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8.1 Introduction

Let U be a smooth algebraic variety over C and let U*" be the analytic site
on U(C), the associated analytic space. An important object to study in
algebraic geometry is the regulator map from the higher Chow group ([7])
to the singular cohomology of U (cf. [18])

regyi! : CHY(U,2q — p) ® Q — (2mv/—1)"Wo HP (U™, Q) N FYHP (U™, C),

where F* and W, denote the Hodge and the weight filtrations of the mixed
Hodge structure on the singular cohomology defined by Deligne [8]. For the
special case p = q, we get

regf; : CH(U,q)®Q — H (U™, Q(q))NFH (U™, C). (Q(q) = (2nv~1)"Q)

Beilinson’s Hodge conjecture claims the surjectivity of reg?] (cf. [11, Con-
jecture 8.5]). In [4] we studied the problem in case U is an open complete
intersection, namely U is the complement in a smooth complete intersec-
tion X of a simple normal crossing divisor Z = Uj_;Z; on X such that
Zj C X is a smooth hypersurface section. One of the main results affirms
that reg}, is surjective if the degree of the defining equations of X and
Z; are sufficiently large and if U is general in an appropriate sense. In-
deed, under the assumption we have shown a stronger assertion that reg?]
is surjective even restricted on the subgroup CHY(U, q)ge. of decomposable
elements in C HY(U, q), which is not true in general. In order to explain this,
let Ké\/[(O(U)) be the Milnor K-group of the ring O(U) = I'(U, Ozq4,) (see
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§8.2.3 for its definition). We have the natural map
ov + K31 (0(U)) — CH(U, q)
induced by cup product and the natural isomorphism
KHM(0U) = T(U, 0%,,) — CH'(U,1)

and CHY(U, q)4e. is defined to be its image. Note that we have the following
formula for the value of reg'g] on decomposable elements;

regf;({g1.---.94}) = (1] U -~ Ulgg] € HI(U™, Q(q))

=dloggi A---ANdloggg € HY(X, ng/c(log Z))=FIHY U™, C)

where g; € O(U)* for 1 < j < q and [g;] € HY(U™,Q(1)) is the image
of g; under the map O(U)* — H'(U*,Z(1)) induced by the exponential

sequence

0 — Z(1) = Opan—2 Ofan — 0.

In what follows we are mainly concerned with the map
regf; : K,/ (0(U) ® Q — HY(U™, Q(q)) N FUHI(U™, C) (8.1)

which is the composition of the regulator map and oy.

Now we consider the following variant of the above problem. Assume that
we are given a smooth algebraic variety S over C and a smooth surjective
morphism 7 : U — S over C. Let 72" : U™ — S* be the associated
morphism of sites. Assume that the fibers of m are affine of dimension m.
Then R*72"Q = 0 for b > m and we have the natural map

a: H™T(U*™ Q(m + q)) — HI(S*™, R™72"Q(m + q))
which is an edge homomorphism of the Leray spectral sequence
By = H(S™, R'72"Q(m + q)) = H* (U™, Q(m + q)).

Note that H%(S*", R*72"Q(m+q)) carries in a canonical way a mixed Hodge
structure and « is a morphism of mixed Hodge structures ([17] and [1]). Let

regld : Ko (O(U)) © Q — HY(S™, R™nf"Q(m + q)) N F™7 (8.2)

be the composition of regf;™? and « where F* ¢ HI(S*, R™72"C) denotes

m-q

the Hodge filtration. In this paper we study reg in case U/S is a fam-

U/s
ily of open complete intersections, namely in case that the fibers of 7 are

open complete intersections. Roughly speaking, our main results affirm that
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regZL/ng is surjective for ¢ = 0,1 if 7 : U — S is the pullback of the univer-
sal family of open complete intersection of sufficiently high degree via a
dominant smooth morphism from S to the moduli space. Let d;,e; > 0
(1<i<r,1<j<s)be fixed integers. Let M = M(dy,--- ,dy;e1,--+ ,€s)
be the moduli space of the sets (X1,,...,X,0;Y10...,Ys,0) of smooth hy-
persurfaces in P™ of degree dy,--- ,d,;e1, - ,es respectively which intersect
transversally with each other. Let f : S — M be a morphism of finite type
with S = Spec R nonsingular affine and let X; — S and Y; — S be the
pullback of the universal families of hypersurfaces over M. Put

X=XNn---NnX, and U= X\1U<XﬂY
<j<s

with the natural morphisms 7 : U — S. Put
d= Zdzu Omin = Iélln {du 6]} dmax = fg?gxr{dl}
1<]<s

Theorem 8.1.1. (see §8.3) Assume f is dominant smooth.
(1) Assuming dmin(n —r —1)+d >n+1,
regf)s : Kol (O(U)) © Q — HO(S*, R™72"Qu (m + 1))

18 surjective.
(i) Assuming

5mm(n—7“—1)+d2n+27 5min(n_r)+d2n+1+dmaxa 5min22a

regfi s Kol (0(U) © Q — HY($™, R m2"Qu(m + 1)) 0 F™
18 surjective.

The method of the study is the infinitesimal method in Hodge theory and
is a natural generalization of that in [3] and [4]. To explain this, we now
work over an arbitrary algebraically field k of characteristic zero which will
be fixed in the whole paper. Let f:S — M and 7 : U — S be defined over
k as above. Following Katz and Oda ([12]), we have the algebraic Gauss
Manin connection on the de Rham cohomology (see §8.2.2)

V: Hig(U/S) — Hi(U/S) @R Qg .- (8:3)

The map V is extended to Hiz (U/S) ®r QR/k — H3z(U/S) ®r QqRJﬁ by

imposing the Leibniz rule

Viedw)=V(e)Aw+e® dw (8.4)
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and it induces the complex

G Hif (U/S) 20, — Grly HiR (U/8)@0% , — Gl Hig (U/S) 0%,

where m = dim(U/S) and F'* denotes the Hodge filtration:
FPH{R(U/S) = Hy,, (X, 95 (log 2)) € HiR (U/S).

The cohomology at the middle term of the complex has been studied in
[3] when 1 <p<m—1.

In the study of the variant of Beilinson’s Hodge conjecture, a crucial role
will be played by the kernel of the following map:

Vo FPHG(U/S) © Q% — Grp™ Hag(U/S) ® Qg}c (g >0).

which arises as the special case p = m in the above complex. The key result
is, roughly speaking, that when f : S — M factors as S 2,7 M
where ¢ is smooth and ¢ is a regular immersion of small codimension, then
the kernel of V, is generated by the image of

dlog : KM

M (O(U)) — FMH(U/S) & 0,

(see §8.2.3 for its definition). In case k = C it implies the surjectivity of
reggl/gq (8.2) for ¢ = 0 and 1 by using the known surjectivity of the map
(8.1) for U = S.

The main tool for the proof of the above key result is the theory of gener-
alized Jacobian rings developed by the authors in [3]. It describe the Hodge
cohomology groups of U and the Gauss-Manin connection V, in terms of
multiplication of the rings, so that the various problems can be translated
into algebraic computations in Jacobian rings. We show several compu-
tational results on Jacobian rings in §8.4 and §8.5. The basic techniques
for this were developed by M.Green, C.Voisin and Nori. We note that a
key to the computational results is Proposition 8.5.5, which is proved in [3]
as a generalization of Nori’s connectivity theorem ([14]) to open complete
intersections.

Notation and Conventions

For an abelian group M, we write Mg = M ®z Q.

8.2 The Main Theorem

Throughout the paper, we work over an algebraically closed field k of char-
acteristic zero.
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8.2.1 Setup

We fix integers n > 2, r,s > 1, n>rand dy,--- ,d, e1, -+ ,es > 1. We put

s S

dzgd' e:Ee- Omin = min {d;, e;
LY AVt 1<i<r{ in€ih
=1 7j=1

1<5<s
dmax = lrggé{di}, €max = lrgjags{ej}.

Let P = k[Xo, --,X,] be the polynomial ring over k& and P? denote
the subspace of the homogeneous polynomials of degree d. Then the space
P?—{0} parametrizes hypersurfaces in P" of degree d with a chosen defining
equation. Let

T

S
M =M(dy, - ,dpser,--- e5) C [[(PY = {0}) x [[(P% - {0})
i=1 j=1

be the Zariski open subset such that the associated divisor X1 o+ -+ X, o+
Yio+---+ Y, to any point o € M is a simple normal crossing divisor on
P", namely all X;, and Y}, are nonsingular and they intersect transversally
with each other. Put X, = X;,N---NX,, and Z;, = X,NYj,. Then X,
is a nonsingular complete intersection of dimension n — r, and ijl Zjois
a simple normal crossing divisor on X,.

Let f:5 — M be a morphism of finite type with .S = Spec R nonsingular
affine. We write Pr = P ®; R and Pf% = P'®; R. Let

FePy(1<i<r) and G;ePy (1<j<s) (8.5)

be the pullback of the universal polynomials over the moduli space. We
denote by X, X;, Y; and Z; the associated families of the complete intersec-
tions X,, X; ., Y}, and divisors Z;, respectively. Thus we get the smooth
morphisms:

ax: X — 8, wx,:X;— S, 7wy, :Y;— S, 7wy :Z;— S5 (8.6)

We write
.
Xo=) X, Ya=)Y, Z.=) Z.
=1 j

Put U =X —Z, and we get 7 : U — S, a family of open complete intersec-
tions.
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8.2.2 Gauss-Manin connection

For an integer ¢ > 0 we have the Gauss-Manin connection
V: HiR(U/S) — Hip(U/S) @ Qp - (8.7)
Here H3, (U/S) is the de Rham cohomology defined as
Hiq (U/S) = Hb (X, 0% (108 2.)) = T(S, Romx. Q% s(log Z.)),

where the second equality follows from the assumption that S is affine. It
is an integrable connection and satisfies the Griffiths transversality:

V(FPHER(U/S)) € FP HER(U/S) © Qp (8.8)
with respect to the Hodge filtration
FPH3R(U/S) i= Hor(X, Q% (log Z.)). (8.9)

We are interested in H3;"(U/S) (Since X is a complete intersection, the
cohomology in other degrees is not interesting). We denote by

Vy: FPTHR(U/S) @ Q) — F*7 U Hi " (U/S) @ Q;I_;/; (8.10)

the map given by (8.4). Noting
FPHyR"(U/S)/FPUHGRT(U/S) = H" 7P (X, Q% g (log Z.)),
(8.8) implies that V, induces

Yy HOX, Q5o 2.)) © 0, — H'(X, Q35 (108 2.)) @ Q.

(8.11)
Our main theorem gives an explicit description of Ker(V,) under suitable
conditions. For its statement we need more notations.

8.2.3 Milnor K-theory

We denote by K} (A) the Milnor K-group of a commutative ring A ([13, 19]).
By definition, it is the quotient of A*®¢ by the subgroup generated by

a1®---®ag, (a;+a;=0or1 for some i # j).

The element represented by a1 ® - - - ® ay is called the Steinberg symbol, and
written by {ai,---,ar}. We have

{aly"' y Aiy = m Ay m o 7a€}:_{a17"' y Ay m oy Qgy m o 7a€} fOl"L;‘éJ

following from the expansion {ab, —ab} = {a,b}+{b,a} +{a, —a}+{b, —b}.
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Let O(U) = I'(Uzar, Or) be the ring of regular functions on U. We have
the dlog map

dh dh
dlog : K (0(U)) — HO(Qjp(log Z2)), {hu,-+  he} o S A Aot
1 ¢
(8.12)
Assuming ¢ > n —r = dim(X/S5), there is the unique map
vx : Qi (log Z.) — QY G (log Z.) @ Qf;7g+’“. (8.13)
such that its composition with Q};,:(log Z)® Qg;g‘” — Qg(/k(log Z,) is the
identity map Q};Z(log Z)® Qg;g” — Q”X7g(log Z) ® Qg;:‘”. Let

W' KYM(0(U) — HO(Q (log Z.)) @9 i = F" " Hig"(U/S)@0% it

be the composition of vx and dlog. Its image is contained in Ker(Vy_,,1,)
since it lies in the image of HO(QQ/k(log Z,)). Thus we get the map

Y KM(OU)) — Ker(Vi_pir) (8.14)
We will also consider the induced maps

K (00)) @2 Q%170 — Ker(Vy); €@w— i, () Aw,

K p(0(U) ©2 Q% — Ker(Vy); €@w vl (6 Aw,

.,d: °
where QR/kO = Ker(d : Q% k.

Now we construct some special elements in KM (O(U)). Let £ > 1 be

— Q% /k) is the module of closed forms.

¢
an integer. We define A\ (G;) as the Q-vector space spanned by symbols vy

indexed by multi-indices J = (jo, - ,7¢) (1 < jr < s) with relations
Vi jipdqde — Vo dgdpde for 0 < p 7& q < 14 (8.15)
and
141
k —
Y (Ve 5, =0 (8.16)
k=0

0 0
We formally put A(G;) = Q. By convention, A(G;) =0if s =0 or 1. We
easily see

¢
—1
dimQ /\(Gj) = <S / > with basis {vljl"'jl ;2< 1< < < S},

L
and A\(Gj) =0if £ > s. Let G;"/G? |x be the restriction on X of a rational
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function G;"/G? on P} = Proj(R[Xo,...,X,]). Then we have a natural
homomorphism

4
syme = \(Gj) — K (O(U))q. (8.17)
vy gy Z+1{ 6]0/G?§1’X"“ BJQ/GEJ[’ } (Jz(jo,---,jz))

Putting g; = G;j/X;’ |x, a calculation shows

g —
dg; dg; dg;
dlog(gJ):Z(—l)Vejy 9o /\.../\&/\.../\@ on {Xp # 0}. (8.18)

v=0 9jo 9jv Je

The maps M and symy induce a homomorphism
q {+n—r
U/S @ /\ i) ®g QR/k: — Ker(Vy);  gr®@n— ¢ (g1) /\77.

(8.19)
The main theorem affirms that this map is an isomorphism under suitable
conditions. In order to give the precise statement we need to introduce some
notations.

8.2.4 Statement of the Main Theorem

Let T/, be the derivation module of R over k which is the dual of Q}% Ik
A derivation 6 € Tgy, acts on Pp = P ®, R = R[Xo,...,X,] by idp ®
f. Introducing indeterminants p1, ..., tr, A1, ..., As, we define an R-linear
homomorphism

© =0Or.q, : Tr — A1(0) 9H29 m+Ze Aj. (8.20)

where
T S
=P riw P Prir (Ph=P R (8.21)
i=1 j=1

We note that © is surjective (resp. an isomorphism) if f : S = Spec(R) — M
is étale (resp. smooth). Put
W = Im(@) C Al (0)

It is a finitely generated R-module.
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For an ideal I C Pr we denote by A;(0)/I the quotient of A;(0) by the
submodule

Pun Py O EBUN PR
i=1 j=1

For a variety V over k we denote by |V| the set of the closed points of V. Let
a € |P}| and € S = Spec(R) be its image with x(x), its residue field. Let
My, C Py := P ®p k(z) be the homogeneous ideal defining « in Proj(FP;)
and let m, C Pr be the inverse image of m, . The evaluation at a induces
an isomorphism (note x(x) = k)

0)/mg =~ @k,u, a @k A (8.22)
i=1 j=1

We now introduce the conditions for \IJ?] g to be an isomorphism. We fix an
integer ¢ > 0. Consider the following four conditions.

(I) Both W and A;(0)/W are locally free R-modules. We put
¢ =rankpr(A;(0)/W).
(IT) W has no base points: W — A;(0)/m,, is surjective for Vo € |P|.
(III), One of the following conditions holds:
(i) ¢=0and épmin(n—7r—1)+d—n—-1>¢,
(ii)) g =1, dmin(n—r—1)+d—-—n—-1>c+1and dpin(n —7r) +d —
n—1—dmnax > ¢,
(iii) dmin(n —1)—n—1>c+q.
(IV), For any z € [S| and any 1 < ji < -+ < jp—r < s, there exist ¢ + 1 points
ag, -, €1XNY; N NY

In—r

W — A1(0)/(J +may) P - - P 41(0)/(J + ma,)

is surjective. Here J' C A;1(0) denotes the R-submodule generated by the
elements

| lying over x such that the map

0G; .
Z@Xﬂl 2 QX)\) w1th0§u§nandL€P}1%.
Remark 8.2.1. (I) holds if f factors as S-L T M where g is smooth

and i is a regular immersion. In this case ¢ = codim (7).

Remark 8.2.2. In view of (8.22), (II) holds if Fiu;, Gj\; € W for Vi, j
and J' C W.
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Remark 8.2.3. (IV), always holds if s <n —r+1. Indeed we will see (cf.
8.5.3) that forany 1 < j; < -+ < jp—p <sandany a € | X NY;; N---N
Y, .|, A1(0)/(J" 4+ my) is a k-vector space of dimension s — 1 — (n —7) and
A1(0)/(J +my)=0if s—1<n-—r.

Remark 8.2.4. (IV), holds if W = A;(0) and 6min > ¢ (cf. §8.2.1). In
this case the natural map

A1(0) — P A1(0)/mq, (8.23)
=0

is surjective for arbitrary (¢ + 1)-points «; € |P%| (0 <@ < ¢) lying over a
point x € |S|. To see this it suffices to show that

q
P — €D P/ (a0 0 PY) (8.24)
=0
is surjective. Let H; € P} (0 <i < g) be a linear form such that H;(«a;) # 0
for j # i and H;(oy;) = 0. Then the images of H] := Hy---H;---H, € P}
for 0 <i < g generate the right hand side of (8.24).

Main Theorem. Fix an integer g > 0.

i) Assuming (IV),, \IJ[qJ/S is injective.
ii) Assuming (I), (II),, (III) and (IV),, \IJ?J/S is an isomorphism.

In order to clarify the technical conditions of the Main Theorem, we ex-
plain in the next section its implications on the image of the regulator map
(8.2). The proof of the Main Theorem will be given in the sections following
the next.

8.3 Implications of the Main Theorem
Let

o d= ° d °
Qpiko:Ker( Rk —>QR";]1€)

be the module of closed differential forms.

Theorem 8.3.1. Fiz an integer ¢ > 0 and assume (I), (II), (III), and
(IV),y1 in the Main Theorem. Then the map YN (cf. (8.14)) induces an
isomorphism

q fl+n—r

D A ©) ek = Ker(V,), (8.25)
=0
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where Vg : F"THI"(U/S) ® Q%/k — Frr I T(U)S) ® Qq};}]lg

Proof We first note that (IV)
following commutative diagram

41 = (IV), by definition. Consider the

l4+n—r _ N e
Do A (G ooy, —— F'HE(U/S) e,

id®dl qu

l+n—r o

- ' n—r— n—r
5N (G e QT —— Fr T HI T (U/S) @ QL

U’ is injective and its image is ker V, by the Main Theorem (ii). ¥” is
injective by the Main Theorem (i). Thus the assertion follows by diagram
chase. n

The second implication of the Main theorem concerns the Hodge filtration
on cohomology with coefficients. The Gauss-Manin connection (cf. (8.7))
gives rise to the following complex of Zariski sheaves on S

n—r Vv n—r Vv Vv n—r im
HI"(U/S) =5 Hig"(U/S) ® Qb p— -+ = Hig"(U/S) @ Qms. (8.26)

which is denoted by Hjp" (U/S)®Q% /- We define the de Rham cohomology
with coefficients as the hypercohomology

Hi.(S,HI"(U/S)) = H, (S, H{g"(U/S) @ Qfg/k)
It is a finite dimensional k-vector space. It follows from the theory of mixed
Hodge modules by Morihiko Saito ([17]) that H3g (S, Hz"(U/S)) carries in
a canonical way the Hodge filtration and the weight filtration W, denoted
by
FPHER(S, Hyg"(U/S))  and  WpHiR(S, Hyg " (U/S))

respectively. (Arapura [1] has recently given a simpler proof of this fact.)
In case k = C there is the comparison isomorphism between the de Rham
cohomology and the Betti cohomology (]9, Thm.6.2])

HY(S™, R "7 Cyy) ~ Hi (S, HiZ"(U/S)) (m:U —S)  (8.27)

which preserves the Hodge and weight filtrations on both sides defined by
M. Saito. It endows H*(S*", R" "72"Qu) with a mixed Hodge structure..
Define the subcomplex G' of Hz"(U/S) ® Q%)) as

FUHN(U/S) — FEUHE(U/S) @ Q) — -

,—dim n—r im 8.28
RN d SHdR (U/S)®Qg/ks ( )
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where F*H);"(U/S) is the Hodge filtration as in (8.9). If S were proper
over k, we would have

F'H3R(S, Hyg " (U/S)) = Hy(S, GY).

When S is not proper, there is in general only a natural injection (cf. [2,
Lemma 4.2])

F (S, Hig"(U/S)) = H3y(S.G)) (¥i>0).  (8.29)

The precise description of the Hodge filtration on the de Rham cohomology
with coefficients is more complicated in general.

Theorem 8.3.2. Fiz an integer ¢ > 0. Let S C S be a smooth compacti-
fication with 0S := S — S, a normal crossing divisor on S. Assuming (I),
(I1), (III), and (IV), ., in the main theorem, we have an isomorphism

q f+n—r

@ N\ (G))eoI'(5,0% /ﬁ(mgaS)) = P (S HRT(U)S)). (8.30)

Proof We have the following commutative diagram

l4+n—r

¢ n—r n—r
eJ{m alﬂ
l+n—r N
D, N (Gj)®q Q‘g/i’dzo — H1(S, Grr+4) (8.31)
bl l
l+n—r

@i, A (G)egHR(S/k)  —S—  HL(S H(U/S))
where by definition

Hig(S/k) = H'(S,9% , (log 0S))

and the map b comes from the isomorphism

H'(S,9% , (logdS)) ~ H'(S,Q% ;) ~ Q7.0 /do )

S iy (8.32)

R/k

due to [8, II (3.1.11)] and it is surjective. The map a comes from (8.29).
The map e comes from [8, II (3.2.14)]. The bijection in the middle row is
the composition of the isomorphism in Theorem 8.3.1 and the isomorphism

Ker(Vy) ~ HY(S,G*"")  for V¢ > 0. (8.33)
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The map c is induced by the composition
q f+n-—r r.d0 .
&y (G) @g Q™" — Ker(Vy) @g Hig' (S/k)
=0
— HY(S, Hig"(U/S) @ Qé/k) H™Y(S, Q%)

where the first map is induced by ¥7, . (8.14) and (8.32), the second by
(8.33), and the last by cup product. We claim that there is a map ¢ which
makes the upper square of the diagram (8.31) commute. Indeed let V' be
the source of c¢. Endowing V with the Hodge filtration defined by

t t

FP(\(G)) @q Hir(S/k)) = \(G)) ®q FP™ Hin (S/k)

with FPtHY. (S/k) = H"(S, Qka *(log 9S)), ¢ respects the Hodge filtra-

tions. Noting

q f{+n—r

Frray = EB N (Gj) &g H'(S, Qg/ﬁ(logaS)),

we see that c induces ¢ as desired. The injectivity of ¢ follows from that of e.
To show its surjectivity, note that Im(c) contains F" "t H. (S, Hz"(U/S))
by the diagram. This shows F"~"*4 Coker(c) = 0. By strictness of the
Hodge filtration, we get the surjectivity of ¢. This completes the proof of
the theorem. O

In what follows we assume k = C. Take S C S, a smooth compactification
with S := S — S, a normal crossing divisor on S. Write for ¢ > 0

Hg'(S) := H'(S™, Q())NF'H' (5, C) = H'(S™, Q(t))NH (S, 0 . (log 95))
Write m = n —r = dim(U/S). Let

regllfy KL (O(U) ©Q — H'(S™, R™n"Q(m + 0)) 0 F™
be as (8.2). It induces for ¢ > 0

A Do KM, (0(U)) ®g HE“(S) —

8.34
— HY(S™ R™72Qu(m + q)) N F™T4, (8:34)

Theorem 8.1.1 follows from the following corollaries in view of Remarks
8.2.1, 8.2.2, 8.2.3.
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Corollary 8.3.3. Fiz an integer ¢ > 1 and assume (I), (II), (I1II), and
(IV),41 tn the Main Theorem. Then the map (8.2)

regll i KM, (O(U)) @ Q — HI(S™, R"n2Qy (m + q)) N F™*

is surjective for ¢ = 1. More generally reg?}fs? is surjective if the requlator
map for S:

reg : 1 (0(S)) © Q — Ho(5)"°

is surjective for 1 <Vt < q.

Proof The first assertion of 8.3.3 follows from the second in view of the
fact that regl is surjective, namely Hé’O(S) is generated by dlog O(S)*.
The second assertion is a direct consequence of the following isomorphism

induced by A,:

q {+m
D A\ () g Ho(s)'™** = HU(S™ R™ w2 Qu(m+ ) N F™™0. - (835)
which follows from Theorem 8.3.2. O

Corollary 8.3.4. Assuming (I), (II), (III), and (IV), . for ¢ =0, Ao
induces an isomorphism

m

A(G)) = HO(S™, R™722Qu (m)).

Proof Applying (8.35), we have an isomorphism

m

A(G)) = HY(5™, R™a™Qu(m)) N F™. (8.36)

We need show that the right hand side is equal to H°(S®*, R™72*Qy). It
suffices to show that H°(S*, R™72*Q) is pure of type (m,m). We need a
result from [3, Theorem (IIT)], which implies that the map

: Grly HiR (U/S) — Gri ! HiR (U/S) @ Q¢

is injective for all 1 < p < m — 1 under the assumption of Corollary 8.3.4.
It implies

Ker(V)N FYHTL(U/S) = Ker(V) N F™HL(U/S),
where V : HJ, (U/S) — HIL(U/S) @ O R/C is the algebraic Gauss-Manin

connection. Noting HY(S*, R™72Cy;) = Ker(V) under the comparison
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isomorphism (8.27), it implies
FYHO(S§%" RmpanCy) = FMHO(S%, R™ e Cy). (8.37)
Consider the mixed Hodge structure H := HY(S* R™7r2Qy). By the
Hodge symmetry (8.37) implies

HPY = GT’%GT%GTXYHJH =0 unless (p,q) = (m,0),(m,m), (0,m).

Hence it suffices to show H™? = 0. Putting V = F"H°(S* R™7r3% Cx)
where 7y : X — S is as in (8.6), we have the surjection V' — H™ while
V = 0 by Theorem 8.3.2 applied to the case s = 0. This completes the
proof. O

8.4 Theory of Generalized Jacobian Rings

We introduce the generalized Jacobian ring. It describes the Hodge cohomol-
ogy groups H*®(Q% y s(log Z,)) of open complete intersections, and enables us
to identify the Gauss-Manin connection (cf. (8.11)) with the multiplication
of rings. The computational results in this section will play a key role in the
proof of the Main Theorem (see §8.5.2).

8.4.1 Fundamental results on generalized Jacobian ring

Recall the notations in §8.2.1. Let

A:PR[Hla"' 7,“’7“5)\17"' 7>\S] :R[XOV":XTH,U'L"' 7MT7)‘17"' ))\8]

be the polynomial ring over Pr with indeterminants gy, -+, ftr, A1, -+ 5 As.
For q € Z and ¢ € Z, we put
bL _ s
Ag(0) = P Pttt pon e \b 3

ar+--+ar+bi+--+bs=q
with m(a,b,£) = >71_; a;d; + 3°5_; bjej + ¢. Here a; and b; run over non-
negative integers satisfying a; +---+a, + b1 + - - + bs = ¢. By convention,
Ay(f) =0 for ¢ < 0. Note that the notation in 8.21 is compatible with the
above definition.

The Jacobian ideal J = J(Fy,---,F,.,G1,--- ,Gs) is defined to be the
ideal of A generated by

L OF; N~ 00,
ox," & o0x,

Ny Fo, Gedp (0<k<n,1<0<r 1</0 <s).
=1
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The quotient ring B = A/J is called the generalized Jacobian ring ([3]). We
put

Jo(l) = Ag(O)nJ and  By(l) = Ag(£)/J4(0).
We now recall some fundamental results from [3].

Theorem 8.4.1 ([3], Theorem (I)). Suppose n > r+1. For each integer
0 <p<n-—r there is a natural isomorphism

¢: By(d+e—n—1) — H(X,QY ¢ (log Z.))

and the following diagram is commutative up to a scalar in R*:

B,d+e-n—-1) —— +1(d+e—n—1)® A;(0)*
gl | 100" (8.38)
v

HP (X, 05 P (log Z.)) — s HPFU(X, Q05 (log 2.)) @ O,

where V is induced by the Gauss-Manin connection:
VPRI (U)S) — P (U)S) © Oy,
and € is induced from the multiplication
By(d+e—n—-1)® A;(0) - Bpyi(d+e—n—1)
and ©* is the dual of the map (8.20)

O : Tryx — A1(0); 9H29 m+29

The second fundamental result is the duality theorem for generalized Ja-
cobian rings. For an R-module we denote M* = Homp(M, R).

Theorem 8.4.2 ( [3], Theorem (II)). There is a natural map (called the
trace map)

T:Bpr(2(d—n—-1)+e) — R.
Let
hy:By(d—n—1)— By, p(d+e—n—1)"
be the map induced by the following pairing induced by the multiplication
By(d-n—1)® B, p(d+e—n—1) = B, .(2(d—n—1) +e)> R.

Then hy, is bijective if 1 < p < n —r, and surjective if p = 0. The kernel of
hg is a locally free R-module of rank (S 1).

T



Beilinson’s Hodge Conjecture with Coefficients 327

8.4.2 Generalized Jacobian rings a la M. Green

We review from [3, §2] a “sheaf theoretic” definition of generalized Jacobian
ring. This sophisticated definition originates from M.Green ([10]). It is
useful for various computations (cf. §8.4.3 and §8.5.2).

Put

i=1

T S
E=E (PE: with Eg =P 0(ds) and Ey = P O(ey)
j=1

which is a locally free sheaf on P" = P%;. We consider the projective space
bundle

m:P:=PE) — P".

Let L = OP(E)(l) be the tautological line bundle. We have the Euler exact
sequence

0—0p — mTE ®L — Tp/pn — 0. (8.39)
‘We consider the effective divisors

Qi :=P( @ 0(da) @El) —PE) forl<i<r,

1<a##i<lr
P, =PEEP P 0Oep) = P[E) for1<j<s,
1<B#j<r

and let

pi € H'(P,L @ 7*0(=d;)), A; € HO(P,L @ "0 (—¢j))
be the global sections associated to these. We put

T S
o= ZF“M + Z Gj)\j c F(]P),L).
i=1 j=1

Let X ¢ be the sheaf of differential operators on L of order < 1, defined
as:

Yo = Diff SHL) = {P € &ndy(L) ; Pf — fP is Op-linear for Vf € Op}
~ L @ Diff S1(0p) ® L*.

(It might be helpful to mention that ¥ is a prolongation bundle.) By
definition it fits into an exact sequence

0—O0p — 3y —Tp —0 (8.40)
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with extension class
—c1(L) € Ext!(Tp, Op) ~ Ext}(0p, Qb @ Op) ~ HY(P,Q}).

Letting U C P™ be an affine subspace and z1,---,z, be its coordinates,
I(7~Y(U),Xz) is generated by the following sections

0 0 0 0 0
a A’Li’ A’Li? i77 ,L'i? _1. * '41
dx;” 0N T Oy a N K O Op-linear maps (841)

The section o defines a map
jlo): 3y — L, P+—— P(0),

which is surjective by the assumption that X,+Y, is a simple normal crossing
divisor. It gives rise to the exact sequence

0 — Tp(~logZ) — B 10 L — 0, (8.42)
where Z C P is the zero divisor of o. Put
Q=Q1+---+Q, and P,=P;+---+P

and define X (—logP,) to be the inverse image of Tp(— logP,) via the map
in (8.40). We then have the exact sequence

0 — Op — X (—logP,) — Tp(—logP,) — 0. (8.43)
Moreover (8.42) gives rise to an exact sequence
0 — Tp(—log(Z + P,)) — g (—logP,) *2 £ — 0. (8.44)

Lemma 8.4.3. For integers k and £, put Ap(£)y, = HY(LF @ 7*O(¢)) and
Jo(0)s = Im (HO(Se(~logP,) @ L5 @ 7*0(0)) 25" HO(LF @ 7*0(0)).
Then we have

Ap(l) = A0,  Ji(0) = Ji(£)s.
Proof See [3, Lem.(2-2)]. O

Thus we have obtained another definition of the generalized Jacobian ring.
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8.4.3 Some computational results

We keep the notations in §8.4.2. In what follows we simply write ¥ =
Yo (—logPy).

Lemma 8.4.4. We have
p
H(P, \L* ® L” @ 7*0(()) = 0
if one of the following conditions holds:

(i) p—v<r+s—1andv < —1,
(i) p—v>n+1landv>—s+1.
(iii) w>0,v>—-s+1,£>0 and (v,£) # (0,0).
Proof See [3, Thm.(4-1)]. O

Proposition 8.4.5. Let k be an integer.

(i) H"(AX*) =0 for any k >0 and v # 0, n.
(ii) HO(

(i) H™(AX*) is a locally free R-module of rank (ki;1—1> (Note (7) =0

¥*) is a locally free R-module of rank (8;1).

> > >

for £ < 0 by convention.)

The rest of this section is devoted to the proof of Proposition 8.4.5.
Recall that there is an exact sequence

0 — Qb(logP,) — 2* — Op — 0 (8.45)
with the extension class
c1(L)|p_p, € Ext}(Op, Qb(logP.)) = HY(Qh(log P,)).

It gives rise to the short exact sequence

0 — Qp(logP,) — AT — Q' (logP.) — 0, (8.46)

and we have the long exact sequence

- H"(Qk(log P,)) — H"(/k\E*) — (8.47)
HY(Q5 (log P,)) — H+1(Qk(logP,)) - -,

where ¢ is induced by the cup-product with ¢1(L)[p_p, € H'(Qp(logPy)).
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The first step is to write down H* (5 (logPy)) and § explicitly. We prepare
some notations. For an integer k£ > 1 we put

Ak:{I:(il,"-,ik)‘1§i1<--'<ik§8}.

For I = (i1, ,ix) € A we write Pr =P;, n---NP;,. For K =0 we put
Ag = {2} and Py = P by convention. To compute H” (Q%(logP,)) we first
note the isomorphisms

H” (% (logP,)) ~ Grk H'F(P — P,) ~ Grly, HT*(P - P,),

where H*(P — P.) = H*(P,Q3 (logP+)), and

FPH*(P —P,) = H*(P, ngs(log P.)) C H*(P, Q23 g(log P.))

is the Hodge filtration and W, H*(P —P,) C H*(P — IP,) denotes the weight
filtration induced by the spectral sequence

B} = @ HP(P;) = H'YI(P - P,) (8.48)
TeA,

where H*(P) = H*(P1,Qp, /) (cf. [8]). We note EJ® = 0 unless 0 < ¢ <

s. Since the spectral sequence (8.48) degenerates at E3, H”(Qk(logP.)) is
isomorphic to the cohomology at the middle term of the following complex

@ H?2(Pp) — @ H¥(PL) — @ H2+2(Py,). (8.49)

IleAk—u—Q—l IZGAk—u I3€Ak—u—1

The arrows in (8.49) are described as follows. Let I} = (i1, - ,ix) € Ag
and I € Ap_y. If Iy ¢ I, then H?*~2(P;) — H?*(Py,) is the zero map.
If In = (41, - ,z';, o+ i), then it is (=1)P~1¢;, 1, where ¢y, is the Gysin
map. In order to describe it in more convenient way we introduce some
notations. Let

SR = R[JZ‘, y]

be the polynomial ring and S% be the set of homogeneous polynomials of
degree v. We put

T

[[@—dw) [[@—ey) if1#2,
i=1 il

Qr(z,y) =1 , s
[[@—dy - [[@-ey ifI=2,

i=1 j=1
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Lemma 8.4.6. i) There is an isomorphism of graded rings:

SR/(QI(QT,:L/M/”H) i H*(PI); T Cl(L)’PI’ Yy 77*01(0(1))’]}»],

where we recall 7 : P = P(E) — P".

ii) For I C I' we have the commutative diagram

H*(P;) —— R[z,y]/(Qr(z,y),y"*")

wl
H*(Py) —— Rlz,y]/(Qr(x,y),y" )

where the left vertical map is the restriction map and the right vertical
map is the natural surjection.

i) If I' = TU{j} with j & I we have the commutative diagram

H*(Pp) —— R[z,y]/(Qr(z,y).y"")

¢II’J/ N x—ejyl
H*(PI) — R[IE,y]/(Q[(SU,y),yn+1)

where the left vertical map is the Gysin map and the right vertical map
is the multiplication by x — e;y.

Proof The first assertion is well-known, and the second assertion follows
immediately from the first. To show the last assertion, we note that ¢y is
the Poincaré dual of 7 and the composite ¢rpirr : H*(Py) — H*T2(P))
is the multiplication by the class ¢1(Pp)|p, of the divisor Py in P;. Hence
the assertion follows by noting ¢ (Pr)|p, = c1(P))|p, = = — e;y. O

For I = (i1,...,i) € Ay write A\ = Ay A= AN, and \f =1if I = @.
Lemma 8.4.6 provides us with an isomorphism

@ Sh/(Qr(z,y),y™ ) @ A1 = @ H?*(P;) for each p > 0.
IeA, IeA,

Under this isomorphism, the arrows in (8.49) are identified with
Z —_
dy €@ A Y (DM@ — e )@ Xy A AN A AN, (8.50)
k=1

Thus we have obtained the following result.
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Lemma 8.4.7. For any integers k and v, H"(Qf(logP.)) is isomorphic to
the cohomology at the middle term of the complex

@ Séil/(Qfl(x’y) n+1 ®)‘11 @ SR/ Q[2(1' y) n+1)®)\12

]1€Ak_l/+l IQGAk 1

S P S Quy) vt e, (851)

IseAp_, 1

with dy defined as in (8.50) (Note that by convention e, (--+) = 0 unless
0<?<s).

In order to calculate the cohomology at the middle term of the complex
(8.51), we introduce new symbols €1, - - - , 5 and write 7 = &;, A---Ag, for
I = (i1,...,i) € Ay. Consider the following diagram

0 0

@IEA@ SR@EI @I/EAZ—l SR®€[/

ag ars

dx+de
Drea, SRONDSr®er = Drea, , SRON @ Sr@er

br by (852)
d
Diea, SR @ A1 — Drea, , Sr @ r
dx

@Iem Sr/(Qr, ym_l) QA —— @I'emq Sr/(Qr, ynH) ® Ap

0 0

where d. is given by:

J4
de:€@epr— Y () le@e, A NG A Ney,, (8.53)
k=1

ar and by are given by:

ar : E@er — EQraN+EyY" T e and by E@A+E®er — (YT —6&QT)®A ;.
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One can easily check that the diagram is commutative and the vertical
sequences are exact. Put

E* = Ker @SR@%I P sheer|. (8.54)
IeA, SAVERY

Note E =0 unless 0 < ¢ < s by convention.

Claim 8.4.8. i) The following sequence is exact:

0— @S}N@E[L @ SR®€[£>'”—>@SR®1—>O.
IeA, JASYAVSE 1=9

ii) Assume s > 2 and e; # e for some i # j. Then, for an integer
£ >0, the following sequence is exact:

B shorn 2 @ shorn 2. —Pshel—o.

IeA, TeNp_4 I=&
iii) Assume e = e; = -+ = es. Then the cohomology at the middle
term of the complex
B Hler D P shor, > P shle, (8.55)
LeAp IeAy JEYSTAVEN

is isomorphic to S%/(z — ey) ® E*.

Proof (i) Easy (and well-known).

(ii) Let V be a free R-module with basis A, -+, As. Let ¢ : Opr @ Vp —
Op1(1) be the map of locally free sheaves on P! = Proj(Sg), defined by
Aj — x — ejy. This is surjective by the assumption. It gives rise to the
Koszul complex

s s—1
0—=O0p(l—s) @AV —=Op(f—s+1)®@ AVo— - (8.56)
= Op(f—1) @ Vo — Opi(£) — 0.

We decompose (8.56) into the following sequences:

s l+1
O—>O]P>1(£—S)®/\‘/O—>-'-—>O]pl ®/\V0—>V1—>O (8.57)

l
O—>V1—>O[p>1®/\V0—>---—>(‘_)]p1(€—1)®V0—>Op1(€)—>O. (8.58)

Noting H(Op1(¢)) = S% and that (8.58) gives an acyclic resolution of V7, it
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suffices to show H* (P!, V) = 0 for i > 1 which is obvious for i > 2. To show

H(V1) = 0 it suffices to prove H°(O(—2) ® V;*) = 0 by the Serre duality.
I+1
By (8.57) there is an injection O(—2) ® V" — O(—1)® A V{. The assertion

follows from this.
(iii) Since e = e; = - -- = e, we have the following commutative diagram

p—1 de p—1 de p—1
@]1€A4+1 SR ® €h @IQGAZ SR ® €l @IgéAg,l SR ® €3
Lol Lll %
p—1 dy P dx p+1
Drea, ., S8 @A —— @rea, Se®An —— DBprea, , Sk @A

where ¢; : € ® 7 — (z — ey)'¢ ® A\;. Note that ¢ is bijective and ¢; are
injective for ¢ > 0. Due to (i), the cohomology group of the complex (8.55)
is isomorphic to

Ker GB S/ (@ — ey) ®)\12—> @ SPH J(x—ey)? @A, | . (8.59)
IDYSIAV) IseAp_q

The map S, /(z—ey) — S%Jrl/(:v—ey)Q, given by multiplication with (x—ey),
is injective. Hence (8.59) is isomorphic to

de
Ker @ St/ (x—ey) @ep, — @ Sh/(x —ey) ®@er, | = %/ (v—ey)DE".
el JEISVAVRSY
This completes the proof. O

Combining Lemmas 8.4.7, 8.4.8 and (8.52), we get the following explicit
description of H”(QF(logP.)).

Lemma 8.4.9. Let E® be as in (8.54), and put
=Ker [ P S% @A -2 P sken
IeAy Ieh, 4

i) Assume s > 2 and e; # ej for some i # j. Then we have

AF ifr=20
H”(Qf(logP,)) ~ { Ak—n-1 ifv=n
0 otherwise

(Note A =0 unless 0 < £ < s by convention.)
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ii) Assume e =e; =---=es. Then we have for Yk, v >0
H"(Qf(logP,)) ~ S5/(y" ™, & — ey) ® E¥ ¥ ~ R[y”/(y"") @ E¥".

In order to complete the proof of Proposition 8.4.5 we need the following
Lemma, which gives an explicit description of the map § in (8.47).

Lemma 8.4.10. i) Assume s > 2 and e; # e; for some i # j. Then
Cl(ﬁa)hp,]p* =0and 6 =0.

ii) Assumee=e; =---=es. Then
7 HY (Qpn) — HY (4 (logP,))

is injective and c1(L)|p—p, = 7c1(0(e)). The map 6 in (8.47) is
identified with the multiplication by ey ® 1 under the isomorphisms in
Lemma 8.4.7.

Proof (i) Noting O(P;) ~ L ® 7*O(—¢;) and c1(P;)|p—p, = 0, we have
c1(L)lp—p, = 1" c1(0(ej)) = e;mc1(O0(1))  for 1 <Vj <s.

By the assumption this implies ¢1(L)|p_p, = 0 and 7*¢1(0(1)) = 0.

(ii) The first assertion follows from the existence of an isomorphism P ~
P? x P"+5~1 such that P; corresponds to P x H; with H; a hyperplane.
The second assertion has been already shown in (i). To show the last we
first note that the cup product for H"(Q%(logP,)) is induced by the cup
product

H?(P;) @ H¥ (P;) — H* ) (P, ;)

when one identifies H” (9% (log P,.)) with the cohomology at the middle term
of the complex (8.49). Here Py, ; = P;NP; if INJ = @ and H2H)(Py, ;) =
0 otherwise by convention. Under the isomorphisms of Lemma 8.4.6, it is
identified with

SE/(QI(may)vyn+l) ® Si{/(QJ(:an)vyn—i_l) - Sgrj/(QIJrJ(xvy),yn_'—l)a

(foA)@(ge )~ fg& (A \ X))

Since 4 is induced by the cup product with ¢1(L)|p_p, € H'(Q%(logP,)), the
desired assertion follows by noting ¢ (L)|p_p, corresponds to ey under the
isomorphism H'(Q4(logPy)) ~ SL/(Qaz(x,y),y™ ™) due to Lemma 8.4.7.

Ul
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Finally we can complete the proof of Proposition 8.4.5. First assume
s > 2 and e; # e; for some i # j. The assertion follows from (8.47),
Lemma 8.4.10 (i) and Lemma 8.4.9 (i) by noting that the R-module A’ is
locally free of rank (% ) due to Claim 8.4.8 (ii). (Compare the coefficients
of (1—-a)?=(1- 33)5 (=) = (S, (-1P()aP) - (2, 92) to get
;) = () —2(,°,) +---.) Next assume e = e; = --- = e,. By (8.47),
Lemma 8.4.10 (ii) and Lemma 8.4.9 (ii), we have an exact sequence

k
R/ 25 Ryl /() © BV — HY(\E)

v n —v—1 ey®l v n —v—
— Ry’ /(y"*) @ BN S5 Ry (v @ EFL

The desired assertion follows by noting that the R-module E* is locally free
of rank (szl) due to Claim 8.4.8 (i). This completes the proof of Proposition
8.4.5.

8.5 Proof of the Main Theorem

In this section we prove the Main Theorem stated in §8.2.4.

8.5.1 Proof of (1)
Let

q {(+n—r
Vs @ A @ ®@QR/k%HO(Q}/Q(logZ*))@@QR/k (8.60)

be the map (8.19). We show the stronger assertion that \I/?]/S ®pr k(x) is
injective for any z € |S| assuming (IV),. We fix z € [S|. Without loss of
generality we may assume j; = 1,--+ | j,—, =n—1in (IV)q. We may work
in an étale neighbourhood of x to assume that R is a strict henselian local
ring with the closed point = € Spec(R) and that the 0-dimensional scheme
defined by F1 = --- = F, =Gy = --- = Gy = 0 in P} is a disjoint union
of copies of Spec(R).
l ¢

For an integer £ > 1 let A(G;);j£1 be the subspace of A(G;) generated

by such gj,...;, that j, # 1 for 0 < Vv < £ (cf. (8.17)). We have the exact

sequence
-1

0—>/\ 7é1—>/\ /\ i)i#1 — 0,

where 7 is characterized by the condition that 7(g1j,..j,) = —gj,..j, and
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¢
that it annihilates A(Gj)j£1. Put 7" = Zy + -+ + Z, where we recall

that Z; C X is a smooth hypersurface section defined by G;. Consider the
residue map along Z;:

Res : Q’;&g(log Zy) — Qgrfs_l(log zMn Z1); dgr /g1 ANw — w7,

where g is a local equation of Z;. By (8.18) one sees that ResoW? . factors

U/s
through 7 and we get the following commutative diagram:

0

| !

q l+n—r B _— 1
O A Gaeey ——  HO e Z) 9r Uy,
q l+n—r 4=t \Iqu/S 0/ vt q
g A (Gj) ®q QR/k — H (QX/S(logZ*)) ®RQR/k
J{T@id J{Res@id
g et q—1¢ 0(on—r—1 (1) q
o (Gj)j+1 ®q QR/k — H (QZl/S (log Zy' N Zy)) ®pr QR/k
0 0

By the diagram and induction we are reduced to show the injectivity of
\Iqu/S ®p k(x) in case s = 1 orn—r = 0. If s = 1, the assertion is clear

l
because A(G;) = 0 by convention. We consider the case n —r = 0. Then

X={F=--=F,=0}CcP; and Y;={G;=0}CPr (1<j<s).

By the assumption we have X = [[ Spec(R) where X (R) is the set of
PeX(R)
sections of X — Spec(R). The map (8.60) becomes

q Y
VP AG) @ 0, — HY(O0x) 01
=0

By Nakayama’s lemma, condition (IV), in the Main Theorem implies:

(¥) There are ¢ + 1 points Bo,--- , By € X(R) such that the map

W -2 A4,(0)/(J +mg) @ - @ A(0)/(J +mg,),
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is surjective, where mg C Pr denotes the homogeneous ideal defining 3 in
P% = Proj(Pr).
We note

H(Ox)= P R-[8)
)

BeX(R

and put

H0x) = @ R-[6)

0<vr<q

It suffices to show the injectivity of ¥/ ®pg k(x) where
q ¢
—¢
v P A(G)) ®o Vg, — HO(0x) ©r O (8.61)
£=0

is the composite of ¥ with the projection H%(Ox) — H®(Ox)’. We have

q

¢
\P/(Uljl-"jz ® 77) = Z[ﬁu] & €1 ARERNA €jov A (77 € Q(]]g/k)a
v=0

with €5, = dlog((Gjl/Gij)(ﬁy)) € Q}%/k.
Hence the desired assertion follows from the following two lemmas.

Lemma 8.5.1. The log forms €, (2 < j <'s, 0 < v < q) are linearly
independent in Q}?,/k ® K(x).

Lemma 8.5.2. Let {2 be a finite dimensional vector space over a field k of
characteristic zero. Suppose thatej, € 2 (1 < j <s, 0 <v <gq) are linearly
t

independent. For given ny € N2 with 0 < t < q, put for 0 < v < q (the
product is wedge product)
Wy = Mgt D251 Mg-1€0 T 2o1<j, <jp<s Na—2€j10€jaw
q (8.62)
et 21§j1<---<qus M€ €y € 2.

If w, =0 for 0 < Vv <gq, then ny =0 for 0 <Vt < gq.

Now we prove the above lemmas. Lemma 8.5.1 follows from the condition
(%) by noting the following:

Lemma 8.5.3. For § € X(R), A1(0)/(J' +mg) is a free R-module of rank
s —1, and the dual of Tgy, — A1(0)/(J 4 mg) induced by © is given by the
matrix

Gel Gel
dlog —2 ... dlog ==
( ogG?(ﬁ% , ogG?(ﬁ))
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for a suitable choice of a basis of A1(0)/(J" + mg).

Proof Giving 8= (8o :---: () in the homogeneous coordinate of P%,
mg = (i X; — BjXi)o<i<j<n C Pr = R[Xo, -+, Xnl.

We may assume without loss of generality that Sy = 1. We write 0y :=
0/0Xy for 0 < ¢ <mnand L(B) := L(1,51,-- , Bn) € R for any homogeneous
polynomial L. Then we have an isomorphism

A1(0)/(J" +mg) = ( @R Xom EDEPR-X7N;) /74
j=1

with  Jp=Y RO 0F(B)X i+ > 0:Gi(8) X5 \;).
=0 =1

j=1
Using the fact

onr(p) - F.(B)
det : : € R*,

we get
A1(0)/(J + mg) = @R XN\)/R- Ze] BXIN),  (8.63)

which is a free R-module of rank (s — 1). To prove the second assertion we
first show for 6 € Tg/),

O(0) = 0(G1(B)) - Xg' M1 + -+ 0(Gs(B)) - X57As
mod J' + (X; — 3 X0)1<0<n- (8.64)
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In fact
5 e : e * - IG e
D 0(GH(8)) - Xg' Ay =D _(0G)(B) - Xg A+ DD 372“) 0050 - X5\
Jj=1 j=1 j=1 =0
= (0G;)(B) - Xy \j — Be) - X& i mod J'
j=1 i=1 4= 0
) 0GB - X5 + Y (OF)(8) - X'
j=1 i
= (09GN + > (0F)p; mod (Xy — B Xo)1<r<n
j=1 i=1
=0(0).
Here (#x) follows from 0 = O(F( ) = ( F)(B) + Y p—o(0eF3)(B) - 0(8e)
(note F;(f) = 0 since § € X(R)). Let {(X,'Aj)*}1<j<s be the dual basis of

@j_; R- Xy’ )j. Then
1 e 1
L (XEN)
&G (8) 0N) T m)
is a basis of the dual module of the right hand side of (8.63). By (8.64), we
see that the dual of Tx/, — A1(0)/(J' +mg) is given by

(Xg'A)" (257 <)

L xoa - L xeant L aiog S ()
_ ; — — =— ().
e;G;(B) 0 e1G1(B) ! €1€; : Gy’
This completes the proof of Lemma 8.5.1. O

Finally we prove Lemma 8.5.2. We prove the assertion by induction on
q>0.If =0, it is clear. Let € (1 <i<s,0< ¢ < q) be a linear form on
2 such that € (eyp) = 0 if (4,€) # (', 0') and €};(ey) = 1. For 1 <v # £ <gq
we have

(W €)= (gr€) + > _ (g1, 1) g + -+ + > )Gy
j=1 1<j1<<jg-1<s

q—1
=0e A\
By induction this implies (1, €};) = 0 for 0 < V£,V/ < g and 1 < Vi < s.
Then

0= (wlh 6;111 e e;ﬁq,tu) =Nt

This completes the proof of Lemma 8.5.2.
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8.5.2 Proof of (ii) : Case Tg), =W
Since we have proved the injectivity of W¥, 15 ®R k(z) for Vo € |S|, it suffices

to show that the kernel of V, is a locally free R-module of the same rank as
the source of \I/qU /s More precisely we want to show the following.

Lemma 8.5.4. Assuming (1), (II) and (I11), in the Main Theorem, Ker(V,)
s a locally free R-module of rank

q—Fk

> (n i;i k) -rank \ Tg. (8.65)

k>0

In this subsection we show Lemma 8.5.4 assuming O : Tx/, — W is an
isomorphism. We note that IV is a locally free R-module by (I). By Theorem
8.4.1, V, is identified with the map

q g+1
Byd+e-n-1)@ \W*— Bi(d+e-n-1)@ \W*
induced by the multiplication B,({)@ W — By11(¢). By the duality theorem
(Theorem 8.4.2), the dual of the map fits into the commutative diagram

g+1 q
Bid+e—-n—-1)*@ AW —— By(d+e—n—-1)* AW

4 T (8.66)

g+1 & q
Bua(d—n—-1)& AW —2— By (d—n-1)& AW.

The diagram induces an exact sequence
0 — Coker(®) — (Ker(Vy))" — Coker(:) — 0.

Due to Theorem 8.4.2 ¢ is injective and its cokernel is a locally free R-module

q
of rank (2:71”) -rankAW. Therefore it suffices to show that the cokernel of
the map ® is a locally free R-module of rank

q—k

> (n i;i k) rank \ . (8.67)

k>1

In order to show this we recall the notations in §8.4.2 and §8.4.3. For
integers k, h and ¢ we put

n+r+s—h
Mpu(0)= N SreLtrero@—-d+n+1)
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and
Cin(t) = HY (P, My, 1,(0)).
Due to Lemma 8.4.3, there is an exact sequence
Cri(l) — Cro(f) — Br(€) — 0. (8.68)
We now need the following two results Lemmas 8.5.5 and 8.5.6. The first
result is a direct consequence of [3, Lem.(7-4)]. It is a generalization of

Nori’s connectivity [14] to the case of open complete intersections and is the
key to the proof of the Main Theorem.

Proposition 8.5.5. Putting Cyp, = Cyp(d —n — 1), the Koszul complex

q—h+1 q—h
Cn—r+h—1,h & /\ W — Cn—r—i—h,h & /\ w
q—h—1 q—h—2

- n—r+h+1,h & /\ W — Cnfr+h+2,h & /\ w

is ezact for Vh > 0 assuming (II) and (II1), in the Main Theorem.

Putting My, 5, = My n(d —n — 1), (8.44) induces the following exact se-
quence (cf. [3, Lem.(5-1)])

0— Mn—r—l—k,n-{—r—‘rs - Mn—r+k,n+r+s—1 T Mn—r+k,0 — 0. (869)

Lemma 8.5.6. Let k > 1 be an integer. Then the complex

0— Cn—r+k,n+r+s — Un—rtkntr+s—1 =7 " 7 Unrik0 — 0

induced by (8.69) is exact except at the term Cy,_y 1y x—1, and the cohomology
r+s—k
group at this term is isomorphic to H™( N\ X*).

Before proving Lemma 8.5.6, we complete the proof of Lemma 8.5.4 as-
suming Tr/, ~ W. We write Bs = Be(d — n — 1). Consider the following
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commutative diagram:

q+1 q+1 i q+1
Cnfrfl,l & /\ w - Cnfrfl,O & /\ w = Bpr1® /\ w
! ! 1@
q q o q
Crrqg @ \W — | Ch—ro @ A\W = B, @AW
! !
q—1 q—1 qg—1
Chrt120 AW — |Chrp11® A — |Chery10® A
1 ! !
q—2 q—2
Cn—r+2,2 ® /\ - Cn—r—i—?,l ® /\ -
1 !
q—3
Cn—r+3,2 & /\ -

il

Starting from the third row, each horizontal sequence is exact except at
q—k
the term Cy_pyp k-1 @ AW (k > 1) by Lemma 8.5.6. The horizontal
sequences in the first and second row are exact, and the maps j; and jo
are surjective (cf. (8.68)). The vertical sequences are exact at the boxed
terms by Proposition 8.5.5. A diagram chase now shows that there is a
finite decreasing filtration U® on Coker ® such that U° Coker ® = Coker ®
and that
r+s—k q—k
Grj ' Coker® ~ H*( A\ S AW (k>1).

This shows that the cokernel of ® is a locally free R-module. Moreover, by
Proposition 8.4.5 (iii), we have

q—Fk

rank(Coker ®) = ~1 -rank \ W, (8.70)
k(Coker ®) Z( § >

=1 r+s—k—n-—1
which is equal to (8.67). (Note () = 0 for £ < 0 by convention.) This
completes the proof of Lemma 8.5.4 assuming T/, ~ W.

r+s—k
Now we prove Lemma 8.5.6. Noting M,,_, 1 n+t = A X, we decom-

pose (8.69) into the following exact sequences:

0— Mn—r+k,n+r+s — T Mn—r+k,n+k+1 — N1 — 0, (871)
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r+s—k
0— N — A " — N, —0, (8.72)
0— Ny — Mn—r+k,n+k—1 T Mn—r+k,0 — 0. (873)
By Lemma 8.4.4 i), H*(M,,_,4r4) = 0 for Vw > 0 and Yh > n + k + 1.
r+s—k
Hence HY(N1) =0 and H¥( A X¥*) = H"(N3) for Vw > 0. On the other

hand, since H*(AX* ® L") = 0 if v > 0 and w > 0 by Lemma 8.4.4 (iii), we
have H"(M,,—y4xn) = 0 for Vw > 0 and 0 < Vh < n+ k — 1. This means
that (8.73) is a flabby resolution of Ny. Therefore, for 0 < h < n+k—2, the

r+s—k
cohomology group at Cy,_,4xp is isomorphic to H"*k=1=h( A ¥*). Now
the assertion follows from Proposition 8.4.5 (i).

8.5.3 Proof of (ii) : General Case
It remains to show 8.5.4 in case © : T/, — W is not necessarily an isomor-
phism. Setting I = Ker(Tp/, — W), we get the exact sequence:
0—1—Tgy — W -—0. (8.74)
Since W is a locally free R-module, so is I. By the argument in §8.5.2 it
suffices to show that the cokernel of the map
q+1 q

Byya(d=n—-1)® \Tr, — Bu—p(d—n—1)® NTry  (8.75)

is a locally free R-module of rank
q—Fk

> (n i;i k) -rank A\ Tg. (8.76)

k>1

q o q—i
(8.74) gives rise to a filtration U® on ATg/y such that U'/U = (AW)®

(;\I) Since I annihilates Bo(d — n — 1), the map (8.75) admits a filtration
whose graded quotients for 0 < ¢ < ¢ are given by
q+1—i ) q—1 7
Bypa(d—n-1)@ \ W& /\I — By (d—n-1)@ AWa \I. (8.77)
By what we have shown in §8.5.2 the cokernel of the map (8.75) is a locally
free R-module of rank

q . q—i—k i
> |2 (n : Tik) -rank( [\ W) | -rank(/\D). (8.78)

i=0 \k>1
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It is easy to see that the numbers (8.76) and (8.78) are equal (left to the
reader).
This completes the proof of the Main Theorem.
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