it follows from Theorem 2.6 and Lemma
3.2 that Charg?) induces a map

(5.8.2) Hélt(X,rD)/Hélt(X,(r—l)D)%Qﬁf(rD) ®oy 1Op.
We obtain that chargf) (on the quotient) is a global version of the characteristic

form (alias refined Swan conductor) of Matsuda-Yatagawa, see [Mat97, Definition
3.2.5] and [Yatl7, Definition 1.18], which is the non-log version of Kato’s refined
Swan conductor defined in [Kat89, §5]. However, note that in the case (p,r) = (2, 2)
and (X,D) = (SpecOp,my) as in 5.1, the map (5.8.2) differs by a square root
from the formula of Yatagawa’s characteristic form. Indeed, let p = 2 and let
X € H}(Or,m;?) have a representative V"~ !(a) € fil,W, (L) , i.e., a € m;?. Then
the characteristic form of x defined in [Yat17, Definition 1.18] is given by

da®1+%@vaem*Qp, ®o, K2,

where K denotes the residue field of O, K/? the field of square roots of elements
of K in an algebraic closure, z € my, is a local parameter, and o € K is equal to 2%a
mod my. On the other hand the image of y under the map (5.8.2) is given by

da®14+% ®@aem*Q, Ro, K,
as follows from Corollary 5.6(2) and the discussion preceding (5.8.2).

6. THE CHARACTERISTIC FORM OF DIFFERENTIALS

In this section we compute the characteristic form for the differential forms €,
j > 1, see Theorem 6.6. As a consequence we obtain a negative answer to a question
posed in [KMSY21a], see 6.9. The computations will be used in the next section to
give a new characterization of pseudo-rational singularities.

Throughout this section we assume X € Sm with dimX =dandi: D — X is a

smooth connected divisor. Let char(k) =p > 0 and n > 1. We write Q?X for Qg( Ik

Lemma 6.1. Denote by J* C Q% x the differential graded ideal generated by Ia
the ideal of the diagonal A : X — X x X (i.e., J* = InNQ% . x +dIan- Q% x ). There
is a short exact sequence (j > 0)

I o j I
(6.1.1) 0— = ®o, Y AN

S N Y Sy
IR BT OIS R

where .
a(f ®0) = 0pi(d) mod (J* - J*), b(fc+~-df) =60x A (y),
where 0 € In, p1 : X x X — X is the first projection, and § € Q&, v E Q&_XIX,

€€ Qé(xX'
In partz’gular, if 01,...,04 € Oxxx is a reqular sequence generating Ia, then for
any 3 € J7 there exist unique forms ~; € V' and 6; € Y such that
d 0l
— “(~ O, (S i XXX
(6.1.2) f= Zpl(%)del +0,p7(0;) in Ty

i=1
Proof. Since X is a smooth k-scheme we have a short exact sequence of locally free
Ox-modules

I

(6.1.3) 072 AL AL 0L 0.
A
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Set
r : A [ *()J—T *()J .
fil" := image /\1_2®A Moy > A ], 0<r<y.
Consider the diagram of Oy x-modules

(6.1.4) 0 Ty EIRDE Q% 0

L

() AT Ol 0
fil? fil? X ’

0

The rows are clearly exact and the vertical maps are the natural ones. The exact
sequence (6.1.3) yields an isomorphism

Ia o~ fil!
g ®@X Q?X — W

and its composition with the map (%) sends 0 ® v to 7 - df, where v € Qﬂ; ! and
7 e, X is some lift along A, in particular we may take ¥ = pjy. We observe that

A e gy |

Hence the commutative diagram (6.1.4) gives a short exact sequence

[AQ&XX, — /! b 1a
(Jo - J*)i (Jo - Je)i IZ

where b is as in the statement. Thus it remains to prove that the natural map

0— R0, V' =0,

Ia @QJ INOYs

(6.1.5) i = oo

06— 0 pi(6)

is an isomorphism. Since A is a section of p; we have a splitting
(6.1.6) Uyx = i) @ F,
which yields the surjectivity of (6.1.5). Furthermore the composition

I_A @ QO (6.1.5) [AngxX d, QJX+><1X LAY ngrxlx ~ Ar nglx
]Z X (Jo . J.)] (J JO)j-i-l (Jo . J.)j+1 ﬁ12

is equal (up to sign) to the injection

Ia o0, = fil! R A
IR fil? fil* 7
stemming from (6.1.3). Hence (6.1.5) is injective as well. This completes the proof
of the exactness of (6.1.1).
Finally, the existence of a presentation as in (6.1.2) follows from the definition of
J* and the decomposition (6.1.6); the uniqueness follows from the exact sequence
using that 6y, ..., 60, defines a basis of the Ox-module I /I4. O
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Lemma 6.2. Assume X — Speck|zy,...,zq] is étale. Let p; - X x X — X be the
projection to the ith factor and set t; = pi(z;), si = p3(2i). Let U C X x X be an
open subset, such that the ideal I of the diagonal restricted to U is generated by
O :=s;—ti,i=1,...,d. Let j > 1 and B € Q' (U) and write

d
p3(8) = pi(8) = Y pi(w)db; + 0pi(8)  in T(U, Qo /(J* - T*))
i=1
as in (6.1.2). Then
b=0<= =0 forallt=1,...,d.
Proof. By uniqueness of the 7; and §; the question is local. Thus we may assume

X = Spec A and U = Spec B with B a localization of A ®, A. We can write 3
uniquely as

8= frdz,
K

where the sum is over all K = (1 < k; < ... < k; < d), fx € A, and dzx =
dzy, - - dz,;. Fix K as above and write

p5(fx) = pi(fx) +ex for some ex € T'(U, Ip).
Thus in Q% /(J* - J*) we have
pa(frdzi) — pi(frdzx) = (pi(fx) + eK)d(t +0)k — pi(fx)dix

_eKdtK—i—Z ) pi (fre)dt i) - dBy,

where K (v) = (k1,... ky_1, kus1, ..., Kj). Thus

%-dzizz Z (1)~ " frdzgoydz = Z Z frdzk.

v=1 K with k, =1t v=1 K with k, =1
Hence 7; = 0 implies fx = 0, for all K which contain ¢. This yields the non-trivial
implication of the statement. O
6.3. Recall from 4.1 that Homg, (O, @/)p = Homg, (ODaQ\Sm ) denotes the
sheaf of maps of abelian sheaves O — €7 on Smp. In what follows, we simply
write Homg,  (Op, Y, ) = Homg, (O, ). Tt is equipped' with the Op-module
structure given by a - f := f(a-—). A section f € I'(D, ) defines a section of
Homg, (O, ) over D (which we will again denote by f3) via
0(T,0) = (T, %), aw af*(B), for f:T — D smooth,
which gives a morphism of Op-modules Q{) — Homg, (O,€V). A section a €
(D, ") defines a section (« - d) of Homg, (O, ) over D given by
T(T,0) = T(T, %), b f*(a)-db=: (a-d)®d), for f:T — D smooth.
By the above, we obtain the subsheaf
Q) @05 - d C Homg, (0, 0).

If p > 0, then we may precompose the above with arbitrary Frobenius powers and
obtain ' ' .
B ¥, - Frob® © @, - d C Homg, (O, ).

s>0



ABBES-SAITO FORMULA 37

By the Op-module structure on Homg, (O, V) defined above, we have
r-(a-d)=a-dr+ (za-d), forze Op.
Using this, it is direct to check that the map
(6.3.1) £: 0, @05 — Homg, (0,97),
£(B,a) = (B +da) + (=1)"" (- d).

is an injective morphism of Op-modules. We denote its image by
(6.3.2) == ¢(Q) ® Q") ¢ Homg, (0, 97),
which is an Op-submodule.

6.4. Recall that for any Ox-module H and any j > 1 we have an Ox-linear map
j—1

j
(6.4.1) NH—=Heo, (\H)
given by

j
MmN Ay > (1) T hi @by AL AN AL Ay,
=1

where the hat ~ indicates omission. Tensoring (6.4.1) for H = Q% with Ox(nD)
and composing with the map induced by i* : Q%" — i, " yields the morphism of
Ox-modules

(6.4.2) & Y (nD) — QL (nD) @i, .
6.5. Let Ip C Ox be the ideal sheaf of 7 : D < X and set
I
(6.5.1) Cp/x(nD) := [—é’ R0, Ox(nD).
D

Note that Cp,x(nD) = Ox((n — 1)D)|p and we have an exact sequence of Op-
modules

(6.5.2) 0 = Cp/x(nD) % Q% (nD)p — QL (nD) — 0,

where Q},(nD) = Qp ®0, Ox(nD)p and if z is a local equation for D with its class
z € Ip/I}, then d(2 ® a/2") = (adz/2")p for a € Ox. In what follows, we view
Cp/x(nD) as a sub-Op-module of Q% (nD)|p via d.

Theorem 6.6. Denote by F(g‘an) the sheaf on Xyis given by V +— FA5(V,nDy),
for F' =, see Definition 2.4. Let = € Ox be a local equation of D.
(1) We have

pAS O (log D)((n—1)D) if p="0or (p#0 and p{n)
(X;nD) Q% (nD) if p# 0 and p | n.

(2) For n > 2 the characteristic form

char;:lD) : F&%D) — Q% (nD);p ®o,, Homg, (O,)

(6.6.1)

is given as follows (using the notation 6.3 and 6.4)

har®?) () = 4 (OO @ (dw), 03 (w)) o if (n.p) # (2,2),
" (id ® €)(% ™ (dw), B(w)) + & ® (22w - Frob) if (n,p) = (2,2),

22



38 KAY RULLING AND SHUJI SAITO

where id is the identity on Q% (nD), & is from (6.3.1), & is from (6.4.2),
w is a local section of F(’;‘an). By (6.6.1), we have dw € Q3 (nD), and in
the case (n,p) = (2,2) the form z%w is reqular along D and 22w denotes its
image in €.

(8) The characteristic form factors as follows, where for a € Q5% , we write @ for
its image in %, and for the explicit description in (iii) and (iv), we assume
that X is étale over Speckl|z, z1,. .., zq—1] and D = Div(z):

(i)if p=0o0rp >0 and p t n(n — 1), then chargLD) factors wvia the
1somorphism

given by
(npy, dz 1 dz _ ; i1
chary. (az—n+zn_1ﬁ)Zz—n®(—(n—1)ﬁ+(oa-d)), forae Y, B ey

(i1) if p > 0 and p|n — 1, then Charng) factors via the isomorphism

wp) Di(log D)((n ~ 1)D)

h : = D) ®o,, (51 d),
char, (- 1)D) p/x(nD) ®o,, (" - d)

given by

d d ,
char;?D)(a—z) ~-Zg (@-d), foraeQ"
2" Z"

where the Op-module structure of ()" - d) is induced by the one of

Q'
(111) if p > 0, p|n, and n # 2, then Charng) factors via an injection
n O (nD —
char% by x(nD) Q% (nD)p ®o, =,

- Yy (log D)((n — 2)D)

which on the elements oz;i—;f + Zn%lﬁ with o € Qi;l and [ € Q&, 18
given by the same formula as in (i). Furthermore, for f € Ox and
1<y <...<v; <d-—1, we have

o1
c:hars;,D)(—fdzl,l ceedz, ) =
2" !

df d da, —
— ®dz, ez, + ;(—1)3—12—77 ® (fdz, ---dz,, - dz,, - d);

() if n = p =2, then chargD) factors via an injection

ep) . % (2D)

char D — — QL (2D)1p ® (E® Y, - Frob),
F QJX(IOgD) x( )\D ( D )

which on the elements ole—j + %ﬁ with « € Qﬁ;l and B € Q&, is given
by the same formula as in (i). Furthermore for f € Ox and 1 < vy <
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... <v; <d-—1, we have

1
charZ? (= fdz,, - dz,) =
Z

df s gl e —
& ®dz, e di, + > (—1y ® (fdz,, ---dz, - d3,, - d)
=1

2
dz _ B
+ =) ® (fdz,, ---dz,, - Frob).
Proof. We start by showing (6.6.1), i.e.,

{a € (X \ D) | psa — pla € P(PYP)}

_ (X, Qﬂ:((logD)((n —1)D)) ifp=0or(p#0andpfn)
I'(X, Q% (nD)) if p#0and p | n.

This is a local question and we can assume X = SpecA and D = Spec A with
A = A/zA. Shrinking D further we can assume that we have an étale map

]{?[21, . ,Zd_l] — Z,

where d = dim X. Up to replacing X by a Nisnevich neighborhood of D and we
may furthermore assume that we have a map X — D such that D < X — D is the
identity, e.g. [BRS, Lemma 7.13]. The induced map A — A identifies the completion
A of A along zA with A[[z]]. Since Qi‘[l 12/ , only depends on A it suffices to show
the following: for any ¢, > 1, and ay,..., 04 € Q%_l, and fq,...,0, € Q% with
a, # 0 and B, # 0 set

q

o= v= Y
=1 i=1

and
Dy = pZ(SOq) - pT(SOqL W, = p5(¢r) — pi(¥r),

where p; : P)((nD) — X are the projections from 2.1 for R = nD. Then we have to
show

(6.6.2)
o + T er(P(nD)):){QSHaHdTSH—l ifp=0or (p>0andptn)
gt ¥r X

q,r<n if p>0and p|n.

We have a natural map P)((nD) — X x X and it suffices to check (6.6.2) locally around

the closed points of D — X 2 X x X. Let B be the localization of A ®r A at such
a closed point and set

t=2z®1, =21, s=1®z s:=1Rz¢€cB.

Let S be the localization of A ®; A at the same closed point (viewed as a point in
D C DxD,). Let0; =s;—t; € S;i=1,...,d—1; it is a regular sequence generating
the ideal I of the diagonal D < D x D in S. Similarly, I, = (s —¢,60,...,04_1)B
is equal to the ideal of the diagonal X <— X x X in B. Now the pullback of
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P)(CnD) — X x X along Spec B —+ X x X is equal to Spec C with
B[, m1,... ,Td,l][#]
(s —t—tr7, 00 —t" 7, ..., 041 —t"7q_1)
It suffices to show (6.6.2) with Q7 (P"P)) replaced by . Set
u:=(14+7t" 1)t eC”.

(6.6.3) C =

We have in C'
1
U= =1—7t" =1 —7t"" "2, s=t+t"T=tu".
1+ 7t

We first consider the differentials a;%. As in Lemma 6.1 denote by J* C Q% the
differential graded ideal generated by I = (61,...,64_1). We have in Qfg_l

@(oy) = ¢ () + &, &€ J7,
where ¢; : D X D — D are the projections. We compute in Qjc[l/ﬂ (for n > 1)

dz dz ds dt
(6.6.4)  palai—) —pilai—) =palei) - — pilei)
Lo, dt  du™! Lt
=au Y(pi(ow) + &) (7 + F) —Pl(oéi)y
* dt 7 n—1 n—i, i, *
:p1(ai)y (W' (L4 n7t" 1) = 1) + t""u'pi(ey)dr
1 ., [dt  du!
+ tleu E; 7 + U_l 5

=€

where ¢; are viewed as elements of le via the map S — B induced by A — A and
we used du~! = ¢""1(dr + (n — 1)7dt/t). We observe

(a) u'(1+nrt"!) =1 = (n —i)7t" ! + " 2¢;, for some ¢; € C' (with ¢; = 0 if

n=i=1); ,

(b) e1s € 4"7Q " - dt + T |

(c) let C = C/(m1,...,74_1), then €1; + 0 under the natural map QJC[l/t] —
Qe

Here (b) and (c) follow from the fact that the image of J* in Q¢ lies in the graded
ideal generated by t"7; and d(t"7;), i = 1,...,d — 1. From (a), (b), and (6.6.4) we
find
(6.6.5) D, €l —=q<n.
Next we consider the differentials Zi B;. By Lemma 6.2 we have in qu
% (Bi) — a1 (B;) = &,
where ¢; : D x D — D are the projections and

d—1
&= q;(iw) - db, + 0, - q;(8;,,) mod (J*- T,

v=1
for certain ~;, € Q%_l and 9;, € Q%, which satisfy
(6.6.6) Yip =0, for all v <= f; = 0.
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We compute in Q]éu 1y (using the notation from above)

1 1
(6.6.7) pa( ) = pil Bz)— pg(ﬁz)——-p’{(ﬂi)
=B — 1) + pue].
We observe

(d) u' =1 = —irt""' + > ¢;, for some ¢; € C' (with ¢; = Tu if i = 1);
(e) €2, € nt™ QL dt 4 1",

(f) €9, — 0 under QC[W] — QC[1/t]

e (e) and (f) follow from 6; = t"7;. We find

er

N r<n—1 ifp=0or (p>0andpin)
r ¢ r<n if p>0andp]|n.

Thus we have shown this “<=" direction in (6.6.2).
We show the other direction. Observe that C' = C/(7,...,74-1) is essentially
étale over

Als t,7]/(s —t —t"1) = Alt, 7]
and that the image of ®, + ¥, in QJ Cu = = C[1/t] @7 Q i 18 by (6.6.4), (c),
(6.6.7) and (f), equal to

< dt , . - 1 .

(I)q + \I/r = ; (&Zt_l (ﬂl(l + nTt"_l) - 1) + tn_ZUZCYZ'dT) + ; Eﬁz(al — 1),
where @ € C* is the image of u. Considering the coefficient in front of dr, we see
that &, + W, € QF is only possible if ¢ < n, which by (6.6.5) implies that ®, is
regular at t. Hence &, + V¥, € QJC implies ¢ <n and ¥, € Q]C

We claim that W, can be regular at ¢ only if » < n. Since 3, # 0 we find v, ,, # 0,

for some vy, by (6.6.6); up to renumbering we can assume vy = 1. The image of
7, ', under the composition

j Resr; -1 nat. ~j—-1 _ & B j
Qopjmg — Q /g Qc[l = C1/t] @7 4 QZ[W]

is equal to
T

Z ! u't"

i=1 S

Since 0 # v,.1 € le C Qg{tlﬂ this last expression can be regular at ¢ only if r < n.
It remains to show that W, cannot be regular at ¢t for »r = n in the case p = 0

or (p >0 and p{n). Similar as above, this follows immediately by considering the

image of W, in Q7 oy 8nd (d), (f). This completes the proof of this “==" direction

in (6.6.2) and hence the computation of F; (f)‘g D)
Next we compute the explicit description of the characteristic form given in (3).

Note that the statement about the maps being isomorphisms (resp. injections)
follows directly from this. First we give an explicit description of the map (4.6.1)

XOF Fad(E) _>8V ®(9D I—IO_H%hD<OD7F1|SmD)7
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where E = Spec(Sym*€Y) is a trivial vector bundle of rank d over D = Spec A with
the sheaf of sections & = ¢ ,0p - e; and F = QJ. Tt is direct to check from the
definition that we have

@ e/ & @ Q7 de) C Fou(E),

where {¢;'} is the dual basis of {e;}. Let v =} e/8; + >, aude) € Faa(E), where
Bi € QJZ, a; € le. Then the map (4.4.2) xr : Faa(£) — Homgn, (€, Fism,,) maps
~ to the map given by

XF(V)(Z cie;) = Z cif B+ Z fraide;,

% %

where f: T — D is smooth and ¢; € O(T). By (4.6.2) we find
(6.6.8) xor(v) = (e @ (i + (e - d)),

using the notation from 6.3. If p > 0, we furthermore have Frobs(eiv)Q% C Fa(E)
and similarly we find

(6.6.9) Xo.r(Frob®(e/)3) = e/ @ (3 - Frob®).

To check the formulas for the characteristic form given in (i) - (iv), we may
consider the above local situation. In particular the vector bundle P)((”D) Xx D is
equal to the spectrum of
(6.6.10) C/tC = Alr,11,...,Ta 1)

The isomorphism

(6.6.11) oL, Opr, = QX (D) p, 7 —,
Zn
where z4 := z and 7, := 7, yields the identification P)((nD) Xx D =V(Qk(nD)p), see
(2.3.2) (Thus with the notation from above £¥ = Q% (nD)p and e = 7;). Writing
FAS(A,tm™) = FA5(Spec(A), Spec(A/t™)), we have to compute the map
Y« FAS(A )/ FAS(A, 071 B0 p(C) = P(OJtC) = 0

Consider the case n > 2 and either p =0 or p > 0 and p{ n(n — 1). Any element

in O, (log 2) == /€, (log 2) == can be written in the form

zn Zn—2

dz 1 ) i1 ;
a— + Zn_lﬁ, with o € Q27,8 € QL.
By (6.6.4), (a), (b), and (6.6.7), (d), (e), it is mapped under ,,p to

adr — (n —1)8T.

Together with (6.6.8) and (6.6.11), this yields (i). The proof of (ii) is similar. Finally,
we prove (iii) and (iv). We assume p|n. It remains to compute the characteristic
form of

1
Z—nﬁ, where 8 = fdz,, ---dz,,, with feAdand1 <y <...<py;<d-1

Write f = fy + zg with fy € A and g € A and set
Bo = fodzy, -+ dz, € QL and By = gdz, -+ dz,, € ),
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so that
B _bB B

on on n—1 ’
By Lemma 6.2, letting ¢; : D x D — D be the projections, we can write
d—1
% (Bo) — a1 (Bo) = ZQT(%) - db; +0; - ¢;(6;) mod (J*-J*)

i=1

with ~; € Q%_l and 0; € Q%. By (6.6.7) and the above, we find

2?711 (% de + 7_151> ifn>2
7By + ZZ 1 Yy - dry 4+ 1i0;) i n= 2.

By (6.6.8), (6.6.9) and (6.6.11), we find

¢mx§ﬁ>=a%+{

(6.6.12)
o 1 dz ldz @ (5, 4 (v - d ifn > 2
char% D)(_nﬁ) _ 4~ ® 61 %z_l z ( (7 d—)l)dz- . g
z % ®(Bo-Frob) + > 7 @ (0 + (i-d)) ifn=2.
To determine +; and J;, we write in le =1/I* with I C A @y A the diagonal ideal
d—1 d—1
0 0
dfo=1& fo— fo®@1= deZi: ﬁez,
i=1 0z i=1 0z

where 0, = s; — t; with t; = 2; ® 1 and s; = 1 ® z;, We obtain

d—1
4 (Bo) — a1 (Bo) = < %ei +qi (f0)> d(0y, +ty,) - - d(el/j +tl/j) —q;(fo)dt,, - dtl/j‘
i=1

By the last statement of Lemma 6.2, we get v; = 0 for i & {vy,...,v;},
Yoo = (1Y fodzy - dzy, -z, s =1,...,],

dfo
0z;
Using df = dfo + gdz + zdg, we obtain in Q% (nD)® =

1
ﬁl‘f‘z—@é <9d2’ ZM) ®dz,, -+ dz,, = ﬁ@dgyl ceodz,. .
n J Zn J

0 = 7—dzy, ---dz,, i=1,...,d—1.

z
1=1
Thus the formulas in (iii) and (iv) follow from (6.6.12).
Finally, we prove (2) by computing T" := (id ® £)(8?*(d(—)), ??(—)) and compar-

ing it with the formulas from (3). For o € Qﬂ(_ Land i < n we have

z z . . C— dz a- fi—n
F(a%) =(1d®¢) (i_” ® (12" da, (_1)1—121”04)) N {Zn s

0 1< n.

Forﬁeﬁé( and i <n — 1 we have
1 dz —_ —n-1D)%Z®3 ifi=n—1
I‘_ d n—i—1 O — AL
(50 = (e g (5 o (- T50) L] S

Assume p > 0 and p|n, and consider
B =fdz, --dz,, withl<y<.. <y;<d-1,f¢eA
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In this case we have

o (o)) =g (L)

Z 2"
Vo az,, - dz Ji( i1 g afas, e dm - dz
= -_— Z[/l... Zl/ —_— —_— —_— ZVI... ZV".. le
ZTL J — Z'I’L z J
and .
1o — i1dzy, . — _
oA (B—) = (=)' — @ fdz), - dzy, - dzy,,
ZTL z'I’L J
i=1
whence

_;dzy,

®(fd,§y1---d/§;--~d2yj~d).

Zn

P iz, de) = Loaz, - az +§(—1)J‘
Zn 1% vy Z" V1 vy —

Comparing the above formulas with the formulas from (3) we obtain (2). O

Remark 6.7. The above proof does not work for j = 0, since the equivalence (6.6.6)
does not hold in this case. Indeed, in positive characteristic the formula for F/(X,nD)
is not equal to (6.6.1) for j = 0, see Proposition 5.3.

If (X,nD) has a projective SNC-compactification, then Theorem 2.10 implies
Qi (X,nD) = (¥)AS5(X,nD) and Theorem 6.6(1) gives thus an explicit description

of W (X,nD). In particular, in characteristic zero this reproves [RS21, Theorem 6.4].
However, we can also use Theorem 6.6 and Theorem 2.6 to get an unconditional
statement in positive characteristic as well. This is done in the next corollary. The

resulting description of (AZ;(X ,nD) in positive characteristic is new.
Corollary 6.8. For all j > 0 the reciprocity sheaf 0’ has level j + 1 (in the sense

of [RSb, Definition 1.3], which in the language of [RS21] is equivalent to the motivic
conductor of Q' having level j + 1). Furthermore,

(6.8.1) QI(X,nD) = (W)*S(X,nD), n>0.

Proof. We consider (6.8.1). For n = 0 there is nothing to show, and for j = 0
this holds by Example 2.12(1). We assume j,n > 1 and set / := F. Let L be a
henselian discrete valuation field of geometric type over k with ring of integers Oy
and maximal ideal m;. We define
fil, F(L) = {mZnJrleoL(log) %fp =0orp>0andp fn
mp ", if p > 0 and p|n.
and
cp: F(L) = Ny, c¢p(a):=min{n >0 |« €fil,F(L)}.
Let (Y, F) be a modulus pair, i.e., Y is separated and of finite type over k, E is an
effective Cartier divisor on Y and V =Y\ |E| is smooth and set

F(Y.E):= (] faeF(V)|eclp'a) Su(pE)},
pEV(L)NY (Or)

where the intersection runs over all maps p : Spec L — V', with L as above, which
extend to SpecO; — Y and vp(p*E) denotes the multiplicity of m; in p*E on
Spec Or. We have

(6.8.2) F(X,nD) c FA%(X,nD) C F,(X,nD)
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where the first inclusion holds by Theorem 2.6 and the second follows from Theorem
6.6(1). Furthermore, it follows by the same argument as in the proof of (¢6) in the
proof of [RS21, Theorem 6.4], that
(6.8.3) F.(X,nD) = hﬂ F.(Y,E),

(V.E)

where the colimit runs over all compactifications (Y, E) of (X,nD), in the sense of
[KMSY21a, Definition 1.8.1]. Thus it suffices to show:

Claim 6.8.1. ¢ = {cp} defines a semicontinuous conductor of level j+1 in the sense
of [RS21, Definition 4.3].

Indeed, assuming the claim, [RS21, Theorem 4.15(4)] together with (6.8.3) imply
F.(X,nD) C F(X,nD),

which together with (6.8.2) implies (6.8.1) which also implies that ¢ is the motivic
conductor of F.

We prove Claim 6.8.1. To this end, we have to show that c satisfies the properties
(c1)-(c6) from [RS21, Definition 4.3 and 4.22], where the statement about the level
is the part (c4). If p = 0, then it is checked in the proof of [RS21, Thm 6.4], that
c satisfies these properties. If p > 0 the same proof works for (c1), (c2), (c4) - (c6)
Thus it remains to show (¢3) which is the following condition: Let L'/L be a finite
extension of henselian discrete valuation fields over k of ramification index e. Then
we have to show for n > 0

(6.8.4) Tr(fil,F (L)) C fil.FF(L) with r = [n/e],
where Tr : F'(L') — F(L) denotes the trace. This is clear for n = 0, hence we

assume n > 1 (and thus r > 1). Let K be the residue field of Op. For m > 2
consider the map induced by the characteristic form (see 6.4)

O = (03 0 d, 03, : fil,, F(L) — mp"Qy, @ (U & Q)
By Theorem 6.6 we have
(6.8.5) Ker(0,,) = fil,,_1 F(L).

(Note that this is also true in the case (n,p) = (2,2).) Let t be a local parameter
of Op, and 7 a local parameter of Or. We have t = 7°u, for some u € OF,. If p [n,
then any element in fil, F'(L') is modulo F'(Of/) a sum of elements of the form
(6.8.6)

oz—7.-, WithOzGQZ;{,i:L...,n, and é., WithﬁEQé/,izl,...,n—l;
T L T L
if p|n, then we have to add /7™ to this list. Let m > r, equivalently (m—1)e—n > 0.
For w equal to one of the forms in (6.8.6), it is direct to check that we have
m— j m— j+1
" 1 Tr(w) € Q, and " d(Tr(w)) € Qg; ,

where for the second statement we use d o Tr = Trod; if p|n the same is true for
w = {/7". Hence

Te(fil, F(L)) € mp; " VQ)  and  dTr(fil, F(L)) € my " Va5
Thus
m>r=[nle] = Tr(fil,F(L)) C Kerb,,
By (6.8.5) this implies (6.8.4) and completes the proof. O



46 KAY RULLING AND SHUJI SAITO

6.9. In [KMSY21a, Questions 1 and 2| the authors ask the following question: Let
R be an effective divisor with simple normal crossing support and with irreducible
components Ry = U;_;D; andlet Z = DiN...ND,, with2 <r <s. Let f: Y — X
be the blow-up of X in Z. Is it true that the pullback

(6.9.1) f o H (Xnis, Fixr) — H (Yais, Fv o) (F € RSChg)

is an isomorphism for any ¢« > 0. Theorem 6.6 and Corollary 6.8 imply that this
question has a negative answer if char(k) = p > 0, R = pR’/, for some effective
divisor R’ with SNC support, and F' = €/ with j < d. Indeed, in this case it follows
from Theorem 6.6 and Corollary 6.8 that we have

(692) @(XJJR/) = QJX<pR/) and @(Y,pf*R’) = Qi/(pf*R/),

where OV (pR') = ¥ @0, Ox(pR') (See the proof of Lemma 7.1 below, where it is
shown that a similar statement also holds for the top differentials (i.e. j = dim X)
in a more general situation). The blow-up formula for differential forms yields an

isomorphism
r—1

RIS, = 04 & @iy " [-m],
m=1

where i : Z < X denotes the closed immersion. Twisting with Ox(pR’), using the
projection formula, (6.9.2) yields

r—1
H' (Ynis, Y (viprerny) = H' (Xnis: Y (x prr)) @ @ H™™(Znis, ¥ ™ ®0, Ox (pR')2).-

m=1
Since the cohomology groups on Z on the right hand side do not vanish in general
(e.g. not if i =m = j), we see that (6.9.1) is not an isomorphism in this case.

Note however, that for j = dim X, we have Q, ™ = 0, for m = 1,...,r — 1,

and thus the Z-cohomology part on the right hand side vanishes and the statement
holds. In fact we see in Corollary 7.5 below, that for top differentials a much stronger
version than (6.9.1) is true.

7. APPLICATIONS TO TOP DIFFERENTIALS

Throughout this section, we assume X € Sm with dim X = d and char(k) = p >
0. We write Q% = Qﬁ(/k.

Lemma 7.1. Let X be as at the beginning of this section and let R be any effective
Cartier divisor on X. Then we have the following isomorphism of Nisnevich sheaves
on X -

lix py = Q% (R),
where Q% (R) = le(/k ®oy Ox(R).

Proof. Let j : U = X\ R < X be the open immersion. We observe that 623( x,R) and
Q4 (R) are subsheaves of j,Q%. Furthermore, since X is smooth, the Ox-module
Q4 (R) is locally free. Hence

DX, Q%(R) =D, N (] (%(R),.
nelR|©
Thus Corollary 6.8 and Theorem 6.6(1) directly imply

(7.1.1) Oy gy C QL(R).
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To prove the other inclusion, set ZQ/ = Ker(d : QJ — (U F1).
Claim 7.1.1. Let L/k be a henselian dvf of geometric type. Then for all n > 1
m; "0 NZQ] C QYO m7™).
Indeed, by Corollary 6.8 and Theorem 6.6(1) the statement holds if p|n. Assume

p=0orp>0and (p,n) =1. Let K — Of be a coefficient field. Letting ¢ be a
prime element of O, we can write any ® € m;"Qf  as

= dt 1
(I): i s y
;<a " +ﬁtz>+’y

with «; € Q?{l, B; € Q% and v € Q‘éL. Under our assumptions on n we see that
d® can only vanish if 5, = 0 for reasons of pole orders, which by Corollary 6.8 and
Theorem 6.6(1) implies ® € Q4(Op, m;"). This proves the claim.

We now prove the other inclusion of (7.1.1). This is a local question, we can
therefore assume X = Spec A affine and D = div(f), for some non-unit f € A. Let
(X, R +X) be a compactification of (X, R), i.e., X is a proper k-scheme, R and ¥
are effective Cartier divisors on X, X = X \ ¥, and Rjx = R. By [RS21, Theorem
4.15(4)] it remains to show the following:

Let a = % - with ap € Q9 sk~ Then, for all henselian dvf L/k of geometric type

and all morphisms p : Spec @7, — X, which map the generic point into U = X \ R,
there exists a natural number N > 1 such that

pra e @(OL,mva(p*EJFNE)).

Since d = dim X and QQ = QJA Ik by our convention from the beginning of this
section, we have a € ZQ% and hence by Claim 7.1.1 it suffices to show

(7.1.2) pla e mZUL(p*RJFNE)Q%L, for N > 0.

We prove (7.1.2). Let X = U;V; be a finite open cover with V; = Spec B;,
Y, = div(o;) and }_%M = div(f;), where oy, f; € B; are non-zero divisors. Since
Spec B;[1/0;] is open in X, we can write f = e;f; with e; € (B;[1/0:])* so we find
N; > 1 such that afvlei_l € B;, for all 7. Furthermore, we find Ny > 1 such that
o) ap € Q% Set N := Ny + Ns. Let p € U(L)NV;(Oy). Since ¢, fior? - apy;, € Qf,
we get

prleifiol?) - prae Qp,.
By the choice of N we have
o (e fio) < v (o (B + N - 5).
This yields (7.1.2) and completes the proof. O

7.2. Let Y be an integral, normal, Cohen-Macaulay scheme of finite type over k and
dimension d. Recall from [LT81] (see also [Kov, Definition 9.4]) that Y has pseudo-
rational singularities if it satisfies the following property: for any normal scheme Z
with a proper and birational morphism f : Z — Y, the trace along f induces an
isomorphism
Try: f*wZ/k: = Wy /k,

where wy;, = H%(m} k) with 7y : Y — Speck the structure morphism. We remark
that if Y is normal of dimension d (but not necessarily is CM nor has pseudo-
rational singularities) and j : U < Y is a smooth open subset whose complement
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has codimension > 2, then the restriction along j induces an isomorphism (e.g.
[Kov, Lemma 3.22])

(7.2.1) Wy/k = JxWuk = 39

By [Kov, Corollary 9.13(ii)], pseudo-rational singularities are the same as rational
singularities. In particular, toric singularities and tame quotient singularities are
pseudo-rational. See [Kov] for more examples and the state of the art.

Recall that a sheaf of abelian groups H on Y is called S2 if for any open dense
immersion j : U < Y, the restriction H — j,Hy is injective, and it is bijective
if Y\ U has codimension > 2. The following corollary is for p = 0 equivalent to
[RSb, Theorem 7.1], for p > 0 it gives a new characterization of pseudo-rational
singularities.

Corollary 7.3. Let Y be as in the beginning of 7.2. Assume, for each effective

Cartier divisor R on'Y such that Y \ R is smooth, the sheaf Q4 gy is S2. Then
Y has pseudo-rational singularities. If there exits a proper and birational morphism
f:Z =Y with Z € Sm, then the inverse implication holds. In both cases (7.2.1)
induces

(731) Qd(yJ{) ~ wy/k(R)
Proof. Let f : Z — Y beasin 7.2. Let j: U — Y (resp. j' : V < Z) be an
embedding of a smooth open with complement of codimension > 2. Let R be an

effective Cartier divisor of Y such that Y\ R and Z \ f*R are smooth. We denote
by Ry the restriction of R to U. We have

(7.32) Qv = s20Ry = 5 (Ry) = (5.9%) ® Oy (R) = wyi(R),

where the second (resp. third, resp. last) equality follows from Lemma 7.1 (resp.
the projection formula, resp. (7.2.1)). Similarly we find

(7.3.3) 7oz 5 r)) v = wz(f*R).
We obtain a commutative diagram
(7.3.4) F( @ gem) — Fulwzp) © Oy (R)
Qy.r) wy/k(R),
where the lower horizontal map is
—~ N (132)
Qlyvpy = 33" Vyvr = wyw(R),

and the upper horizontal map is obtained by applying f, to

Wiy pomy = 57" Wz = wyn(fR).
The left vertical map is an isomorphism since for any étale map Y’ — Y the pairs
(Y Rjy/) and (Z' = Z xy Y',Rz) are isomorphic in the category of modulus
pairs, see [KMSY21a]. The isomorphism (7.2.1) implies that the map wy,,(R) —
h.h*wy,(R) is injective for any dense smooth open immersion h : W — Y, and
similarly for wz/,(f*R) instead of wy/(R). Therefore, the diagram commutes since
on an open subset of Y\ R, over which f becomes an isomorphism, the vertical map
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on the left is the pullback (which is an isomorphism) and the vertical map on the
right is its inverse. The last argument also shows that all the maps in the diagram are
injective. If Qd(y gy is 52, then the lower horizontal map in (7.3.4) is an isomorphism
and hence so is the right vertical map, which proves that Y has pseudo-rational
singularities. On the other hand, if Z is smooth, Lemma 7.1 implies that the top
horizontal map is an isomorphism. If Y furthermore has pseudo-rational singularities
so that the right vertical map is an isomorphism, we get the isomorphism (7.3.1),

which implies that Q4(y, gy is S2. This proves the second statement. U

Remark 7.4. We remark that Corollary 7.3 together with Lemma 7.1 implies that
any smooth Y has pseudo-rational singularities. This is well-known and holds by
[LT81, 4.] more generally for regular schemes.

Combining the above with some of the main results from [Kov] and [KMSY21a)]
we obtain:

Corollary 7.5. Let Y be as in the beginning of 7.2. Assume:

(1) For any proper and birational morphism Z — Y, there exits a proper and
birational morphism Z' — Z with Z' smooth (e.g. d < 3 and Y quasi-
projective by [CP08], [CP09]).

(2) Y has pseudo-rational singularities.

Then, for any effective Cartier divisor R on'Y such that Y \ R is smooth, we have
(7.5.1) H' (Yzar, Yy, p)) = Extynst (Zi: (Y, R), Q4),

where MINST denotes the category of modulus Nisnevich sheaves with transfers
introduced in [KMSY21a] and Z,(Y, R) € MNS'T is the object represented by (Y, R).

Proof. By [KMSY21a, Theorem 2(2)] we have

(7.5.2) Extynst (Zo (Y, R), Q) = lig H' (Znis, Q4 (7,5))
!

where the limit is over all proper morphisms f : Z — Y inducing an isomorphism
Z\ ffR =2 Y \ R. By assumption (1), we may assume additionally that Z has
pseudo-rational singularities (we could even assume that Z is smooth, but we want
Y to be in the limit as well). Thus the isomorphism (7.3.1) holds replacing (Y, R)
by any pair (Z, f*R) appearing in the direct limit. Therefore we can replace the
Nisnevich cohomology with the Zariski cohomology and the direct limit in (7.5.2)
is constant and equal to H*(Yzar, wy/y) since R fewzi = wy, by Kovacs’ vanishing
[Kov, Theorem 1.11]. O

Remark 7.6. Assume the following condition holds over k:

(1’) For any integral separated k-scheme of finite type S and effective Cartier
divisor £ on S with S\ F € Sm, there exists a proper and birational
morphism f : S" — S such that S’ € Sm, (f*E)q is SNCD, and f induces
an isomorphism 5"\ f*E = S\ E.

(Note that since there is no restriction on the dimension of S, this is completely
unknown in positive characteristic; but it holds if char(k) = 0.)
Then, in the situation of Corollary 7.5 we have

(7.6.1) H' (Yzar, wy e(R)) = Homymon (M(Y, R)aﬁa[i])’
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where MDM is the triangulated category of cube invariant modulus Nisnevich
sheaves with transfers constructed in [KMSY, Definition 3.2.4] and M(Y, R) de-
notes the motive of the modulus pair (Y, R) in MDM, see [KMSY, Theorem 3.3.1].

Indeed, by (7.5.1), (7.5.2) and [KMSY, Theorem 5.2.4 and Theorem B.6.4, b)], it

suffices to show that F' is [-local in the sense of [KMSY, Definition B.2.4, a)], for
F = Q% The latter is equivalent to the pullback map

Extimnst (Zu (S, E), F) — Extinst(Zu((S, E) @ 0), F)

being an isomorphism for all i € Z and all pairs (S, E) as above. By [KMSY21a,
Theorem 2(2)] and the assumption (1), this follows from the fact that the pullback

H'(Snis, ﬁ(S,E)) = H'((S x Pl)Nisaﬁ(S,E)@E)

is an isomorphism for all (S, E') with S € Sm and E\.q SNCD, which holds by [Sai20,
Theorem 9.3].
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